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Abstra
t: When the words of a language are 
ommuni
ated via a noisy


hannel, the language property of error-dete
tion ensures that no word

of the language 
an be transformed to another word of the language. In

this work we model 
hannels using �nite transdu
ers and we show that

the problem of whether a given regular language is error-dete
ting for a

given rational 
hannel 
an be de
ided in polynomial time. On the other

hand, the problem is unde
idable for 
ontext-free languages. Moreover,

we demonstrate 
onstru
tively that the 
lass of rational 
hannels in
ludes

all the SID-
hannels whi
h 
an be used to model the e�e
ts of various error


ombinations. Finally, we brie
y dis
uss the properties of error-
orre
tion

and unique de
odability for rational 
hannels.

1 Introdu
tion

Consider a language whose words are 
ommuni
ated via a noisy 
hannel


apable of altering those words. If the language is error-dete
ting for

the given 
hannel then no word of the language 
an be transformed to

another word of the language. This property is basi
 as it allows one to

determine whether or not the re
eived information is 
orre
t. In prin
i-

ple, a 
ommuni
ations language 
ould be any language, but usually it is

a �nite set of words or a free monoid generated by a 
ode (a uniquely

de
odable set of words). A 
hannel 
ould be any storage or 
ommuni
a-

tions medium possibly 
apable of repla
ing symbols with other symbols,

or even inserting and deleting symbols in the transmitted/stored words.

�
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In this work we use �nite transdu
ers to model 
hannels. In Se
tion 2

we give the de�nitions of 
hannel, error-dete
tion, �nite automaton and

transdu
er. In Se
tion 3, we 
onsider the problem of de
iding whether

a given language is error-dete
ting for a given rational 
hannel. When

the given language is regular it is shown that the problem is de
idable

in polynomial time. On the other hand, the problem is unde
idable for


ontext-free languages. In Se
tion 4, we 
onsider the 
lass of SID-
hannels

whi
h 
an be used to model various 
ombinations of substitution, inser-

tion, and deletion errors. For example, a 
hannel that permits up to 3

substitutions in any 35 
onse
utive symbols of a message and a total of at

most 2 insertions and deletions in any 52 
onse
utive symbols is an SID-


hannel. We show 
onstru
tively that every SID-
hannel 
an be realized

by a transdu
er. Finally, in Se
tion 5 we dis
uss the notions of error-

dete
tion and unique de
odability in the general framework of rational


hannels.

2 Basi
 Notions and Notation

An alphabet is a non-empty set of symbols. If V is an alphabet then V

�

is the set of all words over V , in
luding the empty word denoted by 1.

We use the notation jvj for the length of the word v. A language is any

set of words. In the sequel we shall use the symbols X and Y to denote

two �nite alphabets.

Channels and Error-Dete
tion

A 
hannel (over X) is a binary relation 
 � X

�

�X

�

. When (x; y) 2 


it is meant that the message (word) y 
an be re
eived from x through

the 
hannel 
. Note that, in general, the 
hannel is noisy, meaning that,

for (x; y) 2 
, it is possible that x 6= y; that is, y is re
eived from x

with errors. A 
hannel 
 is 
alled domain preserving if (x; x) 2 
 for

every word x in fx j (x; y) 2 
; for some yg; that is, it is possible that

a transmitted message 
an be re
eived through 
 with no errors. In this

paper, we only 
onsider 
hannels whi
h are domain preserving and we

agree that the term 
hannel means a domain preserving 
hannel.

A 
hannel 
 is 
alled rational if it is a rational subset of X

�

�X

�

{ see

page 55 of [2℄; or equivalently, if 
 is realized by a �nite transdu
er { see

below. For a word x, we write hxi




to denote the set of all possible words

that 
an be re
eived from x through 
; that is, hxi




= fy j (x; y) 2 
g.

A language L is 
alled error-dete
ting for 
 { see [9℄ { if the following
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ondition is satis�ed

8x; y 2 L [ f1g; y 2 hxi




=) x = y:

The meaning of the above 
ondition is as follows: If a word y is re
eived

and y is in L then y must be equal to the transmitted word x; therefore y


an be pro
essed 
orre
tly. Moreover, a non-empty word of L 
annot be

re
eived from the empty word, and the empty word 
annot be re
eived

from a non-empty word of L. Of parti
ular interest is the 
ase where the

language L is a free monoid generated by a 
ode K; that is, L = K

�

. The


ode K is 
alled (
; �)-dete
ting, for some 
hannel 
, if the language K

�

is error-dete
ting for 
 { see [5℄.

Automata and Transdu
ers

For the basi
 de�nitions of �nite automata and transdu
ers we follow

[2℄: A deterministi
 �nite automaton A is a quintuple (X;Q; q

0

; Q

+

; Æ)

su
h that X is a �nite alphabet, Q is the (�nite) set of states, q

0

2

Q is the initial state, Q

+

� Q is the set of �nal states, and Æ is the

transition fun
tion of Q�X into Q. In this paper we assume that every

deterministi
 automaton A is 
omplete and that Q and X are always

disjoint. A transition of A is a word pap

0

in QXQ su
h that p

0

= Æ(p; a).

A 
omputation of A is a word of the form p

0

a

1

p

1

a

2

p

2

� � � p

n�1

a

n

p

n

, for

some non-negative integer n, su
h that p

i�1

a

i

p

i

is a transition of the

automaton for all i = 1; : : : ; n. If p

0

is the initial state and p

n

is a �nal

state of the automaton then the 
omputation is 
alled su

essful. The

label of a 
omputation is the word a

1

a

2

� � � a

n

formed by 
on
atenating

the symbols of X appearing in the 
omputation. If n = 0 the label

of the 
omputation is the empty word. We write L (A) to denote the

language a

epted by A; that is the set of labels appearing in the su

essful


omputations of the automaton. The automaton is 
alled trim if every

state of the automaton 
an be rea
hed from the initial state.

A �nite transdu
er T is a sextuple (X;Y;Q; q

0

; Q

+

;�) su
h that X

is a �nite alphabet { the input alphabet {, Y is a �nite alphabet { the

output alphabet {, Q is the (�nite) set of states, q

0

2 Q is the initial state,

Q

+

� Q is the set of �nal states, and � is a �nite subset of Q�X

�

�Y

�

�Q

{ the set of transitions of T . As before, we always assume that Q and

X [ Y are disjoint. Moreover, we prefer to write the elements of � as

words of the form px=yp

0

. A 
omputation of T is a word of the form

p

0

x

1

=y

1

p

1

x

2

=y

2

p

2

� � � p

n�1

x

n

=y

n

p

n

, for some non-negative integer n, su
h

that p

i�1

x

i

=y

i

p

i

is a transition of T for all i = 1; : : : ; n. If p

0

is the

initial state and p

n

is a �nal state of the transdu
er then the 
omputa-

tion is 
alled su

essful. The label of a 
omputation is the pair of words
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(x

1

x

2

� � � x

n

; y

1

y

2

� � � y

n

) 2 X

�

�Y

�

formed by 
on
atenating the words of

X

�

and the words of Y

�

appearing in the 
omputation. If n = 0 the label

of the 
omputation is (1; 1). We write R (T ) to denote the relation realized

by T ; that is the set of labels appearing in the su

essful 
omputations

of the transdu
er. Moreover, for a word x in X

�

, we write T (x) for the

set fy 2 Y

�

j (x; y) 2 R (T )g; that is, the set of all possible outputs of

the transdu
er T when x is used as input. As before, the transdu
er is


alled trim if every state appears in some su

essful 
omputation of the

transdu
er. The transdu
er is said to be in standard form if x 2 X [ f1g

and y 2 Y [ f1g in every transition px=yp

0

of the transdu
er. It 
an be

shown that for every �nite transdu
er T there is a �nite transdu
er T

0

in

standard form su
h that R (T ) = R (T

0

) { see [2℄. Finally, a transdu
er

T = (X;X;Q; q

0

; Q

+

;�) is 
alled a 
hannel transdu
er, if the relation

R (T ) is a 
hannel.

3 De
iding Error-Dete
tion

In this se
tion we 
onsider the problem of de
iding, for given 
hannel


 and language L, whether the language is error-dete
ting for 
. We


onsider the 
ases where L is regular and L is 
ontext-free. For the


hannel we assume it is represented using a transdu
er. We show that

for regular languages the problem is de
idable in polynomial time. On

the other hand, the problem is not de
idable for 
ontext-free languages.

As a �rst step we obtain a ne
essary and suÆ
ient 
ondition for a given

language L to be error-dete
ting for a given 
hannel 
. The 
ondition

involves the relation 
=L whi
h des
ribes the e�e
ts of the 
hannel 
 on

the words of L.

De�nition 1 Let � � X

�

� Y

�

be a binary relation.

(i) The relation � is 
alled fun
tional if the following holds for every

x 2 X

�

and y

1

; y

2

2 Y

�

(x; y

1

) 2 �; (x; y

2

) 2 � =) y

1

= y

2

(ii) The relation �

�1


onsists of all the pairs (y; x) su
h that (x; y) is in

�.

(iii) Let M be a language. The relation �=M 
onsists of all the pairs

(x; y) in � with x 2M ; that is �=M = � \ (M � Y

�

).
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Lemma 1 Let 
 be a 
hannel and let L be a language. The language

L is error-dete
ting for 
 if and only if the relation ((
=L

1

)

�1

=L

1

)

�1

is

fun
tional, where L

1

= L [ f1g.

Proof. First note that (x; y) 2 ((
=L

1

)

�1

=L

1

)

�1

if and only if (x; y) 2 


and x; y 2 L

1

. For the `only if' part assume L is error-dete
ting for 


and 
onsider any two pairs (x; y

1

) and (x; y

2

) in ((
=L

1

)

�1

=L

1

)

�1

. Then,

x; y

1

; y

2

2 L

1

and y

1

2 hxi




and y

2

2 hxi




. By the assumption, y

1

= x

and y

2

= x. Hen
e, y

1

= y

2

.

For the `if' part, assume ((
=L

1

)

�1

=L

1

)

�1

is fun
tional and 
onsider

any words x; y in L

1

su
h that y 2 hxi




. Then, (x; y) 2 
. Moreover, as

(x; x) 2 
, the assumption implies x = y. Hen
e, L is error-dete
ting for


. 2

If the 
hannel 
 is rational and the language L is regular then the relation

((
=L

1

)

�1

=L

1

)

�1

is rational as well. This follows from the fa
t that the

relation �=M is rational for every rational relation � and every regular

language M . We prove this fa
t in two ways. First using results from

[2℄ and, then, using a 
onstru
tive proof that involves a �nite transdu
er

and a �nite automaton representing � and M , respe
tively.

Proposition 1 Let X and Y be alphabets. For every rational relation

� � X

�

� Y

�

and for every regular language M � X

�

, the relation �=M

is rational.

Proof. First, re
all that �=M = � \ (M � Y

�

). Now both M and Y

�

are

re
ognizable { see Example 1.3 on page 52 of [2℄. This implies that the

set M � Y

�

is a re
ognizable subset of X

�

� Y

�

{ see Theorem 1.5 on

page 54 of [2℄. Then the 
laim follows when we note that the interse
tion

of a re
ognizable and a rational subset of X

�

� Y

�

is always rational {

see Proposition 2.6 on page 57 of [2℄. 2

Given a transdu
er T and a �nite automaton A, we de�ne a trans-

du
er T=A with the property that (x; y) 2 R (T=A) if and only if (x; y) 2

R (T )=L (A), and we show that the 
onstru
tion of T=A 
an be realized

in polynomial time. Following [1℄, the size jAj of an automaton A is the

number of transitions of A. The size jT j of a transdu
er T is the sum

of the sizes of its transitions, where the size of a T -transition px=yp

0

is

1 + jxyj.

1

The 
onstru
tion is based on the well-known 
onstru
tion of

1

We note that [1℄ uses jxyj for the size of the transition px=yp

0

. We prefer 1 + jxyj,

however, to a

ount for the 
ase of x = y = 1 { this does not a�e
t the results of [1℄

whi
h are used here.
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a deterministi
 �nite automaton that a

epts the interse
tion of the lan-

guages of two given deterministi
 �nite automata { see [11℄ for instan
e.

Proposition 2 The following problem is 
omputable in time O(jT jjAj).

Input: A trim transdu
er T in standard form and a trim deterministi


�nite automaton A with the same input alphabets.

Output: The transdu
er T=A su
h that R (T=A) = R (T )=L (A).

Moreover, the size of the transdu
er T=A is �(jT jjAj).

Proof. Let T = (X;Y;Q; q

0

; Q

+

;�) be the given transdu
er and let A =

(X;P; p

0

; P

+

; Æ) be the given automaton. We 
onstru
t the transdu
er

T=A = (X;Y; S; s

0

; S

+

;�) as follows:

� S = QP , s

0

= q

0

p

0

, S

+

= Q

+

P

+

;

� Initialize the set of transitions � of T=A to ;. Then, for ea
h transi-

tion qx=yq

0

in � and for ea
h state p in P , if x 6= 1 insert qpx=yq

0

p

0

in �, where p

0

= Æ(p; x); else insert qp1=yq

0

p in �.

For the time 
omplexity of the 
onstru
tion we note that S 
an be 
om-

puted in time O(jP jjQj) and � requires time O(jP jjT j) assuming Æ is

implemented using a hash table (or array) with O(1) time for a

essing

the entries of the table. As the given automaton and transdu
er are trim,

it follows that jP j = �(jAj) and jQj = O(jT j). Hen
e, the 
onstru
-

tion 
an be performed in time O(jT jjAj). Moreover, the size of T=A is

jP jjT j = �(jAjjT j).

For the 
orre
tness of the 
onstru
tion we need to show (x; y) 2

R (T=A) if and only if x 2 L (A) and (x; y) 2 R (T ). For the `if'

part, 
onsider a pair (x; y) in R (T ) su
h that x 2 L (A). Then, there

is a su

essful 
omputation q

0

x

1

=y

1

q

1

� � � x

n

=y

n

q

n

of T and a su

essful


omputation p

0

z

1

p

1

� � � z

m

p

m

of A su
h that x

1

� � � x

n

= z

1

� � � z

m

= x,

y

1

� � � y

n

= y, and x

i

2 X [ f1g for i = 1; : : : ; n, and z

j

2 X for

j = 1; : : : ;m. Hen
e, jxj = m � n. Then, there are indi
es i

1

; : : : ; i

m

with 1 � i

1

< � � � < i

m

� n su
h that x = x

i

1

� � � x

i

m

and x

i

l

= z

l

for

all l = 1; : : : ;m. Now 
onsider the word q

0

r

0

x

1

=y

1

q

1

r

1

� � � x

n

=y

n

q

n

r

n

su
h

that r

0

= � � � = r

i

1

�1

= p

0

, r

i

1

= � � � = r

i

2

�1

= p

1

, : : : ; r

i

m�1

= � � � =

r

i

m

�1

= p

m�1

, r

i

m

= � � � = r

n

= p

m

. By the 
onstru
tion of T=A, it fol-

lows that q

0

r

0

x

1

=y

1

q

1

r

1

� � � x

n

=y

n

q

n

r

n

is a su

essful 
omputation of T=A

and, therefore, (x; y) 2 R (T=A) as required.
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For the `only if' part of the 
orre
tness, 
onsider a su

essful 
ompu-

tation q

0

p

0

x

1

=y

1

� � � x

n

=y

n

q

n

p

n

of T=A with q

n

p

n

2 Q

+

P

+

, x

1

� � � x

n

= x,

and y

1

� � � y

n

= y. By 
onstru
tion, it follows that q

0

x

1

=y

1

� � � x

n

=y

n

q

n

is

a 
omputation of T whi
h implies (x; y) 2 R (T ) as q

n

is a �nal state of

T . Now for the word p

0

x

1

p

1

� � � x

n

p

n

, one has that, for every i = 1; : : : ; n,

p

i�1

x

i

p

i

is either a transition of the automaton A if x

i

6= 1, or equal to the

word p

i�1

p

i�1

if x

i

= 1. Then, by removing from ea
h fa
tor p

i�1

p

i�1

of

p

0

x

1

p

1

� � � x

n

p

n

the �rst p

i�1

one obtains a 
omputation p

i

0

x

i

1

p

i

1

� � � x

i

k

p

i

k

of A whi
h is su

essful, p

i

0

= p

0

, and x

i

1

� � � x

i

k

= x. Hen
e, x 2 L (A)

as required. 2

The following statement follows easily from the de�nition of a transdu
er

{ see also [11℄.

Lemma 2 Given a transdu
er T = (X;Y;Q; q

0

; Q

+

;�), 
onsider the

transdu
er T

�1

= (Y;X;Q; q

0

; Q

+

;�) su
h that py=xp

0

2 � if and only if

px=yp

0

2 �. Then, R (T

�1

) = R (T )

�1

and jT

�1

j = jT j.

2

Theorem 1 The following problem is de
idable in time O(jT j

2

jAj

4

).

Input: A trim 
hannel transdu
er T in standard form and a trim deter-

ministi
 �nite automaton A with the same input alphabets.

Output: \YES" or \NO" depending on whether the language L (A) is

error-dete
ting for the 
hannel R (T ).

Proof. The algorithm is as follows

(a) Constru
t a trim deterministi
 �nite automaton A

1

su
h that L (A

1

) =

L (A) [ f1g.

(b) Constru
t the transdu
er (T=A

1

)

�1

using Proposition 2 and Lemma 2.

(
) Constru
t the transdu
er ((T=A

1

)

�1

=A

1

)

�1

as above.

(d) De
ide whether ((T=A

1

)

�1

=A

1

)

�1

is fun
tional.

As f1g 
an be a

epted by a deterministi
 �nite automaton with two

states, step (a) 
an be performed in time O(jAj) and the size of the au-

tomaton A

1

is O(jAj) { see [6℄, for instan
e. The e�e
tiveness of step

(d) has been shown in [10℄. Moreover, in [1℄ it is shown that trans-

du
er fun
tionality 
an be de
ided in time quadrati
 with respe
t to

the size of the transdu
er. Hen
e, step (d) 
an be performed in time

7



O(j((T=A

1

)

�1

=A

1

)

�1

j

2

) = O(jT=A

1

j

2

jAj

2

) = O(jT j

2

jAj

4

) whi
h domi-

nates the 
omplexity of the algorithm. The 
orre
tness of the algo-

rithm follows by Lemma 1 when we note that R (((T=A

1

)

�1

=A

1

)

�1

) =

((R (T )=L (A

1

))

�1

=L (A

1

))

�1

. 2

When K is a regular 
ode then K

�

is a regular language. Hen
e, the

following obtains easily from the above theorem.

Corollary 1 The following problem is de
idable.

Input: A trim 
hannel transdu
er T in standard form and a trim deter-

ministi
 �nite automaton A a

epting a 
ode.

Output: \YES" or \NO" depending on whether the 
ode L (A) is (R (T ); �)-

dete
ting.

2

We note that using the algorithm in Theorem 1, the above problem is not

guaranteed to be de
idable in polynomial time. This follows from the fa
t

that there are deterministi
 �nite automata A for whi
h the size of any

deterministi
 automaton a

epting L (A)

�

is exponential with respe
t to

jAj { see [6℄.

Proposition 3 The following problem is unde
idable.

Input: A 
hannel transdu
er T and a 
ontext-free grammar G.

Output: \YES" or \NO" depending on whether the language L(G) is

error-dete
ting for the 
hannel R(T ).

Proof. We assume the problem is de
idable and obtain a 
ontradi
tion

by showing that the Post Corresponden
e Problem (PCP) is de
idable as

well. We use the following version of PCP { see [4℄: Given an alphabet

� = fa

1

; : : : ; a

n

g and two morphisms g; h : �

�

! fs; tg

�

de
ide whether

E(g; h) = fz 2 �

+

j g(z) = h(z)g is empty. Using the assumption we 
an


onstru
t the following algorithm whose input are the morphisms g and

h:

(a) Let T be the transdu
er (X;X; fq

0

g; q

0

; fq

0

g;�), where X = fs; tg[

f$;#; &g, with f$;#;&g \ fs; tg = ;, and � = fq

0

x=xq

0

j x 2

Xg [ fq

0

$=&q

0

g. Thus, T leaves every input symbol un
hanged,

ex
ept possibly for $ whi
h 
ould be repla
ed with &.
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(b) Let I = f1; : : : ; ng and let G be a 
ontext-free grammar generating

the language L

g

[ L

h

, where

L

g

= fg(a

i

1

� � � a

i

k

)$s

i

k

# � � �#s

i

1

j k � 1; i

1

; : : : ; i

k

2 Ig and

L

h

= fh(a

j

1

� � � a

j

m

)&s

j

m

# � � �#s

j

1

j m � 1; j

1

; : : : ; j

m

2 Ig.

(
) Output \YES" or \NO" depending on whether L

g

[ L

h

is error-

dete
ting for R (T ).

The 
ontradi
tion arises if we show that E(g; h) is empty if and only if

L

g

[L

h

is not error-dete
ting for R (T ). First suppose that L

g

[L

h

is not

error-dete
ting for R (T ). Then, there are words w

1

; w

2

in L

g

[ L

h

su
h

that w

1

6= w

2

and w

2

2 T (w

1

). By the 
onstru
tion of T , it follows that w

1

must 
ontain a $ whi
h is repla
ed with & and this is the only error that

o

urs in w

1

to get w

2

. Hen
e, w

1

is of the form g(a

i

1

� � � a

i

k

)$s

i

k

# � � �#s

i

1

and w

2

is g(a

i

1

� � � a

i

k

)&s

i

k

# � � �#s

i

1

. On the other hand, as w

2


on-

tains &, it must also be of the form h(a

j

1

� � � a

j

m

)&s

j

m

# � � �#s

j

1

. Hen
e,

g(a

i

1

� � � a

i

k

) = h(a

j

1

� � � a

j

m

) and s

i

k

# � � �#s

i

1

= s

j

m

# � � �#s

j

1

whi
h im-

plies that a

i

1

� � � a

i

k

= a

j

1

� � � a

j

m

and, therefore, a

j

1

� � � a

j

m

2 E(g; h). For

the 
onverse, suppose z is in E(g; h). Then, there are words w

1

= g(z)$u

in L

g

and w

2

= h(z)&u in L

h

, for some u 2 s

+

(#s

+

)

�

. As g(z) = h(z),

it follows that w

2

2 T (w

1

) and, therefore, L

g

[ L

h

is not error-dete
ting

for R (T ). 2

4 Rational Channels In
lude SID-Channels

Usually, it is not too diÆ
ult to 
onstru
t a transdu
er for realizing a

spe
i�
 SID-
hannel. Here we show a general 
onstru
tion method to

realize any SID-
hannel by a transdu
er. This result demonstrates that

the expressive power of transdu
ers as error models is very large. First

we outline the basi
 
on
epts involved in de�ning SID-
hannels { see [8℄

for details.

Let X be an alphabet 
ontaining the symbols a and b. To model the

e�e
ts of 
hannels on words over X, we 
onsider error fun
tions whi
h are

applied on words on a symbol by symbol basis. Consider, for instan
e, the

word x = abab and 
onsider a 
hannel that would allow one substitution,

one insertion and one deletion in x. As x = 1a1b1a1b1, we see that there

are four possible positions for a substitution (the four symbols of x), �ve

possible positions for an insertion (the �ve 1s), and four possible positions

for a deletion. Thus, baaa is a possible output from x by inserting a b

in front of x, substituting the �rst b of x with a, and deleting the last

9



b of x. This e�e
t 
an be expressed by applying the sequen
e of basi


error fun
tions i

b

; e; e; s; e; e; e;d; e to ea
h of the nine positions of x,

respe
tively, where e is the identity fun
tion (no error at that position),

i

b

is a fun
tion that repla
es 1 by b (insertion in that position), d is a

fun
tion that repla
es a symbol in X by 1 (deletion at that position), and

s is any fun
tion that maps an x 2 X onto a symbol in X n fxg. Thus, if

we 
onsider the error fun
tion h = i

b

eeseeede, then

h(x) = i

b

(1)e(a)e(1)s(b)e(1)e(a)e(1)d(b)e(1) = baaa:

Generally, when x is a word of length n, an error fun
tion h 
an be

applied on x provided that jhj = 2n + 1. Hen
e, every error fun
tion is

of odd length. We use the symbol H to denote the set of error fun
tions.

Any subset of H is 
alled an SID-language. If F is a �nite non-empty

SID-language, we use the symbol `

F

for the integer with the property

that 2`

F

+ 1 is the length of a longest error fun
tion in F .

The set of error fun
tions is equipped with a produ
t operation, `�',

su
h that (H; �) is a monoid whose neutral element is e. Spe
i�
ally, if

h and g are error fun
tions, the produ
t h � g is de�ned as the usual


on
atenation of words, ex
ept at the point where the last symbol of h,

say h

2n

, and the �rst symbol of g, say g

0

, are 
on
atenated; these symbols

be
ome one symbol, 
, as follows:


 =

8

<

:

h

2n

; if g

0

= e;

g

0

; if h

2n

= e;

i

u

1

u

2

; if h

2n

= i

u

1

and g

0

= i

u

2

.

For example, (ede) � (i

a

se) = edi

a

se, (ede) � (ese) = edese, and (edi

b

) �

(i

a

se) = edi

ba

se.

When h 
an be written as f

1

� g � f

2

, the error fun
tion g is 
alled an

H-in�x of h. Similarly, if h = g � f then g is an H-pre�x of h.

De�nition 2 An SID-support is a �nite SID-language F su
h that the

following 
onditions hold for every h in F :

1. If g is an H-in�x of h then g is in F .

2. If g is of the form e

i

he

j

, for some non-negative integers i and j,

and jgj � 2`

F

+ 1 then g is in F .

An SID-language Z is said to be of bounded error e�e
ts if there is an

SID-support F su
h that h is in Z if and only if g is in F for every H-in�x

g of h with jgj � 2`

F

+ 1. In this 
ase, we write Z = bF 
.

10



Given an SID-language E, we write R (E) to denote the relation

f(x; y) j x 2 X

�

; y = h(x); for some h 2 Eg:

If the language E is of bounded error e�e
ts with support F , that is

E = bF 
, then R (bF 
) is a 
hannel. In this 
ase, we also write 
han(F )

for R (bF 
).

Using SID-supports one 
an de�ne the 
lass of SID-
hannels whi
h


aptures the e�e
ts of various error 
ombinations in
luding the 
ases

where errors are s
attered or they o

ur in bursts. For example, the


hannel that permits a burst of up to 4 substitutions in any 30 
onse
-

utive input symbols and, possibly at the same time, a total of at most

3 (s
attered) insertions and deletions in any 58 
onse
utive input sym-

bols is an SID-
hannel. Here we only give the formal de�nition of the

SID-
hannel �� Æ(m; `), where m and ` are positive integers with m � `,

that permits at most m (s
attered) substitutions and deletions in every

` 
onse
utive input symbols { see [8℄ for the full 
lass of SID-
hannels.

The 
hannel is equal to 
han(S

m;`

), where S

m;`

is the SID-support

fh 2 H

��Æ

j jhj � 2`+ 1; �(h) � mg:

Here H

��Æ

is the set of all error fun
tions 
ontaining only symbols e, d,

or s (for any possible substitution fun
tion s), and �(h) is the number of

substitution and deletion symbols that o

ur in h.

Proposition 4 For every SID-support F there e�e
tively exists a trans-

du
er T

F

su
h that 
han(F ) = R (T

F

). Hen
e, every SID-
hannel is a

rational 
hannel. On the other hand, there is a rational 
hannel 
 for

whi
h no SID-support F exists with 
 = 
han(F ).

Proof. The transdu
er T

F

is equal to (X;X;Q; �; f!g;�

F

) su
h that Q =

f�; !g [

^

F , where

^

F = fh 2 F j jhj = 2`

F

+ 1g, and �

F


onsists of the

following transitions, for g;h 2

^

F and x; x

0

2 X

�

:

� �1=1g

� gx=x

0

h, where jxj = `

F

and g � h 2 bF 
 and x

0

= g(x)

� hx=x

0

!, where jxj � `

F

and x

0

= f(x) for some H-pre�x f of h.

Intuitively, if T

F

is at state g then the 
hannel will apply the error fun
tion

g on the next `

F

input symbols, or a pre�x of g on the last blo
k of

the input. For the 
orre
tness of the 
onstru
tion, �rst assume (x; y) 2
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R (T

F

). Then, there is a 
omputation �1=1h

1

x

1

=x

0

1

� � �h

n

x

n

=x

0

n

! of T

F

,

with n positive integer and x = x

1

� � � x

n

and y = x

0

1

� � � x

0

n

, su
h that

for i < n one has h

i

� h

i+1

2 bF 
 and jx

i

j = `

F

and x

0

i

= h

i

(x

i

). Also,

x

0

n

= f(x

n

) for some H-pre�x f of h

n

. Then g 2 bF 
, where g = h

1

�

: : : � h

n�1

� f . As y = h

1

(x

1

) � � �h

n�1

(x

n�1

)f(x

n

) = g(x), it follows that

(x; y) 2 
han(F ) as required.

For the 
onverse, assume (x; y) 2 
han(F ). Then, there is an error

fun
tion h 2 bF 
 su
h that y = h(x). Moreover, there is a positive

integer n su
h that x = x

1

� � � x

n

with x

i

2 X

`

F

for i < n and x

n

2 X

�

is

of length at most `

F

. Then, there are error fun
tions h

1

; : : : ;h

n

su
h that

h = h

1

� : : : � h

n

and h(x) = h

1

(x

1

) � � �h

n

(x

n

) { see [7℄. If jh

n

j < 2`

F

+ 1

then there is an error fun
tion g in

^

F of the form h

n

� e

+

. Also, if n > 1

then h

n�1

� g is in bF 
. Now let y

i

= h

i

(x

i

); then,

�1=1h

1

x

1

=y

1

� � �h

n�1

x

n�1

=y

n�1

gx

n

=y

n

!

is a 
omputation of T

F

and, therefore, (x; y) 2 R (T

F

) as required.

Now 
onsider the 
hannel 
 = f(w;w); (wx;w) j w 2 X

�

; x 2 Xg

whi
h is realized by the transdu
er (X;X; fq

0

; q

1

g; q

0

; fq

0

; q

1

g;�) with

transitions � = fq

0

x=xq

0

j x 2 Xg [ fq

0

x=1q

1

g. Assume 
 = 
han(F )

for some SID-support F and 
onsider two di�erent symbols x

1

; x

2

2 X

and any word w 2 X

�

. As (wx

1

; w) 2 
, there is an error fun
tion

h 2 bF 
 su
h that h(wx

1

) = w. Then also h � eee 2 bF 
 and, as

(h � eee)(wx

1

x

2

) = wx

2

, one has (wx

1

x

2

; wx

2

) 2 
. This is impossible,

however, as x

1

6= x

2

. 2

5 Some Remarks on Unique De
odability and

Error-Corre
tion

A language L is 
alled error-
orre
ting for a 
hannel 
 if hw

1

i




\hw

2

i




6= ;

implies w

1

= w

2

, for all w

1

; w

2

2 L [ f1g. A

ording to this de�nition,

no two di�erent words of L[ f1g 
an result into the same output via the


hannel 
. Thus, if z is re
eived with errors then there is a unique w in

L [ f1g whi
h resulted in z. Hen
e, in prin
iple, z 
an be de
oded as w


orre
ting thus the errors 
aused by 
. The use of L[ f1g as opposed to

L is ne
essary as in the de�nition of error-dete
tion. It is easy to verify

that a language whi
h is error-
orre
ting for 
 is also error-dete
ting for


.

Now if K is a 
ode and the language K

�

is error-
orre
ting for a


hannel 
 then we say that K is uniquely de
odable for 
, or that K is
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(
; �)-
orre
ting { see [5℄. From [7℄ we re
all that the following problem

is de
idable:

2

Input: An SID-support F and a �nite 
ode K.

Output: \YES" or \NO" depending on whether K is uniquely de
od-

able for 
han(F ).

A question that arises now is whether the following analogue of the prob-

lem in Theorem 1 is de
idable as well.

Input: A trim 
hannel transdu
er T in standard form and a trim

deterministi
 �nite automaton A with the same input alphabets.

Output: \YES" or \NO" depending on whether L(A) is error-
orre
ting

for R(T ).

An aÆrmative answer would imply that the following problem is de
idable

as well:

Input: A trim 
hannel transdu
er T in standard form and a trim

deterministi
 �nite automaton A a

epting a 
ode.

Output: \YES" or \NO" depending on whether L(A) is uniquely

de
odable for R(T ).

We note that in [3℄ it is shown that the problem of whether a given

regular language L is 1-error 
orre
table is de
idable. In our terminology,

1-error-
orre
table means error-
orre
ting for the 
hannel that allows at

most one substitution error in any input word. A transdu
er realizing

this 
hannel is the following:

T

1

= (X;X; fq

0

; q

1

g; q

0

; fq

0

; q

1

g;�

1

);

where �

1

= fqx=xq j x 2 X; q 2 fq

0

; q

1

gg [ fq

0

x=x

0

q

1

j x; x

0

2 X;x 6=

x

0

g. Furthermore in [3℄ it is shown that the problem of whether a given


ontext-free language is 1-error 
orre
table is unde
idable. Hen
e, the

following analogue of Proposition 3 obtains.

Proposition 5 The following problem is unde
idable.

Input: A 
hannel transdu
er T and a 
ontext-free grammar G.

Output: \YES" or \NO" depending on whether the language L(G) is

error-
orre
ting for the 
hannel R(T ).

2
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2

We note that in [7℄ the term `error-
orre
ting for 
' is the same as `uniquely de-


odable for 
'.
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