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Abstract The calculation of maximum likelihood pedigrees for related organisms using
genotypic data is considered. The problem is formulated so that the domain of
optimization is a permutation space. This is a feature shared by the travelling salesman
problem, for which simulated annealing is known to be effective. Using this technique it is
found that pedigrees can be reconstructed with minimal error using genotypic data of a
quality currently realizable. This can be done without any a priori age or sex information.
For smaller numbers of individuals a method of efficiently enumerating all admissible

pedigrees of nonzero likelihood is given.
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1 Introduction

The maximum likelihood approach to the reconstruction of pedigrees based on genotypic

data was developed in a series of articles by Thompson (1974, 1975, 1976a) and also dis-
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cussed in Cannings and Thompson (1981). This work was largely concerned with human
pedigrees. In Meagher and Thompson (1986, 1987) pedigree reconstruction techniques are
developed further in the context of natural populations. Pedigree reconstruction has also
been explored based on DNA fingerprint data in Geyer et. al. (1993). The special case
of sibling relationships within a single generation has been undertaken by Blouin (1996),
Painter (1994, 1996) and Almudevar and Field (1999).

In the work cited above by Thompson, Cannings and Thompson, and Meagher and
Thompson pedigrees are constructed by first enumerating potential parent/offspring triplets.
In general, parent /offspring triplets suffice to define an entire pedigree (Cannings and Thomp-
son (1981)), so that pedigree reconstruction can proceed from an inital enumeration of these
triplets. In Thompson (1976a) a sequential procedure based on sibship membership is pro-
posed which exploits age and sex information. The method is heuristic, undertaking a se-
quential consideration of parent/offspring triplets, and will not necessarily achieve the global
maximum likelihood value. In a sequential method a single mistaken inference early in the
procedure may preclude the determination of the true maximum, and hence the true pedi-
gree. This problem is made more acute by the fact, noted in Thompson (1976a) and (1976b)
that a sibling of an individual not genetically excluded as a parent will, on average, have a
higher likelihood under the hypothesis of a parent/offspring relationship than an actual true
parent.

The techniques proposed in this article can be considered as an extension of triplet based
techniques, in that the first step is a triplet enumeration. The problem considered here is
that of assembling the triplets into a feasible pedigree, without necessarily using age or sex
data. A reformulation of the optimization problem, developed below, proves to be crucial.
The effect of this reformulation is to divide the set of all admissible pedigrees into subsets
on which the likelihood is easily maximized. These sets are in one-to-one correspondence

with a permutation space, which then becomes the domain of optimization. This is a feature



shared by the travelling salesman problem, so that techiniques suitable for that problem can
be adapted to this one.

A number of issues regarding the likelihood should be discussed. First, we distinguish
between a complete sample and an incomplete sample. In the former, the parents of each
individual are either in the sample, or are unrelated to all other members of the sample.
In particular, this implies that founders are mutually unrelated. The likelihood given in
Thompson (1976a), and the one used in this article, assumes a complete sample. Clearly, a
complete solution to the problem requires treatment of likelihoods for incomplete samples.
Such a situuation would arise, for example, when the grandparents but not the parents of
an individual are contained in the sample. The inference should then include this set of
relationships, which would not happen with a parent/offspring triplet approach.

The second issue is the use of age data. In Cannings and Thompson (1981) it is suggested
that age data or some other type of ordering is necessary for the succesful reconstruction of
a pedigree. If such data is not present then were the likelihood to be maximized simply by
assigning the maximum likelihood parents to each individual independently it is probable
that two individuals will be estimated to be parents of each other, resulting in an inadmissible
pedigree. The simulated annealing algorithm proposed in this article is designed precisely
to arrange individuals into their correct generations, so that maximium likelihood pedigrees
can be constructed in the absence of age data. Any available age or sex data could still be
incorporated in a straightforward manner.

In Section 2 the likelihood function is introduced, with a discussion of it’s relevant prop-
erties. In Section 3 a tree based algorithm for the explicit enumeration of all admissible
pedigrees of nonzero likelihood is given, suitable for smaller pedigrees. In Section 4 a mathe-
matical representation of admissible pedigrees is developed, leading to an alternative formu-
lation of the maximization problem. In Section 5 an implementation of a simulated annealing

algorithm is introduced and applied to the maximization of the likelihood, following which



some numerical examples are given in Section 6. In Section 7 some resulting issues are

discussed, and future directions in this area proposed.

2 The pedigree likelihood function

Suppose we have Ny loci of genotype data for Ny individuals labeled 1,..., N;. A pedigree
can be specified by first partitioning the individuals into three sets Fy, F; and F5. An indi-
vidual is in set F; if it has ¢ parents in the sample. According to the definition of a complete
sample given in the previous section, any parent not included in the sample is assumed to
be unrelated to all other individuals in the sample. Accordingly, the likelihood defined here
is for a complete sample, and differs from the likelihood which would be appropriate for an
incomplete sample.

To define the pedigree, for individuals ¢ € F; we further specify a single parent a;. For
individuals i € F» we specify a parent pair (a;, b;).

A pedigree can be represented as a directed graph. Each individual is represented by a
single labeled node. A directed edge points from node ¢ to node j if 7 is a parent of j. A
pedigree is feasible if it’s graph contains no (directed) loops. This is equivalent to stating
that no individual is an ancestor of itself. At this point we do not consider mating constraints
due to age or sex. We denote the class of all feasible pedigrees 7T .

Suppose A, is the set of alleles in the population at locus [. Let Gj; be the unordered
pair from 4, representing the genotype of individual i at locus [. Let a;(g1]|g2) be the
probability that an offspring has genotype ¢g; given that one of it’s parents has genotype gs.
Let as(g1|g2, g3) be the probability that an offspring has genotype g; given that it’s parents
have genotypes ¢, g35. Let P(g) be the population frequency of genotype g. The likelihood
function on 7 given G4, ...,Gy for pedigree T is then

L(T) = Lo(T) L1 (T) La(T) (2.1)



where

LO(T) = H ﬁP(Gli)

i€Fp =1
Np
Ly(T) = ][] «(GulGua,)
1€/ =1
Np
Lo (T) = H H OZZ(Gli|Glai7 Glbi)
i€Fy =1

The likelihood has the appearance of a function that is multiplicative across the indi-
viduals, and so can be maximized by selecting the maximum likelihood parents (or founder
status) independently for each individual. However, the resulting pedigree need not be a
valid pedigree. For example there would be nothing to prevent this procedure from simul-
taneously estimating ¢ to be the parent of j and j to be the parent of . The likelihood
confined to 7 is therefore not muliplicative in this sense. The structure of 7 plays a crucial

role and this fact represents the central computational difficulty considered in this article.

3 Enumeration of feasible pedigrees

The space over which L(T') is maximized is formally 2/N; dimensional, each dimension rep-
resenting one putative parent for each offspring. There would therefore be on the order
of N;/2Mt possible pedigrees to examine in an enumerative approach, which would be com-
putationally unfeasible except in the smallest problems. Fortunately we may reduce the
problem by introducing two constraints. First, that the pedigree be a member of 7, and
second that the likelihood function be nonzero. The second constraint is satisfied when all
parent /offspring combinations are genetically compatible.

The following procedure exploits these two constraints. For each individual a list is
constructed consisting of all genetically compatible parental configurations. These include

parent pairs, single parents and founder status. Suppose there are m; such configurations



for individual ¢, and let D;; = (a;;,b; ;) be the jth parental configuration of individual 4
for j = 1,...,m;. If this configuration identifies 7 as a founder then set (a;;,b; ;) = (0,0).
Note that this founder configuration is included in each individual’s list. If the configuration
assigns only one parent in the sample to ¢ then set a; ; to equal that parent, and set b; ; = 0.

The algorithm consists primarily of the construction of a labeled tree. Begin with a
null root node at level 0. There follows N; levels, one corresponding to each individual in
the sample in a fixed but arbitrary order. A tree node is labeled by one of the parental
configurations corresponding to the individual of that level. The first level is constructed by
assigning a node to each parental configuration of individual 1.

A node at level ¢ > 1 is constructed according to the following rules. Suppose the mth
node of level 4 — 1 is labeled with parental configuration D; ; ;. Then an offspring node
with parental configuration D, is created if and only if the pedigree implied by the parental
configuration labels located on the path from the root node to the tentative new node implies
a feasable pedigree. The tree can be constructed sequentially by level in this manner. To
enumerate the feasable pedigrees, we enumerate all paths which extend from the root node
to terminal nodes at level 1 = Nj.

Clearly, the smaller the parental configuration lists, the fewer the feasible pedigrees,
which would be a consequence of larger numbers of loci, as well as of greater alllelic diversity
within loci. The applicability of this technique will be limited to smaller pedigrees. An

numerical example is given in Section 6.

4 An algebraic representation of pedigrees

For a given pedigree we will define a pedigree matriz as an Ny x Ny matrix in which element
(r,c) is a 1 if ¢ is a parent of r and is 0 otherwise. Let My be the set of all 0 — 1 matrices

with at most 2 non zero entries in each row. Clearly, a pedigree matrix must be in M, but a



member of Ms need not be valid pedigree matrix corresponding to a pedigree in 7. Let My
be the class of M, matrices representing admissible pedigrees in 7. In order to characterize

Myt we require the following definitions.

Definition 1 An n x n matriz A is nilpotent (of order k) if A¥ = 0 but A¥ # 0 for
Ko=1,.. k—1.

Definition 2 An n x n matriz B is a permutation matrix if it contains exactly one 1 and

n—1 0’s in every row and column.

Thus, if B is an n X n permutation matrix and V is an n dimensional vector BV is
equivalent to V" subjected to a permutation of it’s elements. Also, if A is an n xn matrix then
BAB™! is equivalent to A subjected to an identical permutation of it’s rows and columns.

The following theorem is a well known result from linear algebra theory and is stated

without proof.

Theorem 1 If A is an n X n nilpotent matriz then there exists a permutation matrix B and

a strictly upper triangular matriz U such that A = BUB™!,

We say that individual 7 is an order k ancestor of j if j inherits genes from ¢ through a
path consisting of exactly k inheritance events. Note that ¢ may be, for example, an order 1
ancestor and an order 2 ancestor of 7, if i mates with it’s own offspring ¢’ to yield offspring
J.

The following theorem is required for the principal result.

Theorem 2 If A is an n X n pedigree matriz then the element (r,c) of A¥ is greater than 0

iof ¢ is an order k ancestor of r and is zero otherwise.

Proof. We proceed by induction. Assume the theorem holds for some k£ > 1. Let a;;(m)
be element (i,7) of A™. We have

CLZ] k + 1 Z CLu al] (42)



By (4.2) a;;(k+ 1) > 0 if and only if there exists some j' such that a;;(k)a;;(1) > 0. This
is equivalent to stating that there exists individual j* who is both an offspring of j and an
order k ancestor of i, which is in turn equivalent to stating that j is an order k£ + 1 ancestor
of 1.

The proof is completed by noting that the theorem holds for £ = 1 since A is a pedigree

matrix. O

Remark. Note that a;;(k) need not be zero or one. If two offspring of j mate to produce
7 then aij(2) = 2.

We can now state the principal result.
Theorem 3 An element of M,y is a valid pedigree matriz if and only if it is nilpotent.

Proof. Let A € M,. First assume that A is nilpotent. By Theorem 1 there exists
permutation matrix B and upper triangular matrix U such that A = BUB~!. Suppose B
permutes the vector (1,...,n) to (i1,...,i,). This implies that for any m = 1,...,n any
ancestor of i, is in the set {i;41,...,%,} (empty for m = Ny), so that no ancestor of i, of
any order can have i,, as an ancestor. This constraint suffices to ensure that A is a valid
pedigree matrix.

Conversely, assume that A is a valid predigree matrix. Suppose that the maximum num-
ber of generations of any line of descent in the pedigree is k. Then there is no order k£ + 1

ancestor in the pedigree, hence A**! = 0, which implies that A is nilpotent. O

Let C be the space of all permutations of {1,..., N;}. A permutation implies a ranking.
A pedigree conforms to ranking C' € C if a parent always has higher rank than an offspring.
Thus, Theorem 3 states that a pedigree is admissible if and only if it conforms to some

ranking.



Clearly, with age playing the role of a ranking, this results seem reasonable, but for a
mathematically rigorous treatment it is crucial to establish that there are no special cases
or additional conditions required to establish the admissibility of a pedigree.

We can now reformulate the problem of maximizing L on 7 in a way which will reduce
the complexity of the problem. Let L*(C') for C' € C be the maximum of L over all pedigrees
T € T which conform to C'. Subject to C, L can be maximized by separately selecting
as parents for each individual the maximium likelihood parents (or founder status) among
those of higher rank, in this way exploiting the multiplicative form of L. By Theorem
3 any pedigree constructed in this way will be admissible, and every admissible pedigree
conforms to some C. Therefore, the problem of maximizing L on 7T is logically equivalent

to maximizing L* on C.

5 A simulated annealing algorithm

When the number of feasible pedigrees is too large for exhaustive enumeration, an alternative
is the use of simulated annealing, an optimization tool which has proven effective in a large
variety of combinatorial optimization problems (Kirkpatrick et. al. (1983)).

Suppose we wish to maximize a function f on a state space X. We construct a Monte
Carlo Markov chain (MCMC) on X as follows. For each x € X there is a neighbourhood of
states, assumed to be a constant size N. A transition from state x; to x;y, is defined by
first selecting at random a proposal state x;,, from the neighbourhood of x;. Then zj_; is

accepted as the subsequent state with probability

1 if f(xl,) > f(x)

, 2.3
exp (HAHE2) it J(el) < 1) *

ac($;+1§ ;) =

where the constant c is refered to as the temperature and, in a simulated annealing algorithm,

is allowed to decrease to zero. If the proposal state is accepted we set x;; = ., otherwise



xir1 = x;. This acceptance rule is known as the Metropolis criterion (Metropolis et. al.
(1953)).

Our objective is to maximize f = L* on the permutation space X = C. Optimization on
a permutation space is a feature shared with the well known travelling salesman problem,
hence it would seem appropriate to adopt methodology known to function well for that
problem. Accordingly, the simulated annealing algorithm adopted here is one proposed in
Aarts and van Laarhoven (1985a, 1985b), and summarized in Aarts and Korst (1989), and is
one with established effectiveness for that problem. We give below a sketch of the argument.
Readers may consult the references for further details.

The initial temperature ¢y is determine by specifying the initial acceptance probability
Xo- Ideally, this would be 1, but a considerable savings in computation time with little or
no decrease in accuracy can be attained by selecting x, to be somewhat smaller than 1, say
0.95. The relationship between temperature ¢ and acceptance probability y is

d=)
(o)

where given a long sequence of my = m; 4+ my proposed transitions m; and msy are number

(5.4)

for which f(«},,) > f(z;) and f(2}.,) < f(x;) respectively, with d\") defined as the average
magnitude of change in f among the proposed transitions resulting in a decrease in f. Fix
X = Xo in (5.4), and set ¢, = 0. Generate my trials, updating m,, ms, d™) according their
definition while updating ¢y using (5.4). The final value of ¢y is taken to be the initial
temperature. Below we use mg = 100.

The cooling schedule determines how temperature c is decreased. The schedule consists
of a sequence of temperature stages. In stage ¢ the process remains at constant temperature
¢; for a fixed number of transitions SN, then proceeds to temperature c¢;y;, using a fixed
neighbourhood size factor 3. Note that each temperature results in a distinct steady state
distribution of the process {f(z;) : @ > 1}. The change in temperature Ac is calibrated to

result in a change in variational distance between steady state distributions proportional to
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a fixed constant ¢. If the observed variance of the process is 0., at temperature c;, then
temperature c;;1 can be given by formula
Ci

Cit1 = Tn(140) *
e
Cq

(5.5)
For each temperature ¢; at stage ¢, the stage process mean i, can be estimated. Con-
vergence of the process can be inferred when the change in process mean is negligible. In

this article convergence is inferred when the condition

0< Heivy — Hei <e (5.6)
Teo

is satisfied for V. consecutive temperature changes. At this point, the current state is
assumed to be a global maximum.

In Aarts and Korst (1989) the neighbourhood is defined by considering each pairwise
exhange of elements of C' (a swap). However, it was found that an alternative proposal
performed better, in which a single element of C' is chosen at random, then placed in a new
position chosen at random (a step). This is discussed further in the following section.

To summarize, the process depends on 5 control parameters:

Xo = Initial acceptance rate.
0 = increment in steady state distribution variational distance.
€ = convergence tolerance.
B = mneighbourhood size factor.

N, = convergence event number.

The advantage of this approach is that a single set of control parameters can be expected to
result in a similar performance for an entire class of input problems.
Finally, it should be noted that this implementation assumes that a postulate holds in

which the values of the objective function f are are divided into two groups 17, and R,. Group
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Ry consists of those values within a few standard deviations of the mean, and R, consists of
those values outside of R; close to the maximum value. Values in R, are normally distributed,
and values in Ry are exponentially distributed. Furthermore, the number of values in R; is

much larger than the number of values in R,.

6 Examples

We consider here 3 examples. Genotypes are simulated for test pedigrees 1 and 2 given
in Figures 1 and 2. Ten loci were assumed, each with 8 equally frequent alleles, for a
heterozygosity of 0.875 per locus. This is comparable in allelic diversity to a set of DNA
collected from a sample of 17 sperm whales analyzed in Example 3. No sex distinction is

made in test pedigrees 1 and 2.

6.1 Example 1

In this example 1000 simulation trials were conducted for test pedigree 1. The exact max-
imum likelihood pedigree was determined. Then, using the same set of simulated DNA the
simulated annealing algorithm was repeated 32 times under various control parameter set-
tings, obtained by varying yxo = 0.90,0.95; § = 0.1,0.01; ¢ = 10°2,107% 8 = 0.5,1.5 and
N, = 1,3. The calculation time to convergence in milliseconds was also captured, and a
check was performed to see of the pedigree to which the algorithm converged was the true
maximum likelihood pedigree (not necessarily the true pedigree). The experiment was con-
ducted with a standard personal computer. As discussed above, we have two alternative
proposal rules. Therefore this experiment was done using the swap proposal, then for the
step proposal. It was found that the step proposal worked uniformly better, so the following
discussion will deal with the step proposal only.

In Figure 3, configurations are represented by a binary string in which the digits 0 and 1

12



represent, in order and respectively, yo = 0.90,0.95; 6 = 0.1,0.01; ¢ = 10°2,10°%; 3 =10.5,1.5
and N, =1, 3. In general, a setting marked as 1 should result in greater accuracy but longer
convergence time. This rule appears to hold generally, but not absolutely. As expected,
configuration 11111 gives nearly the highest accuracy and highest convergence time. There is
a cluster of configurations in the low convergence time/high convergence accuracy quadrant.
A closeup of this region is given in Figure 4, in which configuration 00011 appears to be
the configuration giving optimal or near optimal accuracy with low convergence time. To
summarize, this corresponds to control parameters yo, = 0.90, 6 = 0.1, ¢ = 1072, 3 = 1.5
and N, = 3. This configuration will be adopted for all trials which follow.

Using the exact algorithm, the correct pedigree was uniquely estimated in 943 of 1000
trials. The adopted configuration converged to the true maximum likelhood pedigree in 993
of 1000 trials.

To more closely scrutinize the algorithm and likelihood function a single trial was ex-
amined in detail. This trial resulted in the a correct likelihood estimate and in correct
convergence of the simulated annealing algorithm. There were 2184 transitions and 26 tem-
perature stages. In Figure 5 a plot of the log likelihood against the number of transitions is
given, which suggests a reasonably smooth transition of the steady state distribution, and
a plausible convergence event. In Figure 6 summaries of mean log likelihood, temperature,
variance and proposal acceptance rate are given for each temperature stage. Because the
maximum likelihood pedigree will probably conform to more that one ranking, the global
maximum will occur at more than one state, hence we do not expect the acceptance rate
to converge to zero. Again, the summaries suggest acceptable convergence behaviour. A
histogram of all log likelihood values is given in Figure 7, showing no obvious deviation from
the distributional postulate given in the previous section. There were 30 unique likelihood
values observed.

In addition, each of the 8!=40,320 permutation states was examined separately. A dis-
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tance between two permutations was taken to be the minimum number of elements which
need to be removed in order to leave the remaining partial permutations equal. This gives
the minimum number of proposals needed to reach one permutation state from another.
(This can be efficiently calculated using an appropriate recursive algorithm, adapted from
one given in Almudevar and Field (1999)). For each permutation state the constrained max-
imum likelihood pedigree was calculated and the corresponding log likelihood recorded. In
addition, the minimum permutation distance to a state which achieves the global maximum
likelihood was calculated. The term gradient is here used to indicate a statistical tendency
for states nearer a maximum to have higher likelihoods. In Figure 8 a boxplot of the log
likelihoods grouped by minimum permutation distance to the global maximum is given. It
indicates the existence of a clear gradient leading to the maximum likelihood ranking, which
is crucial to the succesful convergence of the algorithm. We also note that there appears
to be a smaller local maximum located among the permutation states which are a distance
of 4 from a global maximum. The maximum likelihood pedigree among this group was the
one in which individuals 1 and 2 have parent 5 only, individuals 3 and 4 have parent 6
only, individuals 7 and 8 have parents 5 and 6, and individuals 5 and 6 are founders. The
second boxplot gives the log likelhoods for this group, in turn grouped by the number of
times individual 5 or 6 is inferred as a parent. We clearly see a second gradient, leading to a
pedigree in which individuals 5 and 6 dominate as parents. Thus, in addition to fluctuation
of likelihood between transitions, we can expect larger scale multimodality of the likelihood

surface. This feature was observed consistently by the author over a number of trials.

6.2 Example 2

A second simulation experiment was conducted using the pedigree in Figure 2. This pedigree
consists of 59 individuals, and contains examples of inbreeding, as well as of half sibling rela-

tionships. A total of 200 trials were conducted. The mean convergence time was observed to
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be 18.4 minutes, with minimum, quartiles and maximum of the convergence times observed
to be 7.9, 11.5, 12.8, 17.3, 93.2 minutes, suggesting a clear right skewness. Error was deter-
mined by noting that a pedigree of 59 individuals is defined by the 118 parent specifications
(with the population defined as a parent for founders). The number of these parents incor-
rectly inferred is taken as the error. The mean observed error was 1.9 parent specifications
out of 118. The error frequencies are given in detail in Table 1. A more detailed breakdown
of the errors is given in Table 2. Here, errors are reported as the average number of parent
mispecifications per indivudual. The average individual rate can be converted to the average
rate for the pedigree by multiplying by 59. Note that there appears to be differing error
rates for different classes of individuals. In particular, the error rate for founders appears
to be lower than that for other types of pedigree members from all other generations. The
error rate for the inbred members seems higher than that of all other member, within and
outside of their generation.

An individual trial was examined separately. The number of transitions until convergence
was 970,137. A plot of the log likelihood against number of transitions is given in Figure
9, which indicates a smooth transition of the steady state distribution and a plausible con-
vergence event. The temperature stage summaries are given in Figure 10, again indicating
the desired behaviour. A histogram of 5,000 randomly chosen log likelhood values given in

Figure 11 suggests that the distributional postulate holds.

6.3 Example 3

As a further example DNA markers from 17 sperm whale from a Galapagos Islands breed-
ing ground were subjected to the simulated annealing algorithm. There were 10 loci with
heterozygosities of 0.75, 0.68, 0.87, 0.89, 0.75, 0.89, 0.91, 0.83, 0.78 and 0.62, making the
information content comparable to that used in the previous examples. Population geno-

type frequencies were estimated from an independent sample from the same population.
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Only two parent/offspring pairs exist which are not genetically excluded. Age data exists
which establishes generation. The algorithm infered these two relationships in the correct
generational order. The convergence time was several seconds. It is notable that the same
control parameters were used in this example as were used in Examples 1 and 2, suggesting
that a single set of well chosen values can be expected to result in a well behaved algorithm

applicable to a wide variety of input problems.

7 Discussion

A simulated annealing algorithm adapted to maximize the likelihood function of a joint
pedigree was presented. The algorithm appears to converge properly, and has demonstrated
success in infering pedigrees without using age or sex data. In addition, a single set of well
chosen control parameters can be used for problems of differing complexity.

A number of issues remain. It was assumed that founders are unrelated. The statistical
properties of the genotype distribution on the pedigree has been shown to be noticeably
dependent on the relatedness of the founders in a study of a Guam rail founder pedigree in
Haig et. al. (1994). This issue assumes importance when the requirement of a complete
sample is relaxed. The author is planning future work in this direction.

The algorithm assumes knowledge of population genotype frequencies. Using the sample
itself to estimate these frequencies is problematic, since all information about the frequencies
is contained in the founders, which may be small in number. However, in Thompson (1976a),
it is argued that kinship estimation is insensitive to errors in allele frquencies, except for
especially rare alleles. A consequence is that adequate allele frequency estimates can be
obtained by assuming unrelatedness among the sampled individuals. The allele frequency
estimates can be updated once the pedigree has been estimated. Also, population genotype

frequencies have been replaced with Bayesian prior distributions in Painter (1994, 1996).
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Age and sex data may be incorprated into the algorithm in a straighforward way, by
retaining only those parent/offspring triplets which conform to whatever age or sex informa-
tion is available. The algorithm is therefore especially useful in a situation in which age and
sex data exists for some but not all individuals.

The algorithm first proceeds by enumerating all potential parent/offspring triplets, then
assembling the triplets into a pedigree. It was shown in Meagher and Thompson (1986) that
an acceptable compromise is to first enumerate for each individual all high likelihood single
parents, then to construct the triplets from these, which results in a significant reduction of
computing time.

Linkage presents another problem. The likelihood used here assumes that loci are un-
linked. If linkage was to be incorporated into the likelihood, recombination fractions, known
or estimated, would need to be incorporated into the calculation of joint genotype probabil-
ities. Otherwise, the structure of the problem remains unchanged.

Microsatellite DNA markers are especially appropriate for kinship and mating behaviour
inference They tend to be highly variable, with heterozygosities often above 0.8 (k equally
frequent alleles result in a heterozygosity of (k — 1)/k under random mating). Especially
important is the fact that they tend to be generally neutral with respect to selection, which
is a crucial assumption for pedigree inference. Some exceptions have been observed. Also,
mutation rates for highly variable markers higher than 1072 have been reported, so a small
number of mutations may be expected in a reasonably large pedigree. This suggests that
modifications which render the algorithm robust to mutations and other anomolies must
be part of a genuinely complete solution to the problem of pedigree reconstruction. For a
discussion of the role of microsatellites in kinship inference, see Queller et. al. (1989) and
Bruford and Wayne (1993).

It is suggested in Thompson (1976a) that the definition of the likelihood could be ex-

panded to account for family size, mating behaviour, or other geographic and demographic
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variates. It is anticipated that the methodology proposed here would be adaptable to the
more complicated likelihood models which would result.

The DNA evidence is assumed to be genotypic, and the likelihood is therefore calculated
using the probability laws of Mendelian inheritance. On the other hand, DNA fingerprints
(observable patterns of bands created by fragments of DNA obtained by cutting the DNA
at identifiable sites, cf. Bailey (1995)) cannot be so modeled, since they are not assignable
to specific locus sites. It would be, in principle, possible to modify the techniques proposed
in this article to use finger print data, but significant drawbacks have been reported with

their use in kinship estimation (Lynch (1988)).
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Table 1: Summary of total errors for Experiment 2

Error Frequency

out of 118 out of 200

0 41
59
40
30
17
7
4

S Ot s W NN

16 1

Table 2: Summary of individual error rates for Experiment 2 by generation and type

Generation Founder Inbred Halfsib No Offspring | Total
1 0.014 0.014

2 0.028 0.029 0.027

3 0.006 0.050 0.034

4 0.029 0.031

5 0.070  0.034 0.052 0.052
Total 0.012 0.070  0.031 0.039 0.032
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Figure 1. Test pedigree 1.
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Figure 3: Plot of convergence time against correct convergence rate for experiment using step
proposals for 32 configurations of control parameters. The configuration is represented by a
binary string in which the digits 0 and 1 represent, in order and respectively, xo = 0.90,0.95,
§=0.1,0.01, e =1072,107°, 3 =10.5,1.5 and N, = 1, 3.
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Figure 4: Closeup of low convergence time/high correct convergence region of Figure 1. The
configuration is represented by a binary string in which the digits 0 and 1 represent, in order

and respectively, xo = 0.90,0.95, § = 0.1,0.01, e = 1072,107°, 3 = 0.5,1.5 and N, =1, 3.
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Figure 5: Trace of log likelihood by transition for trial of test pedigree 1.
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Figure 6: Diagnostic plots for trial of test pedigree 1.
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Figure 7: Histogram of log likelihood for trial of test pedigree 1.
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Figure 8: First figure is boxplot of log likelihood for trial of test pedigree 1 grouped by
permutation distance from nearest global maximum state. The second figure shows boxplots
of log likelihood among states a distance of 4 steps from a global maximum grouped by
the number of times individual 5 or 6 appears as a parent in the corresponding constrained

maximum likelihood pedigree.
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Figure 9: Trace of log likelihood by transition for trial of test pedigree 2.
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Figure 10: Diagnostic plots for trial of test pedigree 2.
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Figure 11: Histogram of log likelihood for trial of test pedigree 2.
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