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Abstra
t

A 
lass of tests for permutation invariant relatedness hypotheses using genotypi
 data is

proposed, whi
h are proven to be of maximum power among permutation invariant tests.

These tests lead naturally to "lo
ally most powerful tests", in the sense that power is maxi-

mized for alternatives statisti
ally 
lose to a null hypothesis of unrelatedness. Although the

resulting statisti
 is a U-statisti
, normal approximation theory is found to be inappli
able,

due to high skewness. As an alternative it is found that a 
onditional pro
edure based on

the most powerful test statisti
 
an 
al
ulate a

urate signi�
an
e levels without mu
h loss

in power. Examples are given in whi
h this type of test proves to be more powerful than

a number of alternatives 
onsidered in the literature, in
luding Queller and Goodknight's

(1989) estimate of geneti
 relatedness, the average number of shared alleles (Blouin, 1996)

and the number of feasible sibling triples (Almudevar and Field, 1999).
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1 Introdu
tion

The ability to infer relatedness among individuals of a spe
ies of unknown pedigree is im-

portant to the study of wild populations, as well as to 
aptive breeding programs. Su
h

inferen
e 
an pro
eed by identifying joint, or at least pairwise, kinship relationships between

spe
i�
 individuals at the multigenerational level as in Thompson (1976) and Meagher and

Thompson (1986, 1987). Te
hniques spe
ialized for the single generation 
ases are proposed

in Blouin (1996), Painter (1994, 1996) and Almudevar and Field (1999). Alternatively, aggre-

gate measures of group relatedness have been developed in Queller and Goodknight (1989)

and Pamilo (1989) in whi
h individual kinships are not inferred.

The approa
h proposed here 
an be 
onsidered as an intermediate methodology, in that

tests 
an be 
onstru
ted for parti
ular types of relationships, but the inferen
e is ultimately

of an aggregate nature. Formally, we test a null hypothesis of unrelatedness against a

parti
ular group of relatedness hypotheses. Inferen
e is permutation invariant with respe
t

to sampled individuals. We use the generalized form of the Neyman-Pearson lemma to derive

tests whi
h are most powerful against a general 
lass of su
h alternative hypotheses. The

motivating example, developed here, is the 
ase of sibship inferen
e. If we wish simply to

determine whether or not sibships exist in a sample, without the ne
essity of individual

kinship inferen
e, then a suitably 
onstru
ted hypothesis test is appropriate. This leads to

the development of a lo
ally most powerful test; that is, one whi
h is most powerful among

all other invariant tests against alternative hypotheses "near" the null hypothesis. In the


ase of sibling inferen
e we may de�ne as "near" the hypothesis that there exist exa
tly two
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individuals in a sibling relationship, with all others mutually unrelated.

In Se
tion 2 the 
lass of hypothesis tests is de�ned, and the most powerful tests derived. In

Se
tion 3 the theory is spe
ialized to the 
ase of sibling inferen
e. Some guidelines regarding

the 
al
ulation of signi�
an
e levels are developed. In parti
ular, normal approximations

are seen to be of no appli
ability, despite the fa
t that the statisti
s are asymptoti
ally

normal. A 
onditional approa
h is developed, whi
h gives a

urate signi�
an
e levels with

little sa
ri�
e of power. In addition, the test is 
ompared to a number of alternative measures

of relatedness appearing in the literature. A further example, using a set of DNA 
olle
ted

from a population of sperm whales, is analyzed using the proposed methodologies in Se
tion

4. The results are summarized and dis
ussed in Se
tion 5.

2 Most powerful invariant tests

Let X be a dis
rete sample spa
e. We introdu
e a generalization of the Neyman-Pearson

Lemma (Lehmann, 1986, pg. 96), stated without proof. It is presented here (in part) using

notation appropriate for dis
rete domains.

Theorem 1 (Neyman-Pearson) Suppose g

1

; : : : ; g

m

are real valued integrable fun
tions on

X , and b

1

; : : : ; b

m

are �nite 
onstants. Let C be the 
lass of fun
tions � : X ! [0; 1℄ whi
h

satisfy

X

x2X

�(x)g

i

(x) = b

i

; i = 1; : : : ; m:

If g

0

is an integrable fun
tion on X then

(i) There exists � 2 C whi
h maximizes

P

X

�(x)g

0

(x).

(ii) A suÆ
ient 
ondition for � to maximize

P

X

�(x)g

0

(x) is the existen
e of 
onstants

3



k

1

; : : : ; k

m

su
h that

�(x) = 1 when g

0

(x) >

m

X

i=1

k

i

g

i

(x)

�(x) = 0 when g

0

(x) <

m

X

i=1

k

i

g

i

(x)

In the problem under 
onsideration X is the set of all possible multilo
us genotype arrays

among a sample ofN individuals, whi
h identi�es a multilo
us genotype for ea
h individual in

the sample. Let G be the 
lass of all permutations of individual labelings a
ting on elements

of X . We de�ne a relationship 
lass R to be a type of relationship among K individuals. We

may, for example, de�ne R to be a full sibling relationship among K individuals. The more

detailed spe
i�
ation R(i

1

; : : : ; i

K

) is taken to de�ne a type R relationship spe
i�
ally among

(ordered) individuals i

1

; : : : ; i

K

. Suppose we let R denote all possible joint relationships

among individuals 1; : : : ; N . For 
onvenien
e we adopt the 
onvention that for r 2 R we set

r = R(i

1

; : : : ; i

K

) if individuals i

1

; : : : ; i

K

are in relationship type R and all other individuals

are unrelated to the rest of the sample. The permutation group generates a set of hypotheses

GR = fR(i

1

; : : : ; i

K

) : (i

1

; : : : ; i

N

) 2 Gg :

Suppose r 2 R is the true joint relationship of the sample. The present goal to develop tests

for the hypotheses

H

o

: r = U

H

a

: r 2 GR

for some relationship type R based on observation X 2 X . For example if R is a relationship

type spe
ifying full sibship of two individuals, the hypothesis test would be
ome

H

o

: All individuals unrelated
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H

a

: All individuals unrelated ex
ept for two full siblings

A hypothesis test is given by 
riti
al fun
tion � : X ! [0; 1℄ where H

o

is reje
ted with

probability �(X). If � equals zero or one, the test is nonrandomized. If there is no a

priori reason to favor one element of GR over another then, logi
ally, we would require

the hypothesis test � to be permutation invariant in the sense that �(X) = �(GX) for all

X 2 X and G 2 G. Suppose we denote Gr to be the relationship obtained by subje
ting the

individuals in relationship r to permutation G. For any set A, by group symmetry we have

P (GX 2 Ajr) = P (X 2 AjGr) (2.1)

The power fun
tion is de�ned as

�(r) = E

r

[�(X)℄

so that by (2.1) for a permutation invariant test we have

�(Gr) = E

Gr

[�(X)℄

= E

r

[�(GX)℄

= E

r

[�(X)℄

= �(r): (2.2)

If �(r) = �(Gr) for all G 2 G the test is 
alled unbiased. The approa
h taken below will

be to �nd the most powerful unbiased test. As will be shown, the resulting test is also

permutation invariant. Sin
e by (2.2) permutation invarian
e implies unbiasedness, this test

is also the most powerful permutation invariant test. See Lehmann (1986), 
hapter 6, for a


omprehensive dis
ussion of invarian
e in testing.

We write X = (X

1

; : : : ; X

N

), where X

i

is the multilo
us genotype of individual i. Let

p(x) to be the population frequen
y of genotype x. Consider a relationship type R. Let

5



Q

R

(x

i

1

; : : : ; x

i

K

) be the joint probability of genotype arrays x

i

1

; : : : ; x

i

K

when individuals

i

1

; : : : ; i

k

are in relationship type R. The distribution of X given 
on�guration r = U or

r = R(i

1

; : : : ; i

K

) 
an be written

f

U

(x

1

; : : : ; x

N

) =

N

Y

n=1

p(x

n

)

f

r

(x

1

; : : : ; x

N

) = f

U

(x

1

; : : : ; x

N

)L

R

(x

i

1

; : : : ; x

i

K

)

where

L

R

(y

1

; : : : ; y

K

) =

Q

R

(y

1

; : : : ; y

K

)

Q

K

j=1

p(y

j

)

:

To determine the form of the test �rst �x the size by spe
ifying � = �(U). Let r

1

be one

parti
ular member of GR. Then the problem of �nding the most powerful unbiased test is

equivalent to �nding 
riti
al fun
tion � whi
h maximizes

�(r

1

) =

X

x2X

�(x)f

r

1

(x)

subje
t to

�(r

1

)� �(r) =

X

x2X

�(x)f

r

1

(x)�

X

x2X

�(x)f

r

(x) = 0; for all r 2 GR (2.3)

and

�(U) =

X

x2X

�(x)f

U

(x) = �: (2.4)

Order the elements of GR = (r

1

; : : : ; r

m�1

). The Neyman-Pearson Lemma may then be

applied with

g

0

(x) = f

r

1

(x)

g

i

(x) = f

r

1

(x)� f

r

i

(x); i = 1; : : : ; m� 1

g

m

(x) = f

U

(x)
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and

b

i

= 0; i = 1; : : : ; m� 1

b

m

= �

The most powerful test then has reje
tion region

f

r

1

(x) > k

m

f

U

(x) +

m�1

X

i=1

k

i

(f

r

1

(x)� f

r

i

(x)) (2.5)

provided values for k

1

; : : : ; k

m


an be found whi
h leave the 
onstraints (2.3) and (2.4)

satis�ed. If (2.5) is divided by f

U

(x), and we set k

i

= 1=(m� 1) for i = 1; : : : ; m� 1, then

(2.5) 
an be written

�

R

(x) =

X

(i

1

;:::;i

K

)2I

o

K

L

R

(x

i

1

; : : : ; x

i

K

) > k (2.6)

where I

o

K

is the set of all size K ordered subsets of f1; : : : ; Ng. If R is symmetri
 (e.g.

siblings) then summation 
an be taken over I

u

K

, the unordered subsets. A test using reje
tion

region (2.6) is permutation invariant, and therefore unbiased, satisfying (2.3). We then need

only sele
t k to satisfy (2.4), verifying the appli
ability of Theorem 1, 
on
luding that the

most powerful permutation invariant test reje
ts H

o

for large values of �

R

(x).

It should be noted that the �rst moment under H

o

is easily derived. Ea
h term in �

R

is a likelihood ratio of simple hypotheses, with H

o

: r = U being the 
ommon denominator

hypothesis. Hen
e under H

o

the expe
ted value of ea
h term is unity, so that the expe
ted

value of �

R

is equal to the number of terms.

We note that �

R

is a U-statisti
 of order K with kernel L

R

. The theory of U-statisti
s

was introdu
ed in Hoe�ding (1948), in whi
h general 
onditions under whi
h U-statisti
s are

asymptot
ally normal are given. Although these 
onditions will likely apply to at least most


ases of �

R

, in the 
ases 
onsidered in this arti
le very large varian
e and severe skewness were
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onsistently observed, rendering su
h asymptoti
 results inappli
able in this 
ase. Therefore,

nonparametri
 methods for obtaining signi�
an
e levels are needed, at least in the absen
e

of a distribution theory spe
ialized to this problem.

3 Testing for sibling relationships

In Almudevar and Field (1999) an algorithm is proposed for identifying sibling groups from

a sample known to be within a single generation. The algorithm pro
eeds largely by sys-

temati
ally applying the prin
iple of ex
lusion. It was found that larger sibling groups 
ould

be identi�ed with small error given genotypi
 eviden
e of suÆ
ient quality, as measured by

number of lo
i and alleli
 diversity within lo
i. Thus, while large sibling groups 
an be

identi�ed, there remains the problem of the existen
e of spurious observed sibling groups of

smaller size. In fa
t, any two individuals may form a feasible sibling group even if they share

no alleles. We therefore propose a strategy of identifying any large sibling groups, removing

them from the sample, then testing for the presen
e of smaller sibling groups among the re-

maining individuals. The results in Almudevar and Field (1999) suggest that sibling groups

of size 2 or 3 
an usefully be thought of as small, with groups of size 4 or more 
onsidered

large, although this ultimately depends on the quality of the genotypi
 data used.

We adopt the 
on
ept of the lo
ally most powerful test. This is a test whi
h is most

powerful for members of the alternative hypothesis 
losest to the boundary between null

and alternative hypotheses. When the hypotheses are subsets of Eu
lidean spa
e this has

an exa
t meaning. In the problem 
onsidered here a hypothesis boundary 
an be reasonably

de�ned in more than one way. The approa
h taken here is to maximize power for alternatives


onsisting of one single small sibling group. Sizes of 2 and 3 will be both 
onsidered.

We letR

K

de�ne a sibship relationship amongK individuals, where interest is inK = 2; 3.
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Spe
i�
ally, we test

H

o

: r = U

H

a

: r 2 GR

K

using statisti
 �

R

K

as derived in the previous se
tion.

We now 
onsider the question of 
al
ulating Q

R

K

. In general, the 
al
ulation of the joint

distribution of the genotypes of related individuals is usually a

omplished using the 
on-


ept of identity by des
ent introdu
ed by Cotterman (1940) and extended by many authors,

in
luding Male
ot (1948), Li and Sa
ks (1954), Co
kerham (1971), Ja
quard (1972), Nadot

and Vaysseix (1973), Denniston (1974), Thompson (1974), Karigl (1981, 1982), Amos, Daw-

son and Elston (1990) and Whittemore and Halpern (1994). An identity state for a ve
tor

of genes on a pedigree is a 
omplete spe
i�
ation of whi
h genes are identi
al by virtue

of having been inherited from a single gene in a 
ommon an
estor. The probabilities of

these identity states are not dependent on population allele frequen
ies. A joint genotype

distribution is then 
al
ulated by 
onditioning on these identity states. The identity state

method be
omes 
omplex very qui
kly, so we will develop a spe
ialized argument for the

joint genotype distribution of siblings.

Suppose individuals 1; : : : ; K are a sibling group, with unrelated parents. Let (x

i1

; x

i2

)

be the ordered genotype of individual i, with genes inherited from parents labeled 1 and 2

respe
tively. When we wish to identify a genotype as being from lo
us l a supers
ript will

used to write (x

l

i1

; x

l

i2

). The gene arrays (x

11

; : : : ; x

K1

) and (x

12

; : : : ; x

K2

) are sto
hasti
ally

independent, so we 
on
entrate on deriving the joint distribution of one of these arrays. We

will assume independent lo
i (linkage equilibrium).

Suppose alleles 1; : : : ; � exist in the population. Let N

j

be the number of genes of type

j in the genotype of parent 1. Then,

~

N = (N

1

; : : : ; N

�

) is a multinomial ve
tor, assuming
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Hardy-Weinberg equilibrium. We then have 
onditional probability

P

n

(x

11

; : : : ; x

K1

) = (a

1

; : : : ; a

K

) j

~

N

o

=

K

Y

i=1

N

a

i

2

: (3.7)

The density fun
tion f

1

of (x

11

; : : : ; x

K1

) is obtained by taking the expe
ted value of (3.7).

This is simpli�ed somewhat by noting that the sum of the multinomial ve
tor

~

N is 2. If we

let m

j

be the number of alleles in (a

1

; : : : ; a

K

) equalling j, then

f

1

(a

1

; : : : ; a

K

) =

8

>

>

>

>

>

<

>

>

>

>

>

:

0 m

j

> 0 for more than 2 j

p

j

p

k

2

K�1

m

j

> 0; m

k

> 0; j 6= k; m

n

= 08n 6= j; k

(2

K

�2)p

2

j

+2p

j

2

K

m

j

> 0; m

k

= 08k 6= j

where p

a

is the population frequen
y of allele a. Then by independen
e the density of

the ordered genotypes is given by the produ
t f

1

(x

11

; : : : ; x

K1

)f

1

(x

12

; : : : ; x

K2

). We assume

genotypi
 observations are unordered, so that the density of the array of unordered genotypes

((x

11

; x

12

); : : : ; (x

K1

; x

K2

)) is

f((x

11

; x

12

); : : : ; (x

K1

; x

K2

)) =

X

f

1

(x

11

; : : : ; x

K1

)f

1

(x

12

; : : : ; x

K2

)

where the summation is over all distin
t arrays of ordered genotypes 
ompatible with the

array of unordered genotypes of the argument. Suppose G

e

is the group of ve
tors of length

2K obtained by ex
hanging elements 2i� 1 and 2i for any set of i 2 f1; : : : ; kg of the ve
tor

(1; 2; : : : ; 1; 2). Then, denoting

~

j = (j

11

; j

12

; : : : ; j

K1

; j

K2

)

f((x

11

; x

12

); : : : ; (x

K1

; x

K2

)) =

1

2

h

X

~

j2G

e

f

1

(x

1j

11

; : : : ; x

Kj

K1

)f

1

(x

1j

12

; : : : ; x

Kj

K2

)

where h is the number of homozygous genotypes among (x

11

; x

12

); : : : ; (x

K1

; x

K2

). An indi-

vidual term in �

R

is then

L

R

(x

i

1

; : : : ; x

i

K

) =

N

L

Y

l=1

1

2

h

P

~

j2G

e

f

1

(x

l

i

1

j

11

; : : : ; x

l

i

K

j

K1

)f

1

(x

l

i

1

j

12

; : : : ; x

l

i

K

j

K2

)

2

K�h

p

x

l

i

1

1

p

x

l

i

1

2

� : : :� p

x

l

i

K

1

p

x

l

i

K

2
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=

1

2

N

L

K

N

L

Y

l=1

P

~

j2G

e

f

1

(x

l

i

1

j

11

; : : : ; x

l

i

K

j

K1

)f

1

(x

l

i

1

j

12

; : : : ; x

l

i

K

j

K2

)

p

x

l

i

1

1

p

x

l

i

1

2

� : : :� p

x

l

i

K

1

p

x

l

i

K

2

:

For R

2

we have

f

1

(x; y) =

p

x

p

y

+ p

x

Ifx = yg

2

resulting in test statisti


�

R

2

=

1

8

N

L

P

i<j

Q

N

L

l=1

0

�

1 +

Ifx

l

i1

= x

l

j1

g

p

x

l

i1

1

A

0

�

1 +

Ifx

l

i2

= x

l

j2

g

p

x

l

i2

1

A

+

0

�

1 +

Ifx

l

i1

= x

l

j2

g

p

x

l

i1

1

A

0

�

1 +

Ifx

l

i2

= x

l

j1

g

p

x

l

i2

1

A

(3.8)

Similarly, for R

3

we have

f

1

(x; y; z) =

1

4

(p

x

p

y

Ifx 6= ygIfy = zg + p

y

p

z

Ifx 6= ygIfx = zg

+p

x

p

z

Ify 6= zgIfx = yg+ (3p

2

x

+ p

x

)Ifx = ygIfy = zg):

Letting

q

1

(x; y; z) =

1

4

[

1

p

z

Ifx 6= ygIfy = zg +

1

p

x

Ifx 6= ygIfx = zg

+

1

p

y

Ify 6= zgIfx = yg+

 

3

p

x

+

1

p

2

x

!

Ifx = ygIfy = zg℄

we obtain

�

R

3

=

1

4

N

L

P

i<j<k

Q

N

L

l=1

q

1

(x

l

i1

; x

l

j1

; x

1

k1

)q

1

(x

l

i2

; x

l

j2

; x

1

k2

)

+ q

1

(x

l

i1

; x

l

j2

; x

1

k1

)q

1

(x

l

i2

; x

l

j1

; x

1

k2

)

+ q

1

(x

l

i1

; x

l

j1

; x

1

k2

)q

1

(x

l

i2

; x

l

j2

; x

1

k1

)

+ q

1

(x

l

i1

; x

l

j2

; x

1

k2

)q

1

(x

l

i2

; x

l

j1

; x

1

k1

):

As a numeri
al example a test 
ase was 
onstru
ted involving 20 individuals. Ten lo
i

were assumed, ea
h with 5 equiprobable alleles. Hardy-Weinberg and linkage equilibrium
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were assumed for the simulations. A total of 11 relatedness 
on�gurations were used, de�ned

by 0 to 5 sibling groups of size 2, then 0 to 5 sibling groups of size 3. A power 
urve for

a level 0.05 test was 
onstru
ted for �

R2

and �

R3

, in ea
h 
ase using a
tual frequen
ies

and then frequen
ies estimated from the data. In addition, the test statisti
 T

3

proposed

in Almudevar and Field (1999), de�ned as the number of subsets of size three whi
h form

geneti
ally 
ompatible sibling groups, was in
luded. The above s
enarios were simulated

10,000 times ea
h. For ea
h trial the �ve statisti
s were 
al
ulated. Power 
urves were


al
ulated by determining the 95th per
entile of ea
h statisti
 from the null hypothesis (zero

sibling group) trials. The results for the size 2 and size 3 trials are given in Figures 1 and

2 respe
tively. In both sets of trials T

3

is noti
eably less powerful than both �

R

2

and �

R

3

.

For the size 2 trials �

R

2

is noti
ebly more powerful than �

R

3

. For the size 3 trials, while �

R

3

would be expe
ted to be more powerful than �

R

2

, the di�eren
e is not as great as in the size

2 trials, suggesting that the strategy of adopting a lo
ally most powerful test by maximizing

the power against the alternative of a single sibling group of size 2 is a sound one. Figures 1

and 2 also suggest that the power lost in using empiri
al frequen
ies in pla
e of the (usually

unknown) population frequen
ies is not too great, although there is a loss of power of about

0.1 when using �

R

2

to test against a single sibling group of size 3.

Figure 1 here

Figure 2 here

The power 
urves in Figures 1 and 2 are largely of theoreti
al interest, leaving open the

problem of 
al
ulating the signi�
an
e for any given set of data. If we 
al
ulate the varian
e

of �

R

2

under H

o

we obtain

var (�

R

2

) =

0

B

�

N

2

1

C

A

8

<

:

2

4

N

L

Y

l=1

(3 + v

l

)

2

+ 15 + v

l

32

3

5

� 1

9

=

;
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where v

l

is the number of alleles at lo
us l. That the varian
e depends on the allele frequen
ies

only through v

l

is a mathemati
al 
onsequen
e of the appearan
e of the frequen
ies p

x

in the

denominator in (3.8). That the varian
e should undergo a disproportionately large in
rease

with the appearan
e of a single example of a new allele in a population, independently of

population size, should pre
lude the use of any test pro
edure dependent on this varian
e.

In addition, large skewness was 
onsistently observed. Thus, it would seem appropriate to

use nonparametri
 methods, using the power 
urve obtained from perfe
t knowledge of the

null distribution as a theoreti
al ben
hmark.

We 
onsider two alternatives, the �rst a bootstrap pro
edure, the se
ond a 
onditional

approa
h. For the moment we assume Hardy-Weinberg equilibrium in addition to inde-

penden
e of lo
i, so that under the null hypothesis of unrelatedness, the individual genes


onstitute a random sample, with gene frequen
ies 
onforming to a multinomial distribution.

For the bootstrap pro
edure resampling 
an pro
eed by randomly sele
ting 2N genes with

repla
ement, independently for ea
h lo
i, assigning them at random to the N individuals,

then 
al
ulating the statisti
. Then H

o

is reje
ted with signi�
an
e level � if the observed

value of the statisti
 is above the (1-�)100th per
entile of the resampled statisti
s. The ob-

served value itself is in
luded in the bootstrap sample. There are two alternative methods,

depending on whether the statisti
 is 
al
ulated using the observed frequen
ies from the

sample or those observed in the bootstrap repli
ation.

As for the 
onditional test, under H

o

we note that the distribution of the alleles 
ondi-

tional on the observed gene totals 
an be reprodu
ed by a random permutation of the genes

(Levene, 1949; Guo and Thompson, 1992). This is equivalent to randomly reassigning the

observed genes to individuals without repla
ement. This may be done independently a
ross

the lo
i. It should be noted that the resulting distribution is independent of the population

allele frequen
ies, so that the signi�
an
e level is 
al
ulable exa
tly in prin
iple. In pra
ti
e,

13



we simulate independent random permutations, re
al
ulating the test statisti
 ea
h time.

The signi�
an
e level is estimated by the proportion of simulated test statisti
s greater than

or equal to the observed value. Again, the observed value is itself in
luded in the sample.

Then H

o

is reje
ted if the observed value of the statisti
 is above the (1-�)100th per
entile

of the resampled statisti
s. Sin
e the gene frequen
ies remain 
onstant there is no need to


onsider alternative substitutions for the population frequen
ies as for the bootstrap pro
e-

dure. The distin
tion between the bootstrap and the 
onditional pro
edure then redu
es to

whether resampling is done with or without repla
ement.

If Hardy-Weinberg or linkage disequilibrium is assumed, then either pro
edure 
an be

suitably modi�ed. In the 
ase of Hardy-Weinberg disequilibrium resampling should take

pla
e at the genotype rather than at the gene level. The theoreti
al justi�
ation remains

un
hanged, although the a
tual test statisti
 need no longer be most powerful. If signi�
ant

linkage is assumed between two lo
i, than the resampling 
an be suitably paired by the lo
i

in question.

The pro
edures were evaluated using 5,000 trials from 20 individuals. The number of

sibships of size 2 was allowed to vary from 0 to 5. These sibships 
onstituted all the re-

latedness stru
ture. Ten lo
i with 5 equiprobable alleles were used. Hardy-Weinberg and

linkage equilibrium were assumed for the simulations. All tests were based on �

R

2

. Both

suggested bootstraps were done for ea
h trial, sampling at the gene level with independent

lo
i. In addition, the 
onditional test was performed, using resampling at both the gene and

genotype level. Lo
i were assumed to be independent.

The resulting power 
urves for a test of size � = 0:05 are given in Figure 3. For 
om-

parison, the theoreti
al power 
urve for �

R

2

is in
luded (plot A). The bootstrap pro
edure

proved to be highly 
onservative (plots B and C). The observed test size, although designed

to be 0.05 proved to be 0.0114 and 0.0104 using trial and resampled frequen
ies respe
tively.
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On the other hand, the 
onditional test when 
onditioned on gene totals (plot D) reprodu
es

very 
losely the theoreti
al power 
urve. The observed test size was 0.0536, slightly above

the designed test size of 0.05. The 
onditional test when 
onditioned on genotype totals

produ
es a similar power 
urve, with slightly greater loss in power, whi
h is generally to be

expe
ted when making fewer assumptions. The observed test size was 0.0516. The 
on
lu-

sion is therefore that a 
onditional approa
h 
an produ
e a

urate signi�
an
e levels while

reprodu
ing near optimal power.

Figure 3 here

Finally, we 
ompare the 
onditional test based on �

R

2

to an un
onditional test based

on two statisti
s for relatedness whi
h appear in the literature. The �rst is Queller and

Goodknight's (1989) statisti
 r

xy

. This is used to estimate geneti
 relatedness, a quantity

important to the 
on
ept of in
lusive �tness (Hamilton, 1964a, 1964b). In the present

example it may be de�ned for two individuals x and y as

r

xy

=

P

l

P

m

(p

y

m

� p

�xy

m

)

P

l

P

m

(p

x

m

� p

�xy

m

)

where the summation

P

l

P

m

is taken over all alleles in all observed lo
i present in x, p

x

m

and p

y

m

are the frequen
ies of allele m present in x and y (ie. 0, 0.5 or 1), and p

�xy

m

is

the estimate of the frequen
y of m obtained by ex
luding x and y. The aggregate value of

the statisti
 is obtained by summing r

xy

over all ordered pairs of individuals (note that in

general r

xy

6= r

yx

). This pro
edure is used in, for example, Taylor et. al. (1997). The se
ond

relatedness statisti
 
onsidered is the average number of shared alleles per lo
usM

xy

(Blouin

et. al., 1996). Again, the aggregate statisti
 is taken as the sum of M

xy

over all pairs. The

s
enario 
onsidered is the one used above with 20 individuals and varying numbers of sibships

of size 2. The power 
urve is 
al
ulated by �rst estimating the distribution under the null
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hypothesis and reje
ting when the statisti
 ex
eeds the 95th per
entile of this distribution.

One thousand trials were used, with the resulting power 
urves given in Figure 4. The power


urve for the 
onditional test (
onditioned on gene totals) based on �

R

2

for the same s
enario

is in
luded. Clearly, the 
onditional �

R

2

test is of greater power.

Figure 4 here

4 Parent/o�spring inferen
e

As a further example DNA markers from 17 sperm whale from a Galapagos Islands breeding

ground were 
onsidered. There were 10 lo
i with heterozygosities of 0.75, 0.68, 0.87, 0.89,

0.75, 0.89, 0.91, 0.83, 0.78 and 0.62. Only two parent/o�spring pairs exist whi
h are not ge-

neti
ally ex
luded. In addition, the maximal sibling group algorithm proposed in Almudevar

and Field (1999) was applied to the data, from whi
h it was 
on
luded that any sibling group

of size 3 or greater 
an be geneti
ally ex
luded. We test against two types of alternatived,

R

2

(sibships of size 2) and P (parent/o�spring pairs). Tests based on �

R

2

and �

P

were

performed. The 
onditional approa
h (
onditioned on gene totals) proposed in the previous

se
tion was used. To further study the di�eren
e between the two tests they were performed

using randomly 
hosen subsets of the 10 available lo
i (ex
ept that all 10 distin
t subsets of

size 1 and 9 were used, as was the single subset of size ten). The average observed signi�-


an
e levels grouped by number of lo
i used are given in Figure 5. The signi�
an
e levels are

noti
ably smaller for �

P

than for �

R

2

. In parti
ular, the average observed signi�
an
e level

is below 0.05 for 7 lo
i or more for �

R

2

, but for �

P

this o

urs only for 9 or more lo
i. This

suggests greater eviden
e of parent/o�spring pairs than of sibling groups, whi
h is suggested

by the appli
ation of the ex
lusion prin
iple. Certainly, this 
on
lusion 
annot be taken as

de�nitive given the available eviden
e, but it does suggest the possibity of a more re�ned
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inferen
e of relationship types.

Figure 5 here

5 Dis
ussion

A 
lass of statisti
s for testing permutation invariant relatedness hypotheses against unre-

latedness using genotypi
 data was proposed, whi
h were shown to be of maximum power

among permutation invariant tests. These tests lead naturally to "lo
ally most powerful

tests", in the sense that power is maximized for alternatives to unrelatedness whi
h are not

at a great statisti
al di�eren
e from unrelatedness. Simluation studies suggest that these

tests 
an be more powerful than those based on other relatedness statisti
s appearing in the

literature examined here. The large skewness exhibited by the null hypothesis distribution

suggests the use of nonparametri
 alternatives. To that e�e
t, it is found that when the

test statisti
 is 
onditioned on gene or genotype totals the resulting 
onditional test gives

a

urate signi�
an
e levels with little sa
ri�
e in power. Some slight loss in power was de-

te
ted when sampling at the genotype rather than the gene level, but this would be the

re
ommended pro
edure when Hardy-Weinberg equilibrium is not assumed.

An experiment done with sperm whale data suggests that the type of relationships dom-

inant in the sample 
an be inferred by applying tests for di�erent types of relationships,

although the pro
edure by whi
h tests 
an be 
ombined for inferential statements would

need to be developed.

The re
ommended method of obtaining signi�
an
e levels depends on independent sam-

pling of random permutations, and the repeated 
al
ulation of a statisti
 with order N

K

terms, whi
h 
an be 
omputationally time 
onsuming. However, the te
hnique of Monte

Carlo Markov 
hains has been applied to this type of problem in Guo and Thompson (1992)

17



and Lazzeroni and Lange (1997), providing 
omputationally eÆ
ient alternatives to inde-

pendent sampling. It is anti
ipated that similar te
hniques 
an be used in the problem


onsidered here.
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Figure 1: Power 
urves for sibships of size 2 from sample of size 20 using T

3

(plot 1), �

R

2

(plot 2), �

R

3

(plot 3). Test size is 0.05. Ten lo
i with 5 equiprobable alleles are assumed.

The solid line represents the statisti
 using a
tual allele frequen
ies, while the dashed line

represents the statisti
 with empiri
al frequen
ies substituted for the a
tual ones.
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Figure 2: Power 
urves for sibships of size 3 from sample of size 20 using T

3

(plot 1), �

R

2

(plot 2), �

R

3

(plot 3). Test size is 0.05. Ten lo
i with 5 equiprobable alleles are assumed.

The solid line represents the statisti
 using a
tual allele frequen
ies, while the dashed line

represents the statisti
 with empiri
al frequen
ies substituted for the a
tual ones.
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Figure 3: Power 
urves for sibships of size 2 from sample of size 20 using �

R

2

(plot A),

bootstrap pro
edure applied to �

R

2

using trial frequen
ies and bootstrap frequen
ies (plots

B and C), �

R

2


onditioned on gene totals (plot D), �

R

2


onditioned on genotype totals (plot

E). Test size is 0.05.
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Figure 4: Power 
urves for sibships of size 2 from sample of size 20 using, �
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2


onditioned

on gene totals (plot A), r

xy

(plot B) and M

xy

(plot C).

24



Number of loci

A
ve

ra
g
e
 s

ig
n
ifi

ca
n
ce

 le
ve

l

2 4 6 8 10

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Figure 5: Average observed signi�
an
e level for varying numbers of lo
i. The solid line

represents �
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2


onditioned on gene totals. The dashed line represents �

P


onditioned on

gene totals.
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