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Abstract

In this paper we describe the development of parallel software for the numerical solution of

boundary value ordinary differential equations (BVODEs). The software, implemented on two

shared memory, parallel architectures, is based on a modification of the MIRKDC package,

which employs discrete and continuous mono-implicit Runge-Kutta schemes within a defect

control algorithm. The primary computational costs are associated with the almost block diag-

onal (ABD) linear systems representing the Newton matrices arising from the iterative solution

of the nonlinear algebraic systems which result from the discretization of the ODEs. The most

significant modification featured in the parallel version of the code is the replacement of the

sequential ABD linear system software, COLROW, which employs alternating row and col-

umn elimination, with new parallel ABD linear system software, RSCALE, which is based on

a recently developed parallel block eigenvalue rescaling algorithm. Other modifications are as-

sociated with the parallelization of the setup of the ABD systems, the setup of the approximate

solution interpolants, and the estimation of the defect. The numerical results show that nearly

optimal speedups can be obtained, and that substantial speedups in overall solution time are

achieved, compared with the sequential version of MIRKDC.

Keywords: Parallel software, boundary value ordinary differential equations, almost block

diagonal linear systems, Runge-Kutta methods, shared memory.
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1 Introduction

In this paper we consider the development of software for the efficient numerical solution of bound-

ary value ordinary differential equations (BVODEs) on parallel computers based on shared mem-
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ory architectures. We shall assume BVODEs which have the general form,

y′(t) = f(t, y(t)), (1)

with boundary conditions in separated form,

g
a
(y(a)) = 0, g

b
(y(b)) = 0, (2)

where y : ℜ → ℜn, f : ℜ × ℜn → ℜn, ga : ℜn → ℜp and gb : ℜn → ℜq, with p + q = n. Such

problems arise in a wide variety of application areas; see [7] for further details and examples.

There has been a considerable history of high quality software for the efficient numerical so-

lution of (1), (2). The packages can be roughly divided into those based on initial value methods

and those based on global methods. In the former group, most codes are based on some form of

multiple shooting; one subdivides the problem interval with a set of breakpoints, and considers an

associated initial value ordinary differential equation (IVODE) (with estimated initial conditions)

on each subinterval; the IVODEs are solved to a given user provided tolerance using high qual-

ity IVODE software. The IVODE solutions are then evaluated at the breakpoints and improved

estimates of the initial conditions are computed, within the context of a Newton iteration. A re-

finement of the mesh of breakpoints is then performed to provide a better adaptation of the mesh

to solution behavior. The process terminates when the IVODE solutions match at the breakpoints

to within the user tolerance. See, e.g., [7], Chapter 4, for further details.

Within the class of global methods, the general algorithmic approach is to subdivide the prob-

lem interval with a set of meshpoints and then apply a numerical discretization method, e.g., a

finite difference method, to replace the ODEs with a system of algebraic equations, which are then

solved with Newton’s method. An estimate of the error is then used to assess solution quality

and determine a better adapted mesh, and the process repeats until the estimated error satisfies the

user tolerance. See, e.g., [7], Chapter 5, for further details. This class includes finite-difference,

Runge-Kutta, and collocation methods.

In both the groups of software, the dominant computational effort involves the solution of

a large system of nonlinear equations by a Newton iteration. Because the computations can be

localized within each subinterval, the Newton matrices generally have a sparsity structure which

has been referred to in the literature as almost block diagonal (ABD) [15]. The excellent survey [3]

provides an extensive review of ABD systems, including contexts in which they arise and methods

for solving them. A number of software packages for the efficient factorization and solution of

linear systems for which the coefficient matrix has an ABD structure have been developed over the

last 25 years.

In §2, we will briefly review sequential software for the numerical solution of BVODEs and for

the efficient treatment of ABD systems. This section also includes a brief discussion of more gen-

eral BVODE software for the efficient treatment of a sequence of BVODEs arising in a parameter

continuation framework.

Parameter continuation computations, since they involve repeated use of a BVODE code, can

be very computationally intensive. As well, the application of the transverse method of lines in the

numerical solution of systems of parabolic partial differential equations (see, e.g., [7]) can lead to

large BVODE systems which require substantial computational expense. Since parallel computers

have become commonly available, it has become natural to consider the efficient numerical solu-

tion of BVODEs on such architectures. A brief investigation of the relative costs of the principal
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algorithmic components of a typical BVODE software package reveals that the only significant

computations which cannot be parallelized in a straightforward fashion are the factorization and

solution of the ABD linear systems. The last 10-15 years have seen considerable effort expended

in the search for efficient and stable parallel algorithms for ABD systems and a substantial number

of papers have been written on the subject; we briefly review this work in §3. Despite the relatively

large effort that has been invested in the development of parallel ABD algorithms, relatively little

work has been done on the subsequent development of parallel software for BVODEs, employing

the new parallel ABD algorithms; we survey previous work in the development of parallel BVODE

software in §4.

The goal of our paper is to describe the development of a parallel BVODE solver based on the

MIRKDC software package [35]. A principal component of this modification is the replacement of

the sequential ABD system solver, COLROW [26], [27], with a new parallel ABD system solver,

RSCALE [44], [66], [65]. In §5, we briefly describe the underlying algorithms and provide some

implementation details for the MIRKDC code and the RSCALE package. In §6, we report in detail

on the modification of the MIRKDC package to enable parallel execution of the major algorithmic

components. In §7, we identify the parallel architectures and test problems to be employed and

then present and discuss results from several numerical experiments which demonstrate that nearly

optimal linear speedup in the number of processors is attained in the parallel MIRKDC code.

During our experimentation, it became apparent that in some instances the use of the RSCALE

algorithm leads to performance improvements, observable even on a sequential computer, which

appear to be attributable to the better stability of the RSCALE algorithm. We report on these, also

in §7. Our paper closes with §8 in which we present our conclusions and identify areas for future

work.

2 Sequential BVODE and ABD Software

2.1 BVODE Software

As mentioned earlier, software for BVODEs can be roughly divided into two groups: initial value

methods (multiple shooting) and global methods.

The text [7] mentions a number of software packages based on multiple shooting for nonlinear

BVODEs which have been developed over the last 25 to 30 years. This list includes the code

of Bulirsch, Stoer, and Deuflhard, and the MUSN code of Mattheij and Staarink. Among the

currently available packages based on multiple shooting are the BVPMS code of IMSL [43], the

codes D02HAF, D02HBF, D02AGF, and D02SAF from the NAG library [61] , and the MUSN

code, available from the ODE collection of netlib [62].

In the group of packages based on global methods, upon which we shall largely focus for the

remainder of this paper, among the earliest codes are the PASVAR codes, e.g., PASVA3, PASVA4,

[45], [46], of Lentini and Pereyra, which are based on the trapezoidal finite difference scheme

coupled with an iterated deferred correction algorithm. Another early code is the COLSYS package

[5], [6], by Ascher, Christiansen, and Russell, which is based on collocation and which employs the

B-spline package [15] of deBoor for the representation of the piecewise polynomials upon which

the collocation method is based. A later modification of the COLSYS code called COLNEW, [10],

developed by Bader and Ascher, replaces the B-spline package with an implementation based on
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monomial splines. This code also performs a local treatment (for each subinterval) of some of the

linear algebra computations, using a “condensation” process.

Runge-Kutta methods, see, e.g., [20], originally developed for the solution of IVODEs, have

also served as the basic methods in several codes for BVODEs. In fact, the trapezoidal method

of the PASVAR codes, and, for (1), collocation methods are equivalent to Runge-Kutta meth-

ods. A modification of the PASVA3 code which employs mono-implicit Runge-Kutta (MIRK)

methods, [21], in a deferred correction algorithm is the code ABVRKS [40] of Gupta. The TW-

PBVP code [22], [23], developed by Cash and Wright, is also based on MIRK methods and a

deferred correction algorithm. MIRK methods are employed in a defect control algorithm in the

code, MIRKDC [35], of Enright and Muir. The MATLAB problem solving environment [54]

also includes a BVODE solver, bvp4c, [52] by Shampine and Kierzenka, based on a MIRK

method and using defect control. The IMSL library includes the finite difference code BVPFD

(based on PASVA3/PASVA4). The NAG library includes the codes D02GAF, D02RAF (based on

PASVA3/PASVA4), and D02TKF (based on COLSYS/COLNEW). The ODE collection at netlib

includes the COLSYS and COLNEW codes and the TWPBVP and MIRKDC codes. The COLSYS

code is also available in the ACM Collected Algorithms library [9]. All of the above mentioned

codes are implementations in Fortran for sequential computers.

2.2 ABD Software

In this paper, we are interested in a special case of the ABD system structure which generally

arises within almost all of the codes mentioned above, i.e., the multiple shooting, Runge-Kutta,

collocation (with condensation), and finite difference codes, when they are applied to (1),(2). The

Newton matrix has a block row structure in which all blocks in a row are zero except for those

along the bi-diagonal, which we will refer to as Li and Ri, for the ith row of blocks. That is, the

Newton matrix has the structure,
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. (3)

The blocks Li and Ri are associated with the application of a numerical method on the ith subinter-

val and the blocks Ba and Bb are associated with the derivatives of the boundary conditions. The

Li and Ri blocks are n × n; the Ba block is p × n; the Bb block is q × n. Nsub is the number of

subintervals. A matrix with the structure exhibited in (3) is referred to in [3] as being in “standard

ABD form”.

There is a considerable history of high quality software for ABD systems, for sequential com-

puters; see [3]. The earliest of these packages SOLVEBLOK [16], [17], developed by DeBoor and

Weiss, employs Gaussian elimination with partial pivoting, taking into account the ABD structure

of the matrix. The stability of this algorithm follows from standard results for Gaussian elimi-

nation with partial pivoting for banded systems. This algorithm, however, introduces fill-in and

4



thus requires extra storage and computation. Fill-in can be eliminated and the computation can

be made more efficient if a more sophisticated elimination algorithm is employed; the modified

alternate row and column elimination algorithm of Diaz, Fairweather, and Keast, is implemented

in the ARCECO package [26], [27], (for a general ABD structure of Figure 1.1 of [3]), and in the

COLROW package [26], [27], (for a more specialized ABD structure of Figure 1.2 of [3]). The

stability of this algorithm follows from the observation that it can be expressed as Gaussian elimi-

nation with a restricted form of partial pivoting [71]. A version of ARCECO modified by Brankin

and Gladwell to use the level 2 BLAS [32], [33] is included in the NAG library as F01LHF [18].

The approaches based on multiple shooting or collocation with condensation lead to an ABD ma-

trix structure as in (3) but with the Ri block equal to the identity. In this case it is possible to

exploit this extra structure; the modified alternate row and column elimination algorithm is imple-

mented for such matrix systems in the code ABBPACK [56], [57], of Majaess, Keast, Fairweather,

and Bennett. The SOLVEBLOK, ARCECO, COLROW, and ABBPACK packages are available

through netlib in the ACM Collected Algorithms library. All of these packages are implemented

in Fortran for sequential computers.

Because the efficient treatment of the Newton matrices is critical to the overall efficiency of a

BVODE, the BVODE codes mentioned earlier employ algorithms specifically designed to handle

the ABD matrices which arise. In many cases, the authors of the BVODE software have employed,

possibly with some modification, one of the ABD software packages mentioned above. The COL-

SYS package employs the original SOLVEBLOK code while the COLNEW package employs a

modified version of SOLVEBLOK. The NAG collocation code, D02TKF, employs the NAG ver-

sion of ARCECO, F01LHF. The TWPBVP code employs a modified version of the COLROW

package and the MIRKDC code employs the original COLROW package.

On the other hand, in the PASVAR codes, the authors of the BVODE software have also imple-

mented algorithms for handling the ABD systems. In the PASVAR codes, the ABD factorization

and backsolve routines are called DECOMP and SOLVE. A feature of these routines is that they

can handle matrices that have what is referred to in [3] as a bordered ABD (BABD) structure; such

matrices arise from the application of any of the numerical methods discussed above, when the

original BVODE (1) has nonseparated boundary conditions,

g(y(a), y(b)) = 0, (4)

where g : ℜn × ℜn → ℜn. The factorization algorithm employed in DECOMP/SOLVE is of

alternate row and column elimination type, similar to that of [26], [27], with fill-in along the

bottom block row associated with the presence of the nonseparated boundary conditions. See [80]

for a detailed description of the underlying algorithms. Although all of the above codes except

the PASVAR codes and others based on them can only handle separated boundary conditions,

(2), directly, it is possible to recast a BVODE to remove the unseparated boundary conditions, a

process which can double the number of ODEs to be treated and thus substantially increase the
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cost of solving the recast system; see [8]. The standard BABD structure is,
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where Da and Db are n×n blocks associated with the derivatives of the boundary conditions. The

former characterization is used in [45]; the latter in [3]. The stability of methods for BABD systems

can be much different than for ABD systems: the paper [78] demonstrates with some simple

examples that Gaussian elimination with partial pivoting can be unstable for BABD systems.

An interesting comment on the treatment of BABD systems is provided by Kraut and Gladwell

in [53]; after separating the boundary conditions (through the introduction of extra unknowns

and ODEs), the resultant BVODE leads to an ABD system rather than a BABD which can then

be handled efficiently and in a stable fashion by a Gaussian elimination type algorithm (such as

alternating row and column elimination). The authors compare the cost of this approach with the

cost of applying a (stable) QR factorization directly to the original BABD system, and show that

both approaches have approximately the same cost.

2.3 BVODE Parameter Continuation Software

For difficult parameter dependent BVODEs, having the general form,

y′(t) = f(t, y(t), λ), (7)

with parameter λ ∈ ℜl, it is common to employ a BVODE code within a “parameter continuation”

algorithm - see, e.g., [7] and references within. To obtain the solution to a problem corresponding

to a difficult parameter value, one solves a sequence of BVODEs beginning with a simpler problem

and proceeding through several parameter values until the difficult parameter range is reached,

using the final mesh and solution from one problem as the initial mesh and initial solution estimate

for the next. In its simplest form, the selection of the sequence of parameter values is done by

the user and the BVODE code is simply called within a loop. In some cases a code will have

a built-in parameter continuation feature and the selection of the parameter sequence is chosen

automatically within the code. A recent code of this type is COLMOD [24] by Cash, Moore, and
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Wright; the continuation algorithm obtains an estimate of the next parameter value based on linear

or quadratic interpolation from previous parameter values, coupled with a variety of heuristics.

This code employs COLNEW (with a modified mesh selection algorithm [76]) but the parameter

continuation implementation is external to the COLNEW code and thus the linear algebra software

components are the same as in COLNEW, i.e. a modified SOLVEBLOK package. The same

parameter continuation algorithm is implemented in the code ACDC [24] also by Cash, Moore, and

Wright, which uses TWPBVP (with the mono-implicit Runge-Kutta formulas replaced by Lobatto

collocation formulas [12]) to solve each BVODE problem in the sequence. Again the continuation

algorithm is external to the modified TWPBVP package and thus the same linear algebra software,

i.e., a modification of the COLROW package, is employed. The COLMOD and ACDC packages

are available through the ODE library of netlib. Automatic parameter continuation is also available

in the PASVA3/PASVA4 codes.

In standard parameter continuation, the purpose of solving the sequence of problems associated

with different parameter values is simply to get a sufficiently good initial mesh and initial solution

estimate so that the final, most difficult problem can be successfully solved. A generalization

of the application of parameter continuation is in homotopy path following, where one wishes

to follow solution values for a path of parameter values, or in bifurcation analysis, where one

considers multiple solutions for a BVODE with a parameter. See, e.g., [7] and references within.

A well-known BVODE code of this type is AUTO (see [29] references within) by Doedel et al.

Because of the presence of parameters and the possibility of nonseparated boundary conditions, the

matrix structure that arises is BABD with an extra column of blocks of width l associated with the

additional parameters λ. The linear algebra algorithm employed in AUTO is based on a structured

Gaussian elimination (LU) algorithm with partial pivoting. An interesting aspect of this algorithm

is that a similar version was later presented for use in the parallel solution of ABD systems by

Wright in [79]. In [47], Liu and Russell replace the structured LU algorithm with a structured QR

algorithm, previously considered by Wright in [77] for use in the parallel solution of ABD systems.

They report improved stability associated with the use of the latter algorithm. The AUTO software

is available from its primary author [28]. Another path following code based on the collocation

algorithm employed in COLNEW, is the COLCON code [11] of Bader and Kunkel; it employs a

further modification of the SOLVEBLOK code to handle the linear systems that arise.

3 Parallel Algorithms for ABD Systems

Over the last 15 years, a number of papers by various researchers have addressed the ques-

tion of developing efficient parallel algorithms for the factorization and solution of ABD systems.

Many of these algorithms allow a bordered ABD (BABD) matrix. An extensive survey of parallel

algorithms for ABD and BABD systems is provided in [3].

3.1 Algorithms for Vector Processors

About two decades ago, commonly available “parallel” computers were limited to those which

had a vector processing capability and thus the earliest papers in the parallel treatment of ABD

systems considered algorithms based on vector processors. In [39], Goldmann describes a vec-
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torized version of a cyclic reduction implementation of a “condensation” method of Bulirsch (not

the same as the condensation employed in COLNEW) for BABD systems, modified to improve

its stability, since the original algorithm appears to be related to the well-known compactification

method, which is know to be unstable - see, e.g. [47]. In [41], Hay and Gladwell develop and

test vectorized versions of the SOLVEBLOK, ARCECO, and COLROW codes and show that sig-

nificant improvements in execution time are attained by the vectorized codes. In a related paper

[36], these same authors consider the reductions in linear algebra costs associated with replacing

the linear algebra packages in COLSYS and COLNEW with ARCECO, including consideration of

vectorizability within the linear algebra computations. Both from an analysis of operation counts

and from numerical experiments, they show that the use of COLSYS or COLNEW with the vec-

torized ARCECO code is superior to the use of these codes with the vectorized SOLVEBLOK

or modified SOLVEBLOK routines. The paper also considers possible conflicts between vector-

ization and parallelization of a BVODE code. In [80], Wright and Pereyra, investigate several

vector-multiprocessor algorithms for the efficient treatment of BABD systems arising in PASVA4.

For larger systems of BVODEs, the vector capabilities of the new algorithms are better demon-

strated, and the algorithms are shown to improve upon the original DECOMP/SOLVE routines.

However, the underlying parallel algorithm is essentially equivalent to compactification and thus

will be unstable for some problems.

3.2 Algorithms based on Level 3 BLAS

The presence of multiple processors is exploited at a lower level of granularity in the papers [38],

[68], by Gladwell and Paprzycki, which describe algorithms for the treatment of ABD systems

using level 3 BLAS [30],[31]; parallelism is achieved through the parallel execution of the compu-

tations inside the BLAS routines. On a Cray X-MP, the authors show that parallelism at this level

can lead to speedups of about 4 or 5 when up to 40 processors are employed; thus this approach

may be appropriate primarily for large BVODE systems with few processors.

3.3 Algorithms for Parallel Architectures

In addition to [80], another early attempt at the development of a parallel algorithm for the treat-

ment of ABD or BABD systems was that of Ascher and Chan [4]. By first forming the normal

equations corresponding to the original ABD system, Ascher and Chan obtained a positive defi-

nite, block tridiagonal system which can then be solved, stably, using standard block cyclic reduc-

tion (which is not stable for general linear systems since it does not include pivoting). Of course

the difficulty with this approach is that the 2-norm condition number of the linear system to be

solved is potentially squared. Another algorithm, considered by Paprzycki and Gladwell [67], in-

volves “tearing” the ABD system into a sequence of smaller, independent ABD systems with the

same structure, each of which is solved on a different processor, using the sequential ABD solver,

F01LHF. The authors report speedups of 3 or 4 using up to 40 processors. An additional diffi-

culty with this approach is that the conditioning of the smaller ABD systems may be poor even

when the original ABD system is well-conditioned. A more recent followup to this work is that

of Amodio and Paprzycki [1] in which an improved version of the algorithm of [67] is described.

The improved algorithm features a reduction in the number of operations and in the amount of

8



fill-in and is specifically directed to distributed memory parallel architectures. The reported poten-

tial speedups improve on those of [67] but are still substantially less than linear in the number of

processors.

The first two algorithms to be both stable and exhibit almost linear speedups in the number

of processors were published by Wright [77], [79]; each partitions the BABD matrix into collec-

tions of contiguous block rows; the first, the structured QR (SQR) algorithm, employs local QR

factorizations within each partition and can be proven to be stable; the second, the structured LU

(SLU) algorithm, uses local LU factorizations within each partition, exhibits stable behavior for

many problems (stability can be proven under certain assumptions), and involves about half the

computational cost of the former. Wright followed up the second of these papers with [78], com-

menting on the possibility of the SLU algorithm exhibiting unstable behavior on simple BABD sys-

tems. These SQR and SLU algorithms were also developed independently by Jackson and Pancer

[44], and subsequent work by these researchers has further investigated the potential for instability

within the SLU algorithm [66], [65]. An algorithm essentially equivalent to the SLU algorithm was

also proposed around this same time by Wright [75]; it employs local LU factorizations with par-

tial pivoting within a block cyclic reduction algorithm rather than within a partitioning algorithm.

In [2], Amodio and Paprzycki examine the standard block cyclic reduction algorithm for ABD

systems and describe a “stabilized” version which uses block LU factorizations; this algorithm is

related to the SLU algorithm and the authors base an argument for its stability on the stability of the

SLU algorithm. The authors report better performance than the SLU algorithm when the number

of BVODEs is large.

An algorithm which improves upon the SQR algorithm is described by Mattheij and Wright in

[55]; a key idea in this approach is to explicitly consider the presence of non-increasing and non-

decreasing fundamental solution modes associated with the BVODE system from which the ABD

systems arise. An explicit decoupling of the columns of each ABD block corresponding to the two

modes leads to a stable version of the compactification algorithm [7]. Mattheij and Wright describe

a parallel version of this algorithm which partitions the ABD systems over the available processors

and then applies stabilized compactification on each partition. The decoupling step, in addition

to using a QR factorization, also employs a generalized SVD decomposition. (The authors note

that for some problems, it may be necessary to reapply the decoupling step several times.) The

factorizations employed within the stabilized compactification algorithm are QR factorizations,

and in fact, the SQR algorithm is used on the reduced ABD system that arises after the parallel

compactification phase. The new algorithm is reported to have the same stability as the SQR

algorithm but with the computational costs of the SLU algorithm. (We note, however, that a careful

implementation of the SLU algorithm can have a computational cost of about O(4n3) - see [44],

pg. 25 - rather than the O(23
3
n3) cost reported in [55], making it substantially less computationally

expensive than the parallel compactification algorithm of [55].)

Another recently proposed algorithm which is related to the SQR algorithm is that of Osborne

[64], in which a stabilized cyclic reduction algorithm based on the use of local QR factorizations is

discussed. This was followed by the paper of Hegland and Osborne [42] in which local orthogonal

factorizations (i.e. QR factorizations) are employed in a novel partitioning algorithm, described

by the authors as a generalization of cyclic reduction partitioning, and called wrap-around parti-

tioning. The basic idea is to reorder the block rows and columns of the original BABD so that

the blocks appearing in each lower diagonal partition are independent of each other and can thus
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be treated in parallel. After the factorization phase, the resultant system can also be treated with

wrap-around partitioning, allowing for recursive use of this algorithm. The algorithm has the same

stability as the SQR algorithm; it also appears to have the same operation count as the SQR algo-

rithm but may have advantages for architectures with vector capabilities.

Jackson and Pancer have developed a new algorithm called eigenvalue rescaling [44], [66],

which in terms of stability, compares well with the SQR algorithm - see [65], and which has the

computational costs somewhat better than those of the SLU algorithm. (As mentioned earlier,

a detailed analysis of a precise implementation of the SLU algorithm has a cost that is O(4n3);
the new eigenvalue rescaling algorithm has a cost which is O(31

3
n3).) It is implemented in the

RSCALE package and will be discussed further later in this paper.

4 Parallel Software for BVODEs

4.1 Parallel Implementations for Multiple Shooting

One of the earlier papers in this area investigated vector algorithms for the numerical solution

of BVODEs; in this paper [39], Goldmann considers the development of a vectorized version of

a multiple shooting algorithm. This includes identification of algorithms for mesh selection, in-

tegration of the local IVODEs, and a modified Newton iteration, that are appropriate for vector

machines. The new code is compared, in both sequential and vector mode, with several sequential

BVODE codes; the numerical results show that the new code run in sequential mode compares

well with the best performances of the other sequential codes and that in vector mode it achieves

speedups of about 3. Another early investigation of parallel implementations for multiple shooting

was conducted by Keller and Nelson [50], [51], in which they considered hypercube parallel archi-

tectures. After identifying the two major computational phases, integration of the local IVODEs

and factorization and solution of the ABD system, they consider two approaches to parallelization:

domain decomposition, which is the conventional approach of distributing the work associated

with each subinterval across the available processors, and column decomposition, which is an

alternative approach in which work associated with corresponding columns of the fundamental so-

lution matrices for each subinterval in the IVODE phase and work associated with corresponding

columns for each block of the ABD matrix are treated by the same processor. The authors do not

consider parallel treatment of the ABD factorization and solution within the domain decomposi-

tion; a sequential alternate row and column elimination algorithm is assumed. The paper includes

a careful analysis of efficiency for each approach, for each phase.

The paper [74] by Womble, Allen, and Baca, discusses a parallel algorithm for the method of

invariant imbedding (which is related to multiple shooting since the solution of a linear BVODE

is computed via the solution of a number of IVODEs). They also consider the parallel treatment

of partial differential equations using a (transverse) method-of-lines approach, which leads to a

system of BVODEs which can be treated using their parallel algorithm. The paper [58] by Miele

and Wang describes a method for the parallel solution of linear BVODEs based on the method

of particular solutions, which is again related to multiple shooting since it obtains the solution of

the BVODEs through a partitioning of the original problem interval followed by the solution of

IVODEs on each subinterval.
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A more recent effort by Chow and Enright [25] considers standard multiple shooting for dis-

tributed memory parallel architectures. The BABD systems which arise are treated with a parallel

algorithm which appears to be related to compactification and may therefore have stability difficul-

ties. The authors also acknowledge that standard multiple shooting can have stability problems due

to the presence of rapidly increasing fundamental solution modes, which can cause difficulties for

the underlying IVODE solver. To address these stability difficulties, the authors introduce a paral-

lel iterative refinement scheme, which is shown through numerical examples to provide improved

performance, counteracting, to some extent, the negative performance effects associated with the

stability difficulties.

4.2 Parallel Chopping Algorithms

A number of authors have considered approaches which generalize standard multiple shooting by

considering local BVODEs on each subinterval rather than local IVODEs. The local BVODEs

must, of course, then be provided with appropriate local boundary conditions.

Ascher and Chan discuss in [4] a parallel algorithm involving local (stable) BVODEs for which

the local boundary conditions are chosen to be consistent with the increasing and decreasing fun-

damental solution modes of the global BVODE. Some preliminary work in the development of a

practical algorithm for the determination of the local boundary conditions is discussed.

Paprzycki and Gladwell report in [69] on a parallel chopping algorithm based on the sequen-

tial chopping algorithm of Russell and Christiansen [72]. Using estimated boundary conditions,

the independent BVODEs are treated in parallel using COLNEW. This is coarse-grain parallelism

since it involves running the COLNEW code independently on each of several processors, as op-

posed to executing components of a single run of COLNEW in parallel. Their results show quite

substantial speedups on some test problems and suggest the need for further investigation of the

approach. A later paper by Katti and Goel, [48], again considers the parallel chopping algorithm;

however in their approach the individual BVODEs are treated using a fourth order finite difference

method derived by the authors rather than by using standard BVODE software. The method they

derive requires a rather specialized assumption on the BVODE which in general does not hold for

nonlinear BVODEs.

As in previous papers, Pasic and Zhang [70] consider a parallel algorithm based on local

BVODEs. The authors comment that once the local solutions are obtained the usual approach

is to impose continuity constraints globally by considering all the constraints associated with all

the subintervals simultaneously; this gives the usual ABD matrix. In [70], the authors present al-

gorithms which attempt to treat the continuity constraints locally, i.e., between pairs of adjacent

subintervals, in an iterative context. This allows for an obvious parallel treatment of the continuity

constraints. Examples are provided for single second order ODEs but the authors indicate that the

approach generalizes to systems.

4.3 Parallelization Across the Method

Several authors have considered approaches which involve parallel execution of significant algo-

rithmic components of existing sequential BVODE codes.
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Gladwell and Hay, in [36], show that, for the COLSYS and COLNEW codes, linear algebra

computations make a substantial contribution to the overall cost, and highlight the factorization

and solution of the ABD systems as particular bottlenecks. Their paper was written prior to the

extensive work on parallel algorithms for ABD systems and thus pointed out the need for further

research in this area. In the paper by Bennett and Fairweather [14], a parallelization of the COL-

NEW code is described. They observe that, in COLNEW in sequential mode, the most significant

computational cost is in the setup of the ABD systems; the factorization and solution of the ABD

is actually relatively less important. (This is due to the condensation phase implemented in COL-

NEW; in COLSYS the factorization phase is relatively more costly.) Hence, the authors focus on

the parallel implementation of the setup of the ABD systems. They attain nearly linear speedup on

several test problems for the computational components associated with the condensation phase.

They report that on systems with even a small number of parallel processors the ABD setup costs

can be reduced to the point where the factorization of the ABD system can represent about 50%

of the overall execution time, further supporting the need for research in the parallel treatment of

the ABD systems. These authors followed up on this effort by modifying COLNEW to obtain the

parallel code, PCOLNEW [13], which also included an implementation of the parallel SLU algo-

rithm of Wright [79], mentioned earlier, for the parallel factorization and backsolve of the ABD

systems.

Muir and Remington [59] report on a modification of an early version of the MIRKDC code

to incorporate parallelization of the ABD system setup, factorization, and solution phases, as well

as the interpolant setup and defect estimation phases. The parallel ABD factorization and solution

algorithm was based on an implementation of Wright’s SLU algorithm. For the ABD setup, in-

terpolant setup, and defect estimation phases, they report nearly linear speedups for most phases;

however the speedups reported for the factorization and solution phases do not become apparent

until 3 or more processors are employed and do not show as much speedup as do the other phases.

4.4 Special Methods for Singularly Perturbed Problems

In the paper by Gasparo and Macconi [37], a parallel version of a method referred to as an initial

value method for singularly perturbed BVODEs is described. The method had been reported in

previous papers by the authors; it is a rather specialized algorithm developed for second order

linear and semilinear BVODEs satisfying certain special conditions that would not be expected to

hold for general nonlinear BVODEs. The parallel version identifies independent subtasks and can

employ up to 4 processors. Since only two of the tasks are dominant, speedups of about 2 are

attained.

For the singularly perturbed second order linear BVODE, with special assumptions on the

coefficients of the ODE, Kadalbajoo and Rao [49], assuming a uniform mesh, derive a simple finite

difference scheme which can be solved using several recurrence relations. They derive expressions

for these recurrences which can be computed in parallel in order to obtain the solution to the ODE.

Despite a substantial volume of work in the investigation of the efficient and stable parallel

treatment of ABD systems arising in the numerical solution of BVODEs, one can observe from

the above discussion that relatively little has been done in following up this work by implementing

any of the stable, parallel ABD algorithms within a BVODE package. The only reported work of

this type, to our knowledge, is that mentioned above in [13] and [59].
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5 Overview of MIRKDC and RSCALE

5.1 MIRKDC: Mono-implicit Runge-Kutta Software with Defect Control

The underlying algorithms employed in the MIRKDC code are described in detail in [34] and [35].

The numerical schemes used to discretize the ODEs are a special class of Runge-Kutta methods

known as mono-implicit Runge-Kutta (MIRK) methods - see [19] and references within. Due

to special structure which relates the stages of these methods, they can be implemented, in the

BVODE context, more efficiently than standard implicit Runge-Kutta methods. The discretiza-

tion process leads to a system of nonlinear algebraic equations which are solved by a modified

Newton iteration. This gives a discrete numerical solution at the meshpoints which subdivide the

problem interval. This solution can be efficiently extended to a continuous approximate solution

by augmenting the MIRK methods with continuous MIRK methods [60]. This continuous solu-

tion approximation is a C1 interpolant to the the discrete numerical solution of the whole problem

interval. The availability of this high order interpolant allows the MIRKDC code to employ de-

fect control as an alternative to the standard control of a global error estimate usually employed

in BVODE codes. For a continuous approximate solution, u(t), and the ODE given in (1), the

defect is given by, δ(t) = u′(t) − f(t, u(t)). The MIRKDC code also employs adaptive mesh

redistribution based on an equidistribution of the defect estimates for each subinterval.

The algorithm implemented in the MIRKDC software is as follows:

Initialization

• Initial mesh, π ≡ {ti}
Nsub
i=0 , partitioning [a, b],

• Initial solution approximation, Y ≡ {y
i
}Nsub

i=0 , at mesh points.

REPEAT

1. Based on current mesh and a MIRK method, discretize ODEs and boundary conditions to

obtain a nonlinear algebraic system, Φ(Y ) = 0.

2. Compute discrete solution, Y , of Φ(Y ) = 0, using Newton’s method:

For q = 0, 1, . . .

(i) Setup Newton matrix,
∂Φ(Y (q))

∂Y
,

(ii) Setup residual, Φ(Y (q)),

(iii) Factor Newton matrix,
∂Φ(Y (q))

∂Y
,

(iv) Solve Newton system,
[

∂Φ(Y (q))
∂Y

]

∆Y (q) = −Φ(Y (q)), for ∆Y (q),

(v) Update Newton iterate, Y (q+1) = Y (q) + ∆Y (q).

3. Based on discrete solution, Y , obtained from step 2. and on a CMIRK method, construct

interpolant, u(t).
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4. Estimate defect, δ(t) = u′(t) − f(t, u(t)), on each subinterval, to obtain defect estimates,

{δi}
Nsub
i=1 .

5. Check size of each defect estimate, ||δi||, for i = 1, . . . , Nsub:

If ||δi|| < TOL then CONV ERGE = TRUE

else

• CONV ERGE = FALSE

• Use current mesh, defect estimates, and TOL to construct new mesh, π∗, which

equidistributes defect estimates with sufficient refinement to approximately satisfy

TOL.

• Evaluate u(t) on new mesh, π∗, to obtain new discrete initial solution approxima-

tion, Y ∗, at new mesh points.

UNTIL CONV ERGE

With respect to the above algorithm, note that:

• TOL is the user defined tolerance.

• To improve efficiency, fixed Newton Matrix iterations are sometimes employed, in which

case, steps 2.(i) and 2.(iii) are skipped. (Also, damped Newton steps are sometimes em-

ployed in 2.(v).)

• The Newton iteration, step 2., terminates when the Newton correction is sufficiently small,

e.g., ||∆(Y (q))|| < TOL/100.

• If the Newton iteration (Step 2.) fails to converge, the calculation is restarted with a “doubled

mesh”, obtained by dividing each subinterval of the current mesh in half.

• The defect is estimated by sampling it at several points per subinterval.

• The algorithm halts without obtaining a solution if a new mesh will require more than the

maximum number of subintervals available (defined by the user).

An analysis of the relative execution costs for the components of the above algorithm (when

the code is executed on a sequential architecture), shows that only a few of them dominate the

computational costs (see §6). These are:

2(i) Setup of the Newton matrix,

2.(ii) Setup of the residual,

2.(iii) Factorization of the Newton matrix,

2.(iv) Solution of the Newton system,

3. Setup of the interpolant,

4. Computation of the defect estimates.
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It is worthwhile to note that for a single full Newton step, the costs of steps 2.(i) and 2.(iii)

heavily dominate the costs of the other three steps. However, in a typical run of the MIRKDC code,

fixed Newton Matrix iterations will frequently be employed, and this will increase the relative costs

of steps 2.(ii) and 2.(iv), since they will be executed more often than steps 2.(i) and 2.(iii). Further

analysis of this observation will be provided later in this paper.

5.2 RSCALE: Parallel Block Rescaling and Factorization

Assuming nonseparated boundary conditions (4), the Newton matrix that arises during the q-th

iteration in step 2. of the algorithm of the previous subsection has the BABD system structure of

(5). Augmenting this matrix with the corresponding right-hand side, we may write the Newton

system as

[

∂Φ(Y (q))

∂Y
|Φ(Y (q))

]

=















Da Db g
L1 R1 φ

1

L2 R2 φ
2

. . .
. . .

...

LNsub−1 RNsub−1 φ
Nsub−1















, (8)

where g is the vector of boundary conditions and φ
i

is the i-th component of Φ(Y ).
Several variations of RSCALE exist for solving (8) and are discussed in [65]. Probably the

most suitable variation for architectures with a modest number of processors—the variation im-

plemented in PMIRKDC—is a two-level factorization. In the first level of such a scheme, the last

Nsub− 1 block-rows of (8) are divided into P partitions of (Nsub− 1)/P block-rows each in such

a way that each partition can be factored independently. In the second level, the boundary blocks

and a single block-row from each partition are extracted to form a P + 1 block-row ABD matrix

which is factored sequentially.

Figure 1 illustrates how local transformations are applied within each partition during the first

level of the factorization. Transformation starts at the bottom of each partition and moves upward.

Steps (a) and (d) incorporate block-column differencing to shift the eigenvalues in the Ri and Ri−1

blocks, respectively. These are key steps in the rescaling process which improves stability in step

(g) of the algorithm. Steps (b) and (f) are each implemented using LU-factorization followed by

n + 1 back-solves; matrix inversion is shown for ease of notation only. Steps (d), (e), (f) and (g)

are applied to successive block-row triples [i−2, i−1, i+1]r, [i−3, i−2, i+1]r, . . . , until the top of the

partition is reached. When the first-level factorization is complete, the unknown solution values

associated with the block-rows at the bottom of each partition have been effectively uncoupled

from the original system, and can be extracted to form a P + 1 block-row ABD matrix which is

factored sequentially. Further details on this two-level factorization scheme are given in [65].

Repetitive matrix multiplication in step (g) does not result in excessive growth of the underlying

increasing fundamental solution modes. RSCALE controls the growth by rescaling the eigenvalues

of L̃i−1 in step (f) so that ‖L̂i+1‖ remains small. A stability proof for certain classes of ABD

matrices is given in [65].

The local operation count for RSCALE is 31
3
n3 + O(n2) flops per block-row. If Ri = I, i =

1, . . . , Nsub − 1, as occurs in multiple shooting or collocation with condensation, matrix multi-
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Figure 1: Steps in the RSCALE local transformation. [i]r and [i]c denote the block-row containing

[Li, Ri, φi
] and block-column containing [RT

i , LT
i+1]

T , respectively.











Li−1 Ri−1 φ
i−1

Li Ri φ
i

տ Li+1 Ri+1 φ
i+1

bottom of partition











(a)
−→











Li−1 Ri−1 −Ri−1 φ
i−1

Li Ri−Li φ
i

Li+1 Ri+1 φ
i+1











(b)
−→







Li−1 Ri−1 −Ri−1 φ
i−1

L̃i I φ̃i

Li+1 Ri+1 φ
i+1







(c)
−→







Li−1 Ri−1 −Ri−1 φ
i−1

L̃i I φ̃i

L̃i+1 Ri+1 φ̃i+1







(d)
−→







Li−1 Ri−1−Li−1 −Ri−1 φ
i−1

L̃i I φ̃i

L̃i+1 Ri+1 φ̃i+1







(e)
−→







Li−1 Ri−1(I + L̃i)−Li−1 φ̃i−1

L̃i I φ̃i

L̃i+1 Ri+1 φ̃i+1







(f)
−→







L̃i−1 I φ̂i−1

L̃i I φ̃i

L̃i+1 Ri+1 φ̃i+1







(g)
−→







L̃i−1 I φ̂i−1

L̃i I φ̃i

L̂i+1 Ri+1 φ̂i+1







(a) [i]c ←− [i]c − [i− 1]c
(b) [i]r ←− (Ri − Li)

−1[i]r
(c) [i + 1]r ←− [i + 1]r − Li+1 [i]r

(d) [i− 1]c ←− [i− 1]c − [i− 2]c
(e) [i− 1]r ←− [i− 1]r + Ri−1 [i]r
(f) [i− 1]r ←− (Ri−1(I + L̃i)− Li−1)

−1[i− 1]r
(g) [i + 1]r ←− [i + 1]r − L̃i+1 [i− 1]r
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plication in step (e) of Figure 1 is not required, and RSCALE uses only 21
3
n3 + O(n2) flops per

block-row.

6 Parallelization of the MIRKDC code

Since the six components of the MIRKDC code identified in the previous section dominate the

computational costs, it is important that our parallelization efforts focus on them. Since the par-

allel architectures employed in the work described in this paper are of shared memory type, the

parallelization of each code component does not involve inter-processor communication. Rather

the parallelization process for each component can be described in terms of partitioning the asso-

ciated computation and distributing the task over the available processors. This requires a careful

specification of the partitioning of memory to the processors. Parallel Fortran compiler directives

(provided by the Silicon Graphics Parallel Fortran compiler) are used to implement parallelism and

memory partitioning specifications.

We now provide further details for the parallelization of step 2.(ii) - the computation of Φ(Y ),
the residual; the other steps, 2.(i), 3., and 4, are treated similarly; the parallelization process for

steps 2.(iii) and 2.(iv) has been discussed earlier. The evaluation of the residual, Φ(Y ), is imple-

mented, in the sequential version of MIRKDC, in a loop that iterates over the Nsub subintervals of

the mesh. This loop has the form,

do 5 i = 1, Nsub

.

.

.

5 continue

A straightforward parallelization of this loop would involve partitioning the Nsub loop iterates over

the nprocs available processors. The Nsub loop iterates would simply be queued and the processors

would execute the iterates as they were retrieved from the queue. During each of these iterates,

the processor would calculate the component of Φ(Y ) associated with an individual subinterval

and access the corresponding memory locations. This would mean that the amount of work by a

processor done during each such iterate would be relatively small, the number of iterates executed

by each processor would be relatively large, approximately Nsub/nprocs, and that each processor

would need to access several different parts of the large array in which the Φ(Y ) values are stored.

All of these factors contribute to inefficient use of the processors and memory accesses, and thus a

degradation in the parallel speedups.

A significant improvement in the parallel implementation is obtained if the work associated

with the evaluation of Φ(Y ) is partitioned so that each processor works on a contiguous set of

subintervals. The loop that is parallelized runs only over the available processors, and within each

such loop, approximately Nsub/nprocs subintervals are treated. This means that each processor

is called only once, minimizing processor setup overhead, and that each processor works on a con-

tiguous portion of the right hand side vector, minimizing memory access conflicts. The improved

loop has the form,

do 2 np=1,nprocs
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npshift = (np-1)*neqns

do 5 i=(np-1)*Nsub/nprocs+1, np*Nsub/nprocs

.

.

.

5 continue

2 continue

The complier directive, for the above loop, which implements the parallel loop execution and

specifies the memory distribution (parallel copies or shared) is given below.

C$DOACROSS SHARE(nprocs, neqns, Nsub, mesh, Y, PHI, leftbc,

C$& k_discrete, s, work, fsub),

C$& LOCAL(np, npshift, i, i1, h, t)

do 2 np=1,nprocs

npshift = (np-1)*neqns

do 5 i=(np-1)*Nsub/nprocs+1, np*Nsub/nprocs_l

.

.

.

5 continue

2 continue

This directive specifies that the loop indicies and local variables np, npshift, i, i1 and that the length

and left endpoint of the current subinterval, h, t, respectively, must all be distributed to the local

memory of each processor. The directive also specifies that the variables nprocs, neqns, Nsub,

mesh, Y, leftbc, s, (the number of processors, the number of ODEs, the number of subintervals,

the mesh point array, the discrete solution array, the number of left boundary conditions, and the

number of stages of the Runge-Kutta method) and the subroutine name fsub (which provides the

right hand side of the ODE system, y′(t) = f(t, y(t))), can be shared (since they are read-only),

and that the arrays PHI, k discrete, and work (the array containing Φ(Y ), the array containing the

stage values for the Runge-Kutta method for each subinterval, and a work array) can be shared

(since the processors will write into independent locations of these arrays).

In the sequential version of this code, only neqns locations of the work array are needed for

extra storage. In the parallel version, each processor requires its own independent work space so

nprocs × neqns memory locations are needed; however this represents a very minor increase in

overall storage requirements for the parallel version. (A similar analysis of the other routines to be

parallelized shows that other extensions to the storage requirements for the parallel version of the

code are required but these are at most of the order nprocs×neqns2 and thus still represent minor

increases in storage compared to the major storage costs associated with the large ABD Newton

matrices and the storage for the Runge-Kutta stages associated with each subinterval.)

In the above discussion, we have specified that the processors will access adjacent memory

blocks, each of size neqns, in the work array. When several processors attempt to simultaneously

access adjacent blocks, we have observed a degradation in parallel performance due to processor

contention for memory. This happens because each processor, due to the cached memory algo-

rithm, actually attempts to retrieve a block of memory of size larger than neqns. This means that

18



it will attempt to access adjacent work spaces associated with other processors. We avoid this

difficulty by making sure that the work spaces used by the processors are not adjacent; this is im-

plemented through a simple change to the npshift variable which results in 99 memory blocks each

of size neqns being placed between the work spaces. The assignment to npshift becomes

npshift = (np-1)*100*neqns

This spacing was chosen somewhat arbitrarily and could be reduced by a careful analysis of the

cache size. (The amount of extra storage employed in this way is quite small compared to the

overall storage requirements.)

The interface for the RSCALE algorithms for the parallel factorization of the Newton matrix

and the parallel backsolve of the Newton system are essentially identical to those for the corre-

sponding components of COLROW, called CRDCMP and CRSLVE, and thus the replacement of

COLROW by RSCALE in MIRKDC is relatively straightforward. However the RSCALE algo-

rithm does require some additional memory as well as access to the number of available processors.

This requires some minor modifications to the required size of the work array and to the parameter

lists for those MIRKDC routines that call RSCALE routines.

The resultant modified version of MIRKDC, with parallelization of the setup of the Newton

matrix, the residual evaluation, the setup of the interpolant, the defect estimation, and the ABD

linear system factorization and solution (by RSCALE), will be referred to as PMIRKDC. The

original sequential version of MIRKDC (in which the ABD linear systems are factored and solved

by COLROW) will continue to be referred to as MIRKDC.

7 Investigation of PMIRKDC

7.1 Parallel Architectures and Test Problems

We have employed three computer architectures in our work. The specifications for the three

systems are given in Table 1. The Sun Ultra 2 is used as a sequential machine.

Table 1: Architecture specifications. (Vendors: SG:Silicon Graphics, SM:Sun Microsystems)

Specifications
Architecture

processors

acronym model vendor # speed type
memory

CHA Challenge L SG 8 150 MHZ R4400 512 MB

ORG Origin 2000 SG 8 250 MHZ R10000 2 GB

ULT Ultra 2/2170 SM 2 150 MHZ SPARC 256 MB

The test problems are derived from a family of standard test problems described in [7] and

referred to there as Swirling Flow III (SWF-III). The test family is:

y′

1(t) = y2(t), y′

2(t) =
1

ǫ
(y1(t)y4(t)− y2(t)y3(t)) , y′

3(t) = y4(t),
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y′

4(t) = y5(t), y′

5(t) = y6(t), y′

6(t) =
1

ǫ
(−y3(t)y6(t)− y1(t)y2(t)) ,

y3(a) = y4(a) = y3(b) = y4(b) = 0, y1(a) = −1, y1(b) = 1.

No closed form solution exists in general. For our testing, we consider problems A, B, C, D, and

E from this family, obtained by specifying the values for the parameters ǫ, a, and b - see Table 2.

Table 2: Five SWF-III problems. Each problem is specified by ǫ and the left and right endpoints

of the interval of integration, [a,b] (i.e. the distance between the rotating disks). The problems are

listed in increasing order of difficulty.

SWF-III parameters
Problem

ǫ [a,b]

A .002 [0, 1]
B .000125 [0, 1]
C .000125 [−1, 1]
D .0001 [−1, 1]
E .00275 [0, 10]

The initial guesses for the solution components are chosen to be straight lines through the

boundary conditions, for components y1(t), y3(t), and y4(t). We choose y5(t) = y6(t) = 0 as the

initial guesses for the last two components, and choose the initial guess for y2(t) to be the slope of

the line used as the initial guess for y1(t) (since y2(t) represents the derivative of y1(t)).
These architectures and test problems provide the basis for a sequence of experiments we have

conducted, the results of which we will present and analyze in the next two subsections. The

specifications for these experiments are reported in Table 3. In all experiments, the MIRKDC and

PMIRKDC codes are run with the fourth order option selected so that fourth order MIRK and

CMIRK methods are employed - see [35]. For some experiments we were interested in studying

code behavior on difficult problems for which the code, with the usual initial solution approxi-

mation and uniform initial mesh, would not be able to obtain a solution. In such cases we used

a parameter continuation strategy to provide a sufficiently good initial approximation and initial

mesh for the problem. Table 3 below specifies the continuation problem sequences in terms of the

parameter ǫ.

7.2 Numerical Results for Parallel Execution

In this section we report on a number of experiments in which the sequential MIRKDC code is

compared with the parallel PMIRKDC code.

Since the setup of the interpolant is actually included as a preliminary step in the estimation of

the defect, the costs for the interpolant setup are included in those for defect estimation and thus

only costs for defect estimation are reported.

For some experiments, the results will show that the number of backsolves is greater than

the number of right hand side evaluations. This difference arises from some of the heuristics
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Table 3: Ten MIRKDC vs. PMIRKDC Experiments. Each experiment is specified by a host ar-

chitecture (Table 1), a SWF-III problem (Table 2), and a solution strategy. A solution strategy is

given by a defect tolerance τdefect, a number of initial mesh subintervals Nsub0, and a parameter

sequence.

solution strategy
exp. # arch. prb.

τdefect Nsub0 continuation strategy

1 CHA A 10−11 7000 none

2 CHA A 10−11 10 none

3 ORG A 10−11 7000 none

4 ORG A 10−11 10 none

5 ORG B 10−8 10 ǫ = {.002, .001, .0005, .00025, .000125}
6 ORG C 10−6 10 ǫ = {.002, .001, .0005, .00025, .000125}
7 ORG D 10−7 10 ǫ = {.002, .001, .0004, .0002, .0001}
8 ORG E 10−7 10 ǫ = {1, .1, .01, .005, .00275}
9 ULT C 10−6 10 none

10 ULT D 10−7 10 none

employed within the modified Newton iterations, discussed in earlier. When the MIRKDC code

attempts a fixed Jacobian step, the residual function is evaluated using the current iterate and a

Newton correction is computed from a backsolve of the linear system with the new residual value

as the right hand side and an “old” Jacobian as the coefficient matrix. Under certain conditions,

the resulting new iterate may be rejected. In this event the current residual value is saved and the

Jacobian is updated and factored. Then another backsolve using the new Jacobian as the coefficient

matrix and the saved residual as the right hand side is performed. In other words, when a fixed

Jacobian step fails, the code will solve two linear systems with the same right hand side but with

different coefficient matrices, resulting in two backsolves but only one residual (right hand side)

evaluation.

We will now present results and discussion for the ten experiments identified in Table 3. (Note

that the associated figures, referred to in the following discussion, appear after the reference sec-

tion.)

7.2.1 Experiments #1 and #2

In Experiment #1, the large number of initial mesh subintervals (Nsub0 = 7000) was chosen in

order to force the codes to work with fine meshes and large ABD systems which lead to large exe-

cution times. After computing a solution on this initial mesh, the code redistributes the mesh and

computes a final solution on a mesh of 3744 subintervals. Figure 2, which provides results on over-

all execution time for MIRKDC and PMIRKDC, shows that in sequential mode PMIRKDC cost

about 50% more than MIRKDC but with 2 or more processors, PMIRKDC outperforms MIRKDC.

Figure 2 also shows that, initially, the overall speedups for PMIRKDC exhibit nearly optimal lin-

ear speedups as the number of processors increases, even though some parts of the code are being

21



run sequentially. This occurs because all of the components of the code which represent signif-

icant computational costs are being run in parallel. Figure 3 shows that all parallelized program

components exhibit nearly optimal linear speedups. Figure 3 also shows the relative cost of each

significant algorithm component in the MIRKDC code, as well as the relative cost of each signif-

icant algorithm component in PMIRKDC as the number of processors varies. It is interesting to

compare the relative costs of the components of MIRKDC and PMIRKDC when 1 processor is em-

ployed; in PMIRKDC the factorization costs are about four times greater than those in MIRKDC

while the backsolve costs, which represent the dominant component in both codes, are about twice

as much in PMIRKDC as in MIRKDC. As the number of processors is increased, the costs of the

parallelized components of PMIRKDC decrease linearly; with 8 processors, the most significant

computational costs are those associated with the sequential components of PMIRKDC.

In Experiment #2 problem A is again solved but with Nsub0 = 10. The small number of

initial mesh subintervals is more realistic and allows the codes to work with smaller ABD systems,

yielding a more typical solution computation. Figure 4 shows results for overall execution time for

MIRKDC and PMIRKDC on various numbers of processors. The overall execution time can be

seen to behave in a nearly optimal fashion despite the presence of sequential code components. On

1 processor the overall PMIRKDC execution time is about one third greater than that of MIRKDC

and the parallelism pays off when 2 or more processors are used. Figure 5 provides information

about the sizes of the meshes employed by the codes while attempting to compute a solution

whose defect meets the required tolerance. It also shows the total number of calls to each of the

parallelized solution components; the number of calls to the residual evaluation and backsolve

components is much greater than the number of calls to the other components. This is because of

the relatively large number of fixed Newton Matrix steps taken by the code (which do not require

matrix setup or factorization computations). Figure 5 also shows the percentage of calls to the

factorization and backsolve routines for each mesh the code uses. It is interesting to note that most

of the factorization and backsolve calls take place on the coarse meshes, indicating that the codes

use substantially more full Newton and fixed Newton matrix iterations on the coarse meshes, when

less information about the solution is available and the meshes are not yet well adapted to the

solution behavior. Figure 6 shows nearly optimal linear speedups for all parallelized components.

This figure also gives the execution times for these components in MIRKDC and in PMIRKDC

for various numbers of processors. With 1 processor, we see that the matrix construction costs are

by far the dominant component in MIRKDC, while in PMIRKDC, the matrix factorization costs

dominate. We can see that the factorization costs in MIRKDC are again about 4 to 5 times less

than those in PMIRKDC, while the backsolve costs are about half. As in the previous experiment,

the component costs in PMIRKDC drop almost linearly with the number of processors and by the

time 8 processors are employed the sequential components represent the most significant costs.

The slight departures from linear speedup for larger numbers of processors are attributable to

the computations associated with the coarser meshes. In such cases the total amount of work

performed by each processor is small and thus the overhead associated with invoking the parallel

processors is relatively more significant.
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7.2.2 Experiments #3 and #4

Experiments #3 and #4 are identical to #1 and #2, respectively, except that they are run on the

SGI Origin 2000 rather than the Challenge L. For Experiment #3, Figure 7 provides results on the

assessment of linear speedup for PMIRKDC and a comparison of the overall times for PMIRKDC

vs. MIRKDC for varying numbers of processors, while Figure 8 provides the corresponding results

for each significant algorithm component of MIRKDC and PMIRKDC. From Figure 7, we see that

with respect to overall time, PMIRKDC exhibits nearly linear speedups; as well we see that on

1 processor the PMIRKDC execution time is about twice that of MIRKDC and that parallelism

begins to pay-off after 3 processors are employed. From Figure 8 we can see that the speedups

of all the parallelized components of PMIRKDC are nearly linear. As well we can compare the

relative costs of these components in MIRKDC and in PMIRKDC. For 1 processor, the backsolve

costs in both MIRKDC and PMIRKDC are the largest; the costs in PMIRKDC are about 3 times

those in MIRKDC; the factorization costs in PMIRKDC continue to be about 4 times those of

MIRKDC. With 2 processors, the backsolve costs in PMIRKDC continue to be by far the most

significant costs; they are about 1.5 times those of MIRKDC. Unlike Experiment #1, even with

8 processors, the backsolve costs in PMIRKDC are still greater than the costs of the sequential

components. For Experiment #4, in which a more realistic initial mesh is employed and thus a

more typical computation sequence is exhibited, Figures 9 and 10 provide the results on linear

speedup analysis and execution times for several processors for the overall execution time and

for significant algorithm components, respectively. Parallelism pays-off for 3 or more processors;

however the speedup in overall time is less optimal than in the corresponding Experiment #2 - see

comments below. For this experiment, the matrix setup costs are the dominant costs in MIRKDC,

while in PMIRKDC, with one 1 processor, the matrix factorization costs are dominant, followed

by the backsolve costs. With 2 or more processors the costs of the selected components drop

approximately linearly until, for 8 processors, the sequential costs are the greatest.

Three additional points regarding Experiments #3 and #4 are worth noting here. First, execu-

tion times are nearly 5 times as fast on the Origin 2000. This is somewhat surprising considering

only the ratio of processor speeds (250 MHz on the Origin 2000 vs. 150 MHz on the Challenge L),

however the Origin 2000 has many other performance enhancing features not listed in Table 1.

This five-fold increase in speed conforms with other benchmarks for this machine. Second, in

program segments characterized by light work over many calls, speedup is not as optimal as on the

Challenge L. This comments especially applies to the residual evaluation speedups shown in Fig-

ure 10 . We believe this is due at least in part to the increased processor speed on the Origin 2000.

This conjecture is supported by the observation that residual evaluation speedup on the Origin 2000

can be made arbitrarily close to optimal by artificially inflating the work-per-call (these results are

not shown). Finally, we have noticed that there is a minor degradation in performance of some

sequential program segments on the Origin 2000 as more processors are invoked (not shown here).

We believe this is due to occasional non-optimal load balancing by the operating system. At times

we have noticed as much as a 10% difference in the CPU rate among processors.

7.2.3 Experiments #5, #6, #7, and #8

Even with the minor performances glitches mentioned above, the Origin 2000 is considerably

faster than the Challenge L, and more time-consuming problems are required to better illustrate its
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power as a parallel machine. To this end, problems B, C, D, and E are solved in Experiments #5,

#6, #7, and #8, respectively.

In each experiment, a parameter continuation strategy is invoked to achieve convergence as the

problems become increasingly difficult. The performance statistics reported in each experiment

apply to the final, most computationally-intensive iteration of the continuation loop only. For

Experiment #5 the last continuation problem requires a mesh of 1057 subintervals followed by a

mesh of 1162 subintervals. For Experiment #6 the last continuation problem requires a mesh of

367 subintervals followed by a mesh of 734 subintervals followed by a mesh of 1468 subintervals.

For Experiment #7 the last continuation problem requires a mesh of 662 subintervals followed by

a mesh of 1324 followed by a mesh of 2648 subintervals. The results for these problems are given

in Figures 11-16. They are similar to the results of Experiment #8, which we discuss now in more

detail.

For the final problem in the continuation sequence for Experiment #8 the speedup assessment

for PMIRKDC and the overall execution times for MIRKDC and PMIRKDC are given in Fig-

ure 17. This is quite a difficult problem and thus substantial execution time is required even for the

final problem. This problem is also the most relevant of the test problems since we are of course

primarily interested in the application of parallelism in problems with large execution times. We

see that PMIRKDC exhibits nearly linear speedups, that on 1 processor the PMIRKDC cost is

about 2.5 times that of MIRKDC, and that parallelism pays-off after 3 processors. Figure 18 gives

the mesh sequence, the total number of calls for the significant computational components, and

the percentage of calls to the factorization and backsolve routines for each mesh. We see that the

number of residual evaluation and backsolve calls dominates the number of calls to the other rou-

tines, due to the relatively large number of fixed Newton matrix iterations. We also observe that

except for one mesh, the number of Newton matrix factorizations and backsolves is quite uniform

over the meshes considered. This is more typical of the latter part of a computation sequence

where the meshes are somewhat better adapted to the solution behavior. Figure 19 shows nearly

optimal linear speedups for all parallelized components. In addition it shows the relative costs of

these components within the MIRKDC code and within the PMIRKDC code for various numbers

of processors. For 1 processor the matrix setup costs dominate in MIRKDC while in PMIRKDC

the matrix backsolve and factorization costs are the highest. The factorization cost in PMIRKDC

is about 5 times that of MIRKDC. As the number of processors increases the cost of the paral-

lelized components drops approximately linearly; for 8 processors we see that the factorization

and backsolve costs have dropped to almost the same level as the sequential costs.

Cumulative results for each of these experiments over all meshes considered throughout the

entire continuation sequence for each experiment are provided in Figures 20-23. These figures give

the total number of calls of each of the significant algorithm components and an indication of the

relative number of calls to the matrix factorization and backsolve routines on the various meshes

considered. From these figures, we see that the number of residual evaluations and backsolves

always substantially outnumbers the calls to the other routines. As well, we see that the percentage

of calls to the matrix factorization and backsolve routines is generally higher for the larger meshes,

a behavior that is consistent with the fact that these problems are very difficult and that even on

finer meshes substantial work is still required to obtain accurate solutions.
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7.3 Numerical Results for Sequential Execution

In all the experiments considered in the previous section, the solution profiles exhibited by MIRKDC

and PMIRKDC were identical. That is, the two versions of the code solved all problems using the

same sequence of meshes having the same number of subintervals and employing the same num-

ber of Newton iterations to solve the Newton systems associated with each mesh, and producing

answers in agreement to approximately round-off level. In this section we consider problems for

which this is not the case.

Experiments #9 and #10, each run sequentially on the Sun Ultra 2, illustrate a potential sec-

ondary advantage of RSCALE. Even though there is no parallelism, PMIRKDC greatly outper-

forms MIRKDC (Figures 24-25). The reduced execution times in PMIRKDC are explained by

comparing the subroutine call and call-per-mesh profiles, in Figures 26-27 for Experiment #9 and

in Figures 28-29 for Experiment #10. From these figures it can be seen that PMIRKDC can use

substantially coarser meshes with substantially fewer calls to all computational components, lead-

ing to great savings in execution time. Compared to MIRKDC, PMIRKDC solves the problems in

Experiments #9 and #10 with savings of about 60% and 85%, respectively. We believe this happens

because RSCALE may be acting as a mild “preconditioner” in these problems, producing more ac-

curate ABD system solutions which in turn lead to shorter convergence patterns (i.e., meshes that

more quickly adapt to the solution behavior using fewer Newton iterations) in PMIRKDC.

8 Conclusions and Future Work

Difficult BVODEs arise in many applications and can represent a substantial computational cost. It

is therefore important to develop numerical methods which can take advantage of the availability

of parallel processor architectures in an efficient manner. It has been known for some time that

the most significant bottleneck to the effective parallelization of numerical methods for BVODEs

is the parallel factorization and solution of the ABD linear systems which arise. While there has

been considerable research in the investigation of parallel algorithms for ABD systems and several

high quality software packages have been developed, relatively very little has been done in the

development of parallel BVODE codes based on this software.

In this paper we have described in detail the software development effort associated with mod-

ifying a sequential BVODE code to allow it to run efficiently in a parallel processor environment;

this modification features the parallel treatment of ABD systems using the RSCALE package. The

six most computationally intensive components of the BVODE code were targeted for paralleliza-

tion. Extensive numerical testing demonstrates that almost optimal, linear speedups for all these

components are attained, leading to substantial savings in overall execution time. Further reduc-

tions in the relative costs of these components would obviously be observed on an architecture with

more processors. However, even with only eight processors, it is significant to note that, generally,

the remaining sequential algorithmic components of the BVODE code become relatively the most

expensive. This implies that one area for further research should be in the development of parallel

algorithms for some of these components; e.g., development of parallel mesh selection algorithms,

may be worthwhile.

As reported in this paper, it was necessary to provide a very careful implementation of the

complier directives and associated use of memory in order to avoid parallel memory access con-
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flicts. The parallel compiler directives provided by Silicon Graphics within their Fortran compliers

furnish a convenient tool for implementing parallelism and managing parallel memory access on

a shared memory machine. In fact, the parallel directives within Fortran provided by a number

of different vendors are relatively similar and the task of modifying a code to run under a differ-

ent compiler is sometimes not particularly difficult. However, it would be convenient to employ

“portable” compiler directives. For shared memory architectures, the OpenMP Application Pro-

gram Interface provides this facility and many vendors already provide or are in the process of

providing OpenMP implementations. Another area for future work on this project is therefore the

replacement of the vendor specific complier directives with portable OpenMP directives within

PMIRKDC.

We have observed significant performance improvements, for certain problems, even on se-

quential machines, due to the replacement of COLROW by RSCALE. We are currently conducting

an investigation of this phenomenon, including a study of the effect of the use of RSCALE on the

conditioning of the ABD systems that arise throughout a computation.

Another direction we are also currently considering is the possible advantage in using the

RSCALE software, even in sequential processor environments, in the direct treatment of BVODEs

with nonseparated boundary conditions. Since COLROW cannot handle BABD systems, one must

first uncouple the boundary conditions. For fully coupled conditions, this leads to a doubling of, n,

the number of equations, and thus in some of the most computationally intensive components of a

BVODE code (where the costs depend on n3), costs are increased by a factor of eight. Hence, even

though the factorization costs of RSCALE are four times those of COLROW, the overall savings

may favour the use of RSCALE.
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Figure 2: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #1.

Parallelism begins to pay-off at 2 processors.

1 2 3 4 5 6 7 8
0

10

20

30

40

50

♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣

♥

♥

♥
♥

♥ ♥ ♥ ♥

# of processors

s
e

c
o

n
d

s

Absolute overall execution time

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8 optimal
♥

Speedup

# of processors

X
 f

a
s
te

r 
th

a
n

 o
n

 1
 p

ro
c
e

s
s
o

r
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Figure 3: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #1.
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Figure 4: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #2.

Parallelism begins to pay-off at 2 processors.
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Figure 5: Subroutine call and call-per-mesh profiles of MIRKDC and PMIRKDC in Experi-

ment #2.
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Figure 6: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #2.
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Figure 7: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #3. The

same problem is solved as in Experiment #1, using the same solution strategy, but this time on the

Origin 2000 instead of the Challenge L. Execution times are nearly 5 times as fast (compare to

Figure 2). Parallelism begins to pay-off at 3 processors.
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Figure 8: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #3. Compare to Challenge L results shown in Figure 3.
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Figure 9: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #4. The

same problem is solved as in Experiment #2, using the same solution strategy, but this time on the

Origin 2000 instead of the Challenge L. Execution times are nearly 5 times as fast (compare to

Figure 4). Parallelism begins to pay-off at 3 processors.
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Figure 10: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #4. Compare to Challenge L results shown in Figure 6.
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Figure 11: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #5.

Results are shown for the final continuation step only. Parallelism begins to pay-off at 3 processors.
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Figure 12: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #5. Results are shown for the final continuation step only.
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Figure 13: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #6.

Results are shown for the final continuation step only. Parallelism begins to pay-off at 3 processors.
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Figure 14: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #6. Results are shown for the final continuation step only.
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Figure 15: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #7.

Results are shown for the final continuation step only. Parallelism begins to pay-off at 3 processors.

1 2 3 4 5 6 7 8
0

2

4

6

8

10

♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣

♥↑

(1
2

)

♥

♥

♥
♥

♥ ♥ ♥

# of processors

s
e

c
o

n
d

s

Absolute overall execution time

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8 optimal
♥

Speedup

# of processors

X
 f

a
s
te

r 
th

a
n

 o
n

 1
 p

ro
c
e

s
s
o

r

LEGEND:  ♣  − MIRKDC, ♥  − PMIRKDC.

Figure 16: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #7. Results are shown for the final continuation step only.
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Figure 17: Overall speedup and execution time of MIRKDC and PMIRKDC in Experiment #8.

Results are shown for the final continuation step only. Parallelism begins to pay-off at 3 processors.
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Figure 18: Subroutine call and call-per-mesh profiles of MIRKDC and PMIRKDC in Experi-

ment #8. Results are shown for the final continuation step only, which is the most computationally

intensive.
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Figure 19: Speedup and execution time of selected program segments of MIRKDC and PMIRKDC

in Experiment #8. Results are shown for the final continuation step only.
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Figure 20: Subroutine call and call-per-mesh profiles of MIRKDC and PMIRKDC in Experi-

ment #5. Results are accumulated over all five continuation steps.
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Figure 21: Subroutine call and call-per-mesh profiles of MIRKDC and PMIRKDC in Experi-

ment #6. Results are accumulated over all five continuation steps.
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Figure 22: Subroutine call and call-per-mesh profiles of MIRKDC and PMIRKDC in Experi-

ment #7. Results are accumulated over all five continuation steps.
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Figure 23: Subroutine call and call-per-mesh profiles of MIRKDC and PMIRKDC in Experi-

ment #8. Results are accumulated over all five continuation steps.
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Figure 24: Overall and selected program segment execution times of MIRKDC and PMIRKDC in

Experiment #9. This experiment is run sequentially on the Ultra 2. The vast difference in execution

times is explained by the subroutine call and call-per-mesh profiles shown in Figures 26 and 27.
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Figure 25: Overall and selected program segment execution times of MIRKDC and PMIRKDC

in Experiment #10. This experiment is run sequentially on the Ultra 2. The vast difference in

execution times is explained by the subroutine call and call-per-mesh profiles shown in Figures 28

and 29.
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Figure 26: Profiles of MIRKDC in Experiment #9. These differ significantly from those of

PMIRKDC (Figure 27).
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Figure 27: Profiles of PMIRKDC in Experiment #9. PMIRKDC computes an acceptable solution

using fewer subroutine calls and fewer mesh subintervals than MIRKDC, resulting in substantially

reduced execution time (Figure 24).
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Figure 28: Profiles of MIRKDC in Experiment #10. These differ significantly from those of

PMIRKDC (Figure 29).
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Figure 29: Profiles of PMIRKDC in Experiment #10. PMIRKDC computes an acceptable solution

using fewer subroutine calls and fewer mesh subintervals than MIRKDC, resulting in substantially

reduced execution time (Figure 25).
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