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Abstra
t: The 
on
epts of unique de
odability (or de
ipherability) and de
odability with �nite delay

have been studied in 
onne
tion with 
oded languages (sets of 
oded messages) and, in some 
ases,

in the presen
e of 
hannel errors. On the other hand, the 
on
epts of error-
orre
tion and -dete
tion

have been studied primarily in 
onne
tion with uniform-length (or �xed-length) 
odes. In this paper,

we study the method of separators for dete
ting syn
hronization (and substitution) errors, with �nite

delay, in 
oded languages of the form (pCs)

�

, where (p; s) is a pair of words (the separators) and C is

a uniform-length 
ode. We 
onsider the 
ases where the errors are s
attered or o

ur in bursts, and we

evaluate a pair (p; s) in terms of the redundan
y jpj + jsj, the delay of de
oding, and the frequen
y of

the dete
table errors. The burst error-dete
ting ability of (p; s) strongly depends on the period of the

word sp.
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1 Introdu
tion

The 
on
epts of unique de
odability (or de
ipherability) and de
odability with �nite delay { [1℄,

[2℄ { have been studied in 
onne
tion with 
oded languages (sets of 
oded messages) and in some


ases { su
h as [3℄, [4℄ and [5℄ { in the presen
e of 
hannel errors. On the other hand, the 
on
ept

of error-
orre
tion has been studied primarily in 
onne
tion with uniform-length (or �xed-

length) 
odes { [6℄, [7℄, [8℄, [9℄. In the paper [10℄ de�ning the Levenshtein distan
e, Levenshtein

also brie
y dis
usses the method of separators for 
orre
ting s
attered substitution, insertion,

and deletion errors (SID errors) in 
oded languages. For 
ertain 
hannels, this method is also


onsidered in [9℄. In this work, we use that idea to de�ne a formal and simple method for

obtaining 
oded languages of the form (pCs)

�

{ sets of words of the form pv

1

spv

2

s � � � pv

n

s,

where ea
h v

i

is in C { that are SID-error-dete
ting with �nite delay, where (p; s) is a pair of

words (the separators) and C is a uniform-length 
ode with a 
ertain error-dete
ting 
apability.

We use the term error-dete
tor for a pair of words (p; s) with the above property. We 
onsider

�
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two 
ases: when the errors are s
attered and when they o

ur in bursts. In either 
ase, an

error-dete
tor (p; s) is evaluated in terms of the redundan
y jpj+ jsj, the delay of de
oding, and

the frequen
y of the dete
table errors. In the 
ase of burst SID errors, we provide a 
omplete


hara
terization of the error-dete
tors (p; s), whi
h involves the period of the word sp [11℄, [12℄.

The paper is organized as follows. In Se
tion 2, we give the basi
 terminology about

words, 
odes, 
hannels, and error-dete
tion. In Se
tion 3, we de�ne SID error types and the

parti
ular 
lass of 
hannels that permit bursts of SID errors, and obtain a few te
hni
al results.

In Se
tion 4, we de�ne the method of error-dete
tor pairs, dis
uss the 
riteria for 
hoosing good

pairs, and provide a ne
essary 
ondition on the stru
ture of su
h pairs. In Se
tion 5 we fo
us

on 
hannels with bursts of errors and identify all optimal error-dete
tors for su
h 
hannels. In

Se
tion 6, we 
onsider 
hannels with s
attered errors and obtain a set of error-dete
tors that

work for any SID error type. Then, for 
ertain error types, we identify error-dete
tors with

smaller redundan
y at the 
ost of restri
ting to messages over the binary alphabet. Finally,

Se
tion 7 
ontains a few 
on
luding remarks.

2 Basi
 Notation and Ba
kground

In this se
tion we des
ribe the notation used in the paper and review some basi
 
on
epts

about 
odes, 
hannels and error-dete
tion.

We assume an alphabet X 
ontaining at least the two symbols 0 and 1. A word (over X)

is any string of symbols from X in
luding the empty word �. For a word w we denote by jwj

the length of w. For example, j11001j = 5. If i = 1; : : : ; jwj then w[i℄ denotes the i-th symbol

of w and, for j = i; : : : ; jwj, the notation w[i::j℄ represents the word w[i℄w[i + 1℄ � � �w[j℄. If

j < i we agree that w[i::j℄ = �. For two words w

1

and w

2

the word w

1

w

2

is the 
on
atenation

of w

1

and w

2

. For a word w and a nonnegative integer n, w

n

denotes the word that 
onsists

of n 
on
atenated 
opies of w. A word p is a pre�x of w if w = ps, for some word s. In this


ase, s is a suÆx of w. If p 6= w then p is 
alled a proper pre�x of w. Similarly, the suÆx s is

proper if s 6= w. A word v is a fa
tor of w if w 
an be written as xvy for some words x and y.

The set of all words is denoted by X

�

and the set of all nonempty words by X

+

. Every subset

of X

�

is 
alled a language. If u; v are words and L is a language then uLv is the language

fuwv j w 2 Lg. If F is a �nite language then `

F

denotes the maximum length of the words

in F . For two languages L and L

0

, LL

0

denotes the language fww

0

j w 2 L; w

0

2 L

0

g. If n is

a nonnegative integer, then L

n

is the language fw

1

� � �w

n

j w

1

; : : : ; w

n

2 Lg, with L

0

= f�g.

Moreover, L

�

=

S

1

i=0

L

i

.

A nonempty language C is 
alled a uniquely de
odable 
ode or simply a 
ode if, for all

positive integersm and n and for all words v

1

; : : : ; v

n

; u

1

; : : : ; u

m

2 C, the equation v

1

v

2

� � � v

n

=

u

1

u

2

� � � u

m

implies m = n and u

i

= v

i

for every i = 1; : : : ; n. In this paper we assume that

every 
ode 
ontains at least two words. If all the words of a language C have the same length

then C is a 
ode and is 
alled a uniform 
ode. A language of the form C

�

, where C is a 
ode,

is 
alled a 
oded language.

A 
hannel (over X) is a binary relation 
 � X

�

�X

�

. For the elements of the 
hannel 


we prefer to write (z  w) as opposed to (z; w). Then, (z  w) 2 
 means that the message

(word) z 
an be re
eived from w through the 
hannel 
. Note that, in general, the 
hannel is

noisy, meaning that, for (z  w) 2 
, it is possible that z 6= w; that is, z is re
eived from w

with errors.
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A language L is 
alled error-dete
ting for 
, [13℄, if the following 
ondition is satis�ed for

all words x 2 L [ f�g and y 2 X

�

:

y 2 L [ f�g and (y  x) 2 
 =) y = x:

The meaning of the above 
ondition is as follows: If a word y is re
eived and y is in L then y

must be equal to the transmitted word x; therefore y 
an be pro
essed 
orre
tly. Moreover, a

nonempty word of L 
annot be re
eived from the empty word, and the empty word 
annot be

re
eived from a nonempty word of L. The task of verifying that a language is error-dete
ting


ould require some e�ort even for apparently simple languages and 
hannels. We invite the

reader to show that, for K = f1011; 1101g, the 
oded language K

�

is error-dete
ting for the

SID 
hannel Æ

b

(1; 4) that allows up to 1 deletion in any four 
onse
utive symbols of a message

{ see the next se
tions for details on SID 
hannels.

Although error-dete
tion is a basi
 property of a 
ommuni
ations language, the pro
ess of

de
oding a word of su
h a language might require unbounded memory. This is be
ause the

de
oder needs to see the entire message in order to de
ide whether it is 
orre
t. For 
oded

languages, however, it is possible to de�ne the 
on
ept of error-dete
tion with �nite delay

whi
h ensures that, as long as a suÆ
ient number of 
onse
utive 
odewords is re
eived, the

pro
ess of de
oding those 
odewords 
an begin before re
eiving the rest of the message. On

the other hand, the de
oder 
an signal an error if it re
eives a part of the message whi
h is

not the 
on
atenation of a suÆ
ient number of 
odewords. In this 
ase, the de
oding pro
ess

gets suspended and what follows depends on the 
ommuni
ation proto
ol { usually involving

retransmission te
hniques. More formally, for a 
hannel 
 and a nonnegative integer d, we say

that the 
oded language C

�

is error-dete
ting for 
 with delay d, if the following 
ondition is

satis�ed for all v 2 C, z 2 C

d

X

�

and w 2 C

�

:

(vz  w) 2 
 =) w = vu and (z  u) 2 
 for some u 2 C

�

:

For any reasonable 
hannel 
 { an SID 
hannel, for instan
e (see below) { if C

�

satis�es the

above 
ondition then C

�

is indeed error-dete
ting for 
 [13℄. Moreover, if C

�

satis�es the above

then the 
ode C has �nite de
oding (de
iphering) delay at most d (in the sense of [2℄).

Example 1 Consider again the 
ode K = f1101; 1011g and re
all that the language K

�

is

error-dete
ting for Æ

b

(1; 4). However, K

�

is not error-dete
ting for that 
hannel with any

�nite delay. Indeed, assume that K

�

is error-dete
ting with delay d, for some nonnegative

integer d, and 
onsider the words w = (1101)

d+2

, v = 1011, and z = (1011)

d

101. By deleting

the �rst 1 of w we have that (vz  w) is in the 
hannel whi
h implies that w must start with

the 
odeword v; a 
ontradi
tion.

Example 2 Consider the 
ode C = f001; 011g and the 
hannel Æ

b

(1; 4). Then C

�

is error-

dete
ting for Æ

b

(1; 4) with delay 0. Indeed, suppose v 2 C, z 2 X

�

, and w 2 C

�

su
h that

(vz  w) is in Æ

b

(1; 4). Note that w must start with a 
odeword of the form 0b1 for some

symbol b 2 X. Then, w = 0b1u for some u 2 C

�

. Suppose that 0b1 results in some word

z

1

and u results in some word z

2

su
h that vz = z

1

z

2

. If there is a deletion in 0b1, then

jvj = jz

1

j + 1 and there 
an be no error on the symbol u[1℄ that follows 0b1. As u[1℄ = 0, we

have that v = z

1

0, whi
h 
ontradi
ts the assumption v 2 C. Thus, there 
an be no deletion in

01b, whi
h implies that v = z

1

= 0b1 and z

2

= z and, therefore, (z  u) 2 Æ

b

(1; 4). The 
ode
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C allows for the 
orre
t de
oding of messages in C

�

without delay as long as no error o

urs.

For example, suppose that the 
on
atenation of 
odewords 001, 011, 001, 001; : : : is transmitted

and a deletion o

urs in the third 
odeword, 001, so that we re
eive 001011010 � � �. Then, the


odewords 001 and 011 
an be de
oded 
orre
tly and an error is dete
ted when 010 is observed.

3 Error Types and SID Channels

In this work we 
onsider 
hannels that permit 
ombinations of three possible error types:

substitution, insertion, deletion, denoted by the symbols �, �, Æ, respe
tively. These symbols

are 
alled the basi
 error types. The set of error types is

f�; �; Æ; (� � �); (� � Æ); (� � Æ); (� � �� Æ)g:

The error types � and Æ are 
alled syn
hronization error types. Ea
h error type � 
an be

used to de�ne a distan
e fun
tion D

�

. In parti
ular, D

�

is the Hamming distan
e and, for

� 2 f(�� Æ); (� � �� Æ)g, D

�

is the Levenshtein distan
e for errors of type � [14℄.

An error spe
i�
ation is an expression of the form mx� su
h that m is a nonnegative

integer, � is an error type, and x is one of the symbols b and s indi
ating the terms burst

and s
attered, respe
tively. For an error spe
i�
ation mx� we shall assume that m > 0 unless

stated otherwise. Intuitively, this expression spe
i�es possible 
hanges (errors) that one 
an

make in a word to obtain another word. For example, the expression 3bÆ spe
i�es a size 3

burst of deletion errors and the expression 4s(�� Æ) spe
i�es 4 s
attered insertion-and-deletion

errors. More spe
i�
ally, let x and y be two words. We say that y obtains from x using ms� ,

if it is possible to transform x to y using exa
tly m (s
attered) errors of type � . We say that

y obtains from x using at most ms� , if y obtains from x using ks� , for some integer k with

0 � k � m. We say that y obtains from x using (at most) mb� , if there are words p; s; u; u

0

su
h that juj � m, x = pus, y = pu

0

s, and u

0

obtains from u using at most ms� . For example,

the word 111111 obtains from 0111110 using 2s(� � Æ), and the word 00010100 obtains from

0011100 using 2b(� � �).

For an error type � and two integers m and `, with 1 � m < `, the expression �

s

(m; `)

denotes an SID 
hannel with s
attered errors. Informally, (z  w) is in the 
hannel if it

is possible to obtain z from w using errors of type � su
h that no more than m errors 
an

be used in any fa
tor of length ` (or less) of w. We note that 
hannels �

s

(m; `) with � 2

f�; Æ; (�� Æ); (� � �� Æ)g are 
onsidered in [10℄ in the 
ontext of error-
orre
ting 
odes for su
h


hannels. As an example, 
onsider the 
hannel (� � Æ)

s

(2; 5) that permits a total of up to 2

substitutions and deletions in any fa
tor of length 5 of the message. As 101000 obtains from

w = 0000000 by deleting w[7℄ and substituting w[3℄ with 1 and w[1℄ with 1, it follows that

(101000  w) 2 (� � Æ)

s

(2; 5). On the other hand, to obtain 101001 from w using errors of

type (� � Æ), one symbol of w must be deleted and three of its symbols must be substituted.

But it is not possible to 
hoose four su
h symbols, unless three of them o

ur in a fa
tor of w

of length 5. Hen
e, (101001  w) =2 (� � Æ)

s

(2; 5).

Let m be a positive integer. A set B of m-burst errors is a set that 
onsists of pairs

(u

0

 u) su
h that juj � m. Of parti
ular interest are the SID sets of m-burst errors: For any

error type � , de�ne B

m

(�) = f(u

0

 u) j juj � m and u

0

obtains from u using at most mb�g.

Given a set B of m-burst errors and an integer ` > m, we de�ne the 
hannel �

`

[B℄ as follows:
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(z  w) 2 �

`

[B℄ if and only if there is an integer n � 0 and words x

0

; : : : ; x

n

, u

1

; : : : ; u

n

,

u

0

1

; : : : ; u

0

n

su
h that

� w = x

0

u

1

x

1

� � � u

n

x

n

and z = x

0

u

0

1

x

1

� � � u

0

n

x

n

;

� for all i = 1; : : : ; n� 1, jx

i

j � `� 1;

� (u

0

i

 u

i

) is in B and u

0

i

6= u

i

, for all i = 1; : : : ; n.

Informally, the above 
onditions mean that if z obtains from w through �

`

[B℄ then, in w,

there are zero or more bursts of errors ea
h of size m (or less) su
h that there is at most one

burst (or part of a burst) in any ` 
onse
utive symbols of w. In 
ase B = B

m

(�), we 
all

the 
hannel �

`

[B

m

(�)℄ an SID 
hannel with bursts of errors and we shall use the notation

�

b

(m; `) instead of �

`

[B

m

(�)℄ whi
h is 
onsistent with the notation we use for SID 
hannels

with s
attered errors. For example, let 
 = (� � � � Æ)

b

(2; 8), let w = 0

2

110

7

110

8

1, and let

z = 0

2

1000

7

00

8

010. Then (z  w) 2 
.

Next we obtain a few te
hni
al results 
on
erning SID 
hannels, whi
h are needed in the

sequel. The proofs 
an be found in the appendix.

Lemma 1 Let mx� be an error spe
i�
ation, other than ms(��Æ) and ms(����Æ), 
ontaining

at least two di�erent error types and let v and v

0

be two words of the same length. Then, v

0

obtains from v using at most mx� if and only if v

0

obtains from v using at most mx�.

Lemma 2 Let mx� be an error spe
i�
ation and let p; v; v

0

; s be words su
h that v and v

0

are

of the same length. Then, pv

0

s obtains from pvs using at most mx� if and only if v

0

obtains

from v using at most mx� .

We 
ontinue with a few interesting observations about the sets B

m

(�) that are used to

de�ne SID 
hannels with bursts of errors. In parti
ular, we establish relationships between

su
h sets involving di�erent error types. First we have the following utility results.

Lemma 3 Let m be a positive integer and let u and u

0

be two words su
h that juj � m and u

0

obtains from u using at most ms(� � �� Æ).

1. If ju

0

j � juj then u

0

obtains from u using at most ms(� � Æ).

2. If ju

0

j > juj then u

0

obtains from u using at most maxf1; 2m � 2gs(� � �).

3. If the alphabet X is binary and ju

0

j = juj + 1 then u

0

obtains from u using at most

ms(� � �).

Proposition 1 For all integers m � 2, B

m

(� � �� Æ) � B

m

(� � Æ) [B

2m�2

(� � �)

Proof. The 
laim follows easily from the previous Lemma. 2

A natural question that arises is whether the above proposition 
an be strengthened by

repla
ing B

2m�2

(� � �) with B

m

(� � �). It turns out that this is possible only when m < 5.

Proposition 2 Consider the alphabet X and a positive integer m. Then, B

m

(� � � � Æ) =

B

m

(� � Æ) [B

m

(� � �) if and only if m 2 f1; 2g, or m 2 f3; 4g and X = f0; 1g.
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Proof. Assume that B

m

(����Æ) = B

m

(��Æ)[B

m

(���). First we show that m � 4. Indeed,

suppose m � 5. Then there are positive integers q and r su
h that m = 3q + r and r � 2q

(for example, q = 1 and r = m� 3). Consider the words u = 0

q+r

1

q

0

q

and u

0

= 1

2q+r

0

q+r

1

q

.

Then, juj = m, ju

0

j = juj + q + r, and u

0

obtains from u using (2q + r)s� and qsÆ; therefore,

(u

0

 u) 2 B

m

(�� ��Æ). Suppose now that u

0

obtains from u using ks(�� �), for some integer

k with q+ r � k � m. Then also u obtains from u

0

using ks(�� Æ) whi
h implies that there is

a word z su
h that z obtains from u

0

using (q+ r)sÆ and u obtains from z using (k� q� r)s�

{ see [14℄ for instan
e. Then, z is of the form 1

2q+r�i

0

q+r�j

1

q�t

for some nonnegative integers

i; j; t with t � q and i + j + t = q + r. By distinguishing two 
ases depending on whether

j1

q

0

q

j � j0

q+r�j

1

q�t

j, it follows that D

�

(z; u) > 2q; therefore, k > q + r + 2q = m whi
h

is a 
ontradi
tion. Hen
e, m � 4. To 
omplete the `only if' part we need to show that, if

m 2 f3; 4g, then X must be f0; 1g. For the sake of 
ontradi
tion suppose there is a symbol

a 2 X n f0; 1g and 
onsider the words u = 01a

m�2

and u

0

= 1a0

m�1

, with m 2 f3; 4g. Then,

u

0

obtains from u using ms(� � � � Æ) but u 
annot obtain from u

0

using at most ms(� � Æ);

therefore, u

0


annot obtain from u using at most ms(� � �).

For the 
onverse, we note �rst that, obviously, B

m

(� � Æ) [ B

m

(� � �) � B

m

(� � � � Æ).

For the reverse in
lusion, let (u

0

 u) 2 B

m

(� � �� Æ) and 
onsider the following 
ases.

Case 1: m = 1. One veri�es by inspe
tion that (u

0

 u) 2 B

1

(� � Æ) [B

1

(� � �).

Case 2: m = 2. In this 
ase, 2m� 2 = 2 and it follows from Proposition 1 that (u

0

 u) 2

B

2

(� � Æ) [B

2

(� � �).

Case 3: m = 3 and X = f0; 1g. We use Lemma 3. If ju

0

j � juj then (u

0

 u) 2 B

m

(�� Æ).

If ju

0

j > juj there are two sub
ases. If no deletions are used to obtain u

0

from u then 
learly

(u

0

 u) 2 B

m

(� � �). If a deletion is used in obtaining u

0

from u then ju

0

j = juj + 1 and,

therefore, (u

0

 u) 2 B

m

(� � �).

Case 4: m = 4 and X = f0; 1g. We use again Lemma 3. If ju

0

j � juj then (u

0

 u) 2

B

m

(�� Æ). So assume ju

0

j > juj. If ju

0

j = juj+1 then we are done as in Case 3. If ju

0

j > juj+1

then, as juj � m = 4, it follows that ju

0

j = juj+2. If no deletion is used in u then we are done.

If a deletion is used in u then it is the only one and there are also exa
tly three insertions to

obtain u

0

. Hen
e, u

0

obtains from u using 3s� and 1sÆ. Then, using a long 
ase distin
tion,

one 
an verify that again (u

0

 u) 2 B

m

(� � �). 2

The above 
onsiderations motivate us to de�ne a new type of SID 
hannels with bursts of

errors as follows: For two error types �

1

and �

2

, let (�

1

_ �

2

)

b

(m; `) be the 
hannel �

`

[B

m

(�

1

)[

B

m

(�

2

)℄. Then, every burst of errors in a transmitted message is of type mb�

1

or mb�

2

. By

Proposition 2, it follows that, for X = f0; 1g and m < 5, the 
hannel ((�� �)_ (�� Æ))

b

(m; `)


oin
ides with the 
hannel (� � �� Æ)

b

(m; `).

4 A Coding S
hema for the Dete
tion of SID Errors

In [10℄, Levenshtein brie
y dis
usses the method of separators for 
orre
ting 
ertain s
attered

SID errors in messages, with �nite delay. Loosely speaking, if a 
oded language K

�

is error-


orre
ting for a 
hannel 
 with �nite delay then, for every re
eived message w, it is possible

to determine the �rst 
odeword of the original message by looking only at a pre�x of w of

bounded length. The method of separators involves 
hoosing an appropriate pair of words

(p; s) su
h that (pCs)

�

is error-
orre
ting for 
 with �nite delay, for any uniform 
ode C that

6



is error-
orre
ting for 
. In this se
tion we use the above idea to de�ne a formal method for

obtaining 
oded languages of the form (pCs)

�

that are error-dete
ting with �nite delay for SID


hannels with s
attered errors or with bursts of errors.

Let m be a positive integer. The symbol U

m

denotes the 
lass of all uniform 
odes of length

greater than m. For an error spe
i�
ation mx� , we write U

mx�

for the 
lass of all uniform


odes C su
h that C is error-dete
ting for �

x

(m; `

C

). By the de�nition of error-dete
tion and

by Lemma 1, the following obtains.

Lemma 4 Let mx� be an error spe
i�
ation.

� If � 2 f�; Æg then U

mx�

= U

m

.

� If � =2 f�; Æg and x = b then U

mx�

= U

mb�

.

� If � 2 f�; (� � Æ); (� � �)g and x = s then U

mx�

= U

ms�

.

It follows also that U

ms(����Æ)

� U

ms�

� U

mb�

� U

m

. Codes in the 
lasses U

ms�

and U

mb�

have been studied extensively { see [6℄, for instan
e. On the other hand, at a �rst glan
e, it

appears that 
odes in the 
lasses U

ms(����Æ)

and U

ms(��Æ)

have not been 
onsidered in the past.

By the results of [10℄, however, the following obtains.

Remark 1 Let � 2 f(�� Æ); (� � �� Æ)g and let m be a positive integer. A uniform 
ode C is

error-
orre
ting for �

s

(m; `

C

) if and only if it is error-dete
ting for �

s

(2m; `

C

).

The above follows when we note that (i) a 
ode C is error-
orre
ting for �

s

(m; `

C

) if and

only if D

�

(C) > 2m, and (ii) a 
ode C is error-dete
ting for �

s

(m; `

C

) if and only ifD

�

(C) > m.

We also note that, to our knowledge, only very few general 
onstru
tion methods exist for 
odes

that are error-
orre
ting for (� � Æ)

s

(m; `

C

) and only when m = 1 { see for instan
e [8℄ and

[15℄.

De�nition 1 Let mx� be an error spe
i�
ation. A pair of words (p; s) is 
alled a uniform

error-dete
tor for mx� (or simply an mx� -dete
tor) if there are two nonnegative integers d

and t su
h that, for every 
ode C in U

mx�

, the 
oded language (pCs)

�

is error-dete
ting for

�

x

(m; `

C

+ jpsj + t) with delay d. Then, we say that (p; s) has redundan
y jpj + jsj, delay d,

and o�set t.

For a given error spe
i�
ation mx� , the design of a uniform mx� -dete
tor should 
onsider the

following 
riteria.

1. Low redundan
y of the en
oding C 7! pCs: This is a
hieved by 
hoosing a pair (p; s)

with small redundan
y jpj+ jsj.

2. High frequen
y of the errors dete
table by (pCs)

�

: This is a
hieved by 
hoosing a pair

(p; s) with small o�set t.

3. Small amount of memory for de
oding words in (pCs)

�

: This is a
hieved by 
hoosing a

pair (p; s) with small delay d.

7



Our primary 
riterion will be the optimization of the redundan
y of a uniform error-dete
tor

(p; s). With this 
onstraint, we shall attempt to de�ne error-dete
tors with minimal delay and

minimal o�set.

The �rst result gives a ne
essary 
ondition on the stru
ture of uniform error-dete
tors that

involves the notion of period of a word. A positive integer k is 
alled a period of a nonempty

word w, if w[i℄ = w[k + i℄ for every i 2 f1; : : : ; jwj � kg. The smallest k satisfying this


ondition is 
alled the period of the word w and we denote it by per(w). It should be 
lear that

1 � per(w) � jwj. This 
on
ept is important in various domains in
luding pattern mat
hing

algorithms and game theory, [16℄, and word 
ombinatori
s [11℄.

Lemma 5 1. For any nonempty word w there are words u; x; y su
h that w = ux = yu and

jxj = jyj = per(w).

2. For every nonempty words u

1

; x

1

; u

2

; x

2

with ju

1

j = ju

2

j and u

1

x

1

= x

2

u

2

, if per(u

1

x

1

) >

jx

1

j then u

1

6= u

2

.

Proof. The statements follow easily if we note that k is a period of w if and only if, either

k � jwj, or w = xu = uy for some u 2 X

+

and x; y 2 X

k

. 2

Proposition 3 Let mx� be an error spe
i�
ation not in fmx�;ms(�� �� Æ);ms(�� Æ)g. If a

pair of words (p; s) is a uniform error-dete
tor for mx� then per(sp) > m and, therefore, the

redundan
y of (p; s) is greater than m.

Proof. Assume (p; s) is a uniform mx� -dete
tor and 
onsider �rst the 
ase where jspj > 0.

Then sp = ux = yu for some words u; x; y with jxj = jyj = per(sp). Suppose per(sp) � m.

We shall obtain a 
ontradi
tion by 
onstru
ting a uniform 
ode C that is error-dete
ting for

�

s

(m; `

C

) but the 
oded language (pCs)

�

is not error-dete
ting for �

x

(m; `

C

+ jpsj + t) with

�nite delay, for any x 2 fb; sg and for any nonnegative integer t. Let v = (1

jxj

0

jxj

)

1+dm=(2jxj)e

.

Then, the words xv and vy are of the same length and they di�er in at least m+ 1 positions;

therefore, the 
ode C = fxv; vyg is error-dete
ting for �

s

(m; `

C

). Now assume (pCs)

�

is error-

dete
ting for �

x

(m; `

C

+ jpsj+ t) with delay d, for some nonnegative integers t and d. Let w be

the word (pxvs)

d+3

= pxvyuxv(yuxv)

d+1

s if � 
ontains Æ, or (pvys)

d+2

otherwise. Consider

also the word

z =

(

pxvuxv(yuxv)

d+1

s; if � 
ontains Æ;

pxvys(pvys)

d+1

; otherwise.

In the �rst 
ase, z obtains from w by deleting the word y. In the se
ond 
ase, z obtains from

w by inserting the word x. Moreover, as the word z 
an be written as

(

(pxvs)(pvys)(pvys)

d

pvs; if � 
ontains Æ;

pxvs(pxvs)

d

pxvys; otherwise,

the assumption about (pCs)

�

implies that pxvs = pvys whi
h in turn implies that xv = vy; a


ontradi
tion.

Finally suppose jspj = 0. De�ne the 
ode C = f0

m

1

m

; 1

m

0

m

g whi
h is error-dete
ting for

�

s

(m; `

C

). Then, depending on � , one 
an 
hoose words y and u su
h that

(0

m

1

m

(0

m

1

m

)

d

y  (1

m

0

m

)

d+1

u) 2 �

x

(m; `

C

);

for any nonnegative integer d. Hen
e, C

�

is not error-dete
ting for �

x

(m; `

C

+ t) with �nite

delay, for any o�set t. 2

8



5 The Case of Burst Errors

In this se
tion we provide a detailed analysis on the stru
ture of uniform error-dete
tors for

SID 
hannels with bursts of errors. The analysis allows us to identify the error-dete
tors that

are optimal in terms of redundan
y, delay, and o�set.

Proposition 4 Let mb� be a burst-error spe
i�
ation and let (p; s) be a pair of words with

jspj > 0. If per(sp) > m then (p; s) is a uniform error-dete
tor for mb� with o�set 1 and

delay 2. Moreover, if p is empty then (p; s) has delay 1.

Proof. Suppose per(sp) > m and let C be any 
ode in U

mb�

. We show that (pCs)

�

is error-

dete
ting for 
 = �

b

(m; `

C

+ jspj + 1) with delay d 2 f1; 2g, where d = 1 if jpj = 0. For

this, assume (pv

0

s � � � pv

d

sy  pw

0

spw

1

su) 2 
, where w

0

; w

1

; v

0

; : : : ; v

d

2 C, y 2 X

�

, and

u 2 (pCs)

�

. We need to show that v

0

= w

0

and (pv

1

s � � � pv

d

sy  pw

1

su) 2 
. If there are no

errors in pw

0

s then we are done. So assume there is a burst (x

0

 x) 2 B

m

(�), with x 6= x

0

,

that a�e
ts pw

0

s; that is, there are words z

1

; z

2

; z

3

; z

0

3

with jz

1

j < jpw

0

sj and jz

2

j � `

C

+ jspj

su
h that pw

0

spw

1

su = z

1

xz

2

z

3

and pv

0

s � � � pv

d

sy = z

1

x

0

z

2

z

0

3

and (z

0

3

 z

3

) 2 
. Obviously

this is the only burst that a�e
ts pw

0

s. Let q = jx

0

j � jxj. Then, 0 � jqj � m. We distinguish

six 
ases about the sign of q and the position of the burst (x

0

 x) in pw

0

spw

1

su.

Case 1: q = 0 and the burst o

urs before the fa
tor w

1

of pw

0

spw

1

su; that is, jz

1

xj �

jpw

0

spj and pw

0

sp results in pv

0

sp, whi
h implies that v

0

= w

0

, as pCsp is in U

mb�

, and

(v

1

s � � � v

d

sy  w

1

su) 2 
. Hen
e, also (pv

1

s � � � pv

d

sy  pw

1

su) 2 
, as required.

Case 2: q = 0 and the burst a�e
ts the fa
tor w

1

of pw

0

spw

1

su; that is, jz

1

xj > jpw

0

spj.

Moreover, as jxj � m and jz

1

j < jpw

0

sj and jspj > m, we have that x is of the form s

2

px

1

and

x

0

is of the form s

2

py

1

, for some pre�x x

1

of w

1

and for some pre�x y

1

of v

1

and for some suÆx

s

2

of s. Now as there are no errors in z

2

, it follows that the 
odewords v

1

and w

1

di�er in at

most jx

1

j symbols. Hen
e, w

1

= v

1

whi
h implies that x

1

= y

1

. This, however, 
ontradi
ts the

fa
t that x 6= x

0

.

In the next four 
ases we assume jqj 6= 0. Then, sp = x

1

u

1

= u

2

x

2

for some words

x

1

; x

2

; u

1

; u

2

su
h that jx

1

j = jx

2

j = jqj and ju

1

j = ju

2

j = jspj � jqj. As per(sp) > jqj, it follows

that u

1

6= u

2

. Let k be the largest position of u

1

and u

2

su
h that u

1

[k℄ 6= u

2

[k℄.

Case 3: q < 0 and the burst o

urs before the position jqj + k of the fa
tor sp = x

1

u

1

of

pw

0

spw

1

su; that is, jz

1

xj � jpw

0

x

1

u

1

[1::k � 1℄j. In this 
ase, pw

0

x

1

u

1

[1::k � 1℄ results in the

pre�x pv

0

u

2

[1::k�1℄ of pv

0

s � � � pv

d

sy and the next symbol u

1

[k℄ results in u

2

[k℄ with no errors.

This 
ontradi
ts the fa
t that u

1

[k℄ 6= u

2

[k℄.

Case 4: q < 0 and the burst 
ontains the position jqj + k of the fa
tor sp = x

1

u

1

of

pw

0

spw

1

su; that is, jz

1

xj � jpw

0

x

1

u

1

[1::k℄j. In this 
ase, there 
an be no error in the pre�x

x

1

u

1

[1::k℄ of the se
ond sp in pw

0

spw

1

sp. Then, pw

0

spw

1

x

1

results in pv

0

spv

1

and the next

k symbols u

1

[1::k℄ result in the pre�x u

2

[1::k℄ of sp with no errors. This 
ontradi
ts the fa
t

that u

1

[k℄ 6= u

2

[k℄.

Case 5: q > 0 and the burst o

urs before the position k of sp = u

2

x

2

; that is, jz

1

xj �

jpw

0

u

2

[1::k � 1℄j. In this 
ase, pw

0

u

2

[1::k � 1℄ results in the pre�x pv

0

x

1

u

1

[1::k � 1℄ of

pv

0

s � � � pv

d

sy and the next symbol u

2

[k℄ results in u

1

[k℄ with no errors. This 
ontradi
ts

the fa
t that u

1

[k℄ 6= u

2

[k℄.

Case 6: q > 0 and the burst 
ontains the position k of the fa
tor sp = u

2

x

2

of pw

0

spw

1

su;

that is, jz

1

xj � jpw

0

u

2

[1::k℄j. In this 
ase, there 
an be no error in the pre�x u

2

[1::k℄ of the
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se
ond sp in pw

0

spw

1

sp. Then, pw

0

spw

1

results in pv

0

spv

1

x

1

and the next k symbols u

2

[1::k℄

result in the suÆx u

1

[1::k℄ of sp with no errors. This 
ontradi
ts the fa
t that u

1

[k℄ 6= u

2

[k℄. 2

For burst-error spe
i�
ations, Propositions 3 and 4 provide a 
omplete 
hara
terization of the

stru
ture of their uniform error-dete
tors. Moreover, it is possible to 
hara
terize pre
isely

all su
h error-dete
tors (p; s) having optimal redundan
y. Indeed, Proposition 3 implies that

m+ 1 is the smallest value of jpj + jsj and this value is possible when per(sp) � m+ 1. But,

as per(sp) � jspj, it follows that (p; s) is an error-dete
tor with optimal redundan
y when

jspj = per(sp). This 
ondition is equivalent to the 
onstraint that the word sp is unbordered

[11℄ (or self-un
orrelated [17℄): no proper and nonempty pre�x of sp is also a suÆx of sp.

It turns out that there are many unbordered words even for binary alphabets: about 27% of

all binary words are unbordered, and this quantity in
reases for larger alphabets [16℄. For

example, the words 0

7

1 and 0

2

1

2

0101 are unbordered and, therefore, the pairs (1; 0

7

) and

(1

2

0101; 0

2

) are uniform 7b� -dete
tors with delay 1 and o�set 1, for every error type � . We

summarize the above remarks as follows.

Corollary 1 Let mb� be a burst-error spe
i�
ation. A pair of words (p; s) is a uniform mb� -

dete
tor with optimal redundan
y if and only if jspj = m+ 1 and the word sp is unbordered.

The next result 
on
erns the question of whether an error-dete
tor with optimal redundan
y


an have o�set 0.

Proposition 5 Let mb� be a burst-error spe
i�
ation 
ontaining at least two di�erent basi


error types and su
h that mb� 6= 1b(��Æ) If (p; s) is an error-dete
tor for mb� with redundan
y

m+ 1 then (p; s) has o�set greater than zero.

Proof. The assumptions aboutmb� imply that � is in f(��Æ); (���); (��Æ); (����Æ)g. Assume

that (p; s) is anmb� -dete
tor with redundan
ym+1, o�set 0 and delay d, for some nonnegative

integer d. We shall obtain a 
ontradi
tion by 
onstru
ting a 
ode C 2 U

mb�

su
h that (pCs)

�

is not error-dete
ting for �

b

(m; `

C

+ jpsj) with delay d. First, write the word sp in the form

axb, for some a; b 2 X and x 2 X

�

, and let C = fxby; yaxg, where y = 1

m

0

m

1

m

. Then, C

is error-dete
ting for �

b

(m; `

C

) and, therefore, C 2 U

mb�

. Now let w be the word (pxbys)

d+3

if � 
ontains Æ, or (pyaxs)

d+3

otherwise; then w = pxby(axb)xby(axb)(xby(axb))

d

xbys or w =

pyax(axb)yax(axb)(yax(axb))

d

yaxs. Consider also the word

z =

(

pxby(a)xby(axa)(xby(axa))

d

xbys; if � 
ontains Æ;

pyax(axbxb)yax(bxb)(yax(bxb))

d

yaxs; otherwise.

Then, z = (pxbys)(pyaxs)(pyaxs)

d

pys or z = (pyaxs)(pxbys)(pxbys)

d

pxbyaxs. If � 
ontains

Æ, then z obtains from w by deleting the suÆx xb in the pre�x pxbyaxb of w, and then by

transforming d + 1 b's in w to a's using the errors permitted. If � does not 
ontain Æ, then

z obtains from w by inserting the word xb at the end of the pre�x pyaxa of w, and then by

transforming d + 1 a's in w to b's using the errors permitted. In either 
ase, it follows that

(z  w) 2 �

b

(m; `

C

+m+ 1) whi
h implies that pyaxs = pxbys; a 
ontradi
tion. 2

Consider an error type � that permits insertion errors. In [13℄ it is shown that there

exists no 
oded language that is error-dete
ting with delay 0 for any SID 
hannel of the form
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�

s

(m; `). The argument used for proving this statement 
an also be repeated for 
hannels of

the form �

b

(m; `). On the other hand, for an error type � in fÆ; (� � Æ)g it is possible to

de�ne mb� -dete
tors with delay 0. In fa
t, we obtain a pre
ise 
hara
terization of all those

error-dete
tors whi
h shows that the pro
ess of 
hoosing a pair (p; s) from a word w = sp is

important when it 
omes to the delay of (p; s) as an error-dete
tor. This observation follows

also from Proposition 4, where an empty p ensures that (p; s) has delay 1.

Lemma 6 Let mb� be a burst-error spe
i�
ation and let ` be an integer greater than m. For

every (z  w) in the 
hannel �

b

(m; `) one has that

jwj � jzj � mbjwj=(` � 1 +m)
+minfm; jwj%(` � 1 +m)g;

where jwj%(`� 1 +m) is the remainder of the integer division jwj=(` � 1 +m).

Proposition 6 Let � be an error type in fÆ; (� � Æ)g. A pair of words (p; s) is a uniform

error-dete
tor for mb� with delay 0 and o�set 1 if and only if s 2 X

�

a and p 2 (X n fag)

m

X

�

for some symbol a 2 X.

Proof. First we 
onsider the `if' part. Assume that s 2 X

�

a and p 2 (X n fag)

m

X

�

, and


onsider a 
ode C in U

mb�

and the 
hannel 
 = �

b

(m; `

C

+ jspj+ 1). We show that (pCs)

�

is

error-dete
ting for 
 with delay 0. For this suppose (pv

0

sy  pw

0

su) 2 
, where v

0

; w

0

2 C,

y 2 X

�

, and u 2 (pCs)

�

. Then, pw

0

s results in a pre�x z

0

of pv

0

sy and u results in the

word z with z

0

z = pv

0

sy; therefore, (z  u) 2 
. If jz

0

j = jpw

0

sj then z = y and z

0

= pv

0

s

whi
h implies that (y  u) is in 
 and that pv

0

s = pw

0

s as C is in U

mb�

. In this 
ase, we

are done. Now assume that jz

0

j < jpw

0

sj. Then a burst of errors a�e
ts pw

0

s and there are

d = jpw

0

sj � jz

0

j deletions in pw

0

s. Moreover, u = pw

1

su

0

for some w

1

in C and u

0

2 (pCs)

�

.

Now pv

0

s 
an be written as z

0

z

1

su
h that jz

1

j = d and z

1

obtains from some pre�x of pw

1

s.

In parti
ular, z

1

[d℄, the last symbol of z

1

, obtains from some symbol p[i℄ 2 X n fag of p, for

some i in f1; : : : ;mg. Moreover, it follows that z

1

obtains from p[1::i℄ through 
. If � = Æ,

then z

1

[d℄ = p[i℄ whi
h is impossible and the `if' part is 
omplete for the 
ase where � = Æ. So

suppose that � = (� � Æ) and that p[i℄ is substituted with a = z

1

[d℄.

First we argue that there is only one burst of errors in pw

0

sp[1::i℄. Indeed, if there are

two bursts then there will be at least `

C

+ jspj symbols of pw

0

sp[1::i℄ between the bursts and,

therefore, the �rst burst would o

ur in some pre�x p[1::i

1

℄ of p, where i > i

1

� d. Moreover,

the se
ond burst would o

ur after the pre�x p[1::i

1

℄ of p[1::i℄. But then the last symbol a of

pv

0

s would be equal to the symbol p[d℄ of p[1::i

1

℄ whi
h is impossible. Hen
e, only one burst

of (� � Æ) errors o

urs in pw

0

sp[1::i℄ su
h that the last symbol of p[1::i℄ is substituted with

a = z

1

[d℄. The beginning of the burst will be at or after the position jpj + `

C

�m+ 2 of pw

0

whi
h implies that v

0

di�ers from w

0

in at most m� 2 
onse
utive symbols. Hen
e, as C is in

U

mb�

, it follows that pw

0

s = pv

0

s. It remains to show that (y  u) is in 
.

Consider in more detail the �rst burst, say (u

0

1

z

1

u

0

2

 u

1

p[1::i℄u

2

), that o

urs in pw

0

spw

1

su

0

to get z

0

z

1

y, su
h that pw

0

s = xu

1

for some word x, z

0

= xu

0

1

, p[i + 1::jpj℄w

1

su

0

= u

2

x

2

for

some word x

2

, and y 2 u

0

2

X

�

with (y  u

2

x

2

) 2 
. Then, also (y  p[1::i℄u

2

x

2

) is in 
 by

deleting the pre�x p[1::i℄ of p[1::i℄u

2

x

2

and keeping the rest of the error bursts that existed in

u

2

x

2

. Note that this is possible sin
e the i deletions required for that already existed in the

part (u

0

1

z

1

 u

1

p[1::i℄) of the burst (u

0

1

z

1

u

0

2

 u

1

p[1::i℄u

2

) { re
all the d deletions in u

1

and

11



the jp[1::i℄j � jz

1

j deletions in p[1::i℄ to obtain z

1

. Hen
e, the `if' part is 
omplete when we

re
all that u = p[1::i℄u

2

x

2

.

We turn now to the `only if' part. Assume that (p; s) is a uniform error-dete
tor for mb�

with delay 0 and o�set 1. Then, jspj > m by Proposition 3. Suppose it is not the 
ase

that s 2 X

�

a and p 2 (X n fag)

m

X

�

. We distinguish three 
ases. In the �rst 
ase, s = �.

Let y = p[1::m℄ and let C = fyz; zyg, where z is any word of length m di�ering from y in

all positions; then C is in U

mb�

. Now it is the 
ase that (pzyp[m + 1::jpj℄yz  pyzpyz) is

in �

b

(m; `

C

+ jspj + 1) by deleting the word y in pyzpyz, whi
h implies that pyz = pzy; a


ontradi
tion.

In the se
ond 
ase, s = s

1

a, for some word s

1

, and jpj � m, but p is of the form p

1

ap

2

with

jp

1

j < m. Let C be any 
ode in U

mb�

with `

C

= 2mjspj� jspj+m+ jp

1

j, and let v be any word

in C. The word (pvs)

2jspj+3

is in (pCs)

�

and 
an be written as (pvs

1

a)(p

1

ap

2

vs)p

1

z, where

z = ap

2

vs(pvs)

2jspj

. Then, z 
an be written as z

1

� � � z

2jspj

y su
h that jyj = m and ea
h z

i

is of

length m+ `

C

+ jspj. Now 
onsider the word (pvs

1

a)p

2

vsp

1

z

0

su
h that (pvs

1

a)p

2

vsp

1

obtains

from (pvs

1

a)(p

1

ap

2

vs)p

1

by deleting the word ap

1

and z

0

obtains from z

1

� � � z

2jspj

y by deleting

the suÆx y and the pre�x of length m of every z

i

. Then, jzj� jz

0

j = (2jspj+1)m. Moreover, it

follows that ((pvs

1

a)p

2

vsp

1

z

0

 (pvs

1

a)(p

1

ap

2

vs)p

1

z) is in the 
hannel �

b

(m; `

C

+ jspj+1) and

the assumption about (p; s) implies that (p

2

vsp

1

z

0

 p

1

ap

2

vsp

1

z) is also in the 
hannel. Let

w = p

1

ap

2

vsp

1

z. By Lemma 6, jwj � jp

2

vsp

1

z

0

j � mbjwj=(`

C

+ jspj+m)
+minfm; jwj%(`

C

+

jspj+m)g whi
h gives 1 + jp

1

j+ jzj � jz

0

j � m(2jspj+ 1) + jp

1

j. This is impossible, however,

when we re
all that jzj � jz

0

j = m(2jspj+ 1).

In the third 
ase, s = s

1

a, for some word s

1

, and jpj < m. This 
ase 
an be eliminated

by 
onsidering the 
ode C = fa

`

C

; a

`

C

�(m+1)

b

m+1

g in U

mb�

, with `

C

= 2jsjm +m � jsj and

b 2 X n fag, and the word (pa

`

C

s)

2jsj+3

and then 
ontinuing as in the se
ond 
ase. We leave

the details to the reader. 2

6 The Case of S
attered Errors

Our �rst result gives a set of error-dete
tors for ms� , for any error type � . Then, we show

that, for � 2 f�; Æ; (� � Æ); (� � �)g, the result 
an be improved in terms of the redundan
y of

the error-dete
tors.

Proposition 7 Let ms� be a s
attered-error spe
i�
ation and let (p; s) be a pair of words. If

p 2 u

m

X

�

, for some word u with per(u) > m, then (p; s) is a uniform error-dete
tor for ms�

with delay 1 and o�set mjuj.

Proof. Assume p = u

m

x for some word x and 
onsider a 
ode C in U

ms�

. Let 
 = �

s

(m; `

C

+

jspj+mjuj) and take any (pv

1

su

m

xv

2

sy  pw

1

su

m

xw

2

su) in 
, where v

1

; v

2

; w

1

; w

2

2 C and

y 2 X

�

and u 2 (pCs)

�

. We need to show that v

1

= w

1

and (u

m

xv

2

sy  u

m

xw

2

su) 2 
. We

agree to write u

i

for the i-th fa
tor u of u

m

, where i 2 f1; : : : ;mg. Suppose that pw

1

s results

in some word z

1

, ea
h u

i

results in some word u

0

i

, and xw

2

su results in some word z

2

su
h that

z

1

u

0

1

� � � u

0

m

z

2

= pv

1

su

m

xv

2

sy. If jz

1

j = jpv

1

sj then z

1

= pv

1

s and we are done. So assume that

d � 1, where d = jjz

1

j � jpv

1

sjj; then at least d errors o

ur in pw

1

s and, therefore, d � m.

Moreover, there is k 2 f1; : : : ;mg su
h that there is no error in u

k

, namely u

0

k

= u

k

, and there

are at most m� d errors in u

1

� � � u

k�1

. Then, z

1

u

0

1

� � � u

0

k�1

u

0

k

obtains from pw

1

su

1

� � � u

k�1

u

k

12



and

jpw

1

su

1

� � � u

k�1

u

k

j �m � jz

1

u

0

1

� � � u

0

k�1

u

0

k

j � jpw

1

su

1

� � � u

k�1

u

k

j+m:

At the same time z

1

u

0

1

� � � u

0

k�1

u

0

k

is a pre�x of pv

1

su

1

� � � u

k

xv

2

sy, whi
h implies that u

0

k

is a fa
tor of pv

1

su

1

� � � u

k

xv

2

sy su
h that, either u

0

k

begins in the fa
tor u

k

of the word

pv

1

su

1

� � � u

k

xv

2

sy (when jz

1

u

0

1

� � � u

0

k�1

u

0

k

j � jpw

1

su

1

� � � u

k�1

u

k

j), or u

0

k

ends in the fa
tor u

k

of the word pv

1

su

1

� � � u

k

xv

2

sy (when jz

1

u

0

1

� � � u

0

k�1

u

0

k

j � jpw

1

su

1

� � � u

k�1

u

k

j). In either 
ase,

as u

0

k

= u

k

= u and the period of u is greater than m, it follows that the fa
tor u

0

k


oin-


ides with the fa
tor u

k

; therefore, jz

1

u

0

1

� � � u

0

k�1

u

0

k

j = jpv

1

su

1

� � � u

k�1

u

k

j. This implies that

(u

k+1

� � � u

m

xv

2

sy  u

k+1

� � � u

m

xw

2

su) 2 
 and (pv

1

su

1

� � � u

k

 pw

1

su

1

� � � u

k

) 2 
. The

former relation gives (u

m

xv

2

sy  u

m

xw

2

su) 2 
 and the latter one implies that pv

1

su

1

� � � u

k

obtains from pw

1

su

1

� � � u

k

using at most ms� . Moreover, Lemma 2 implies that v

1

obtains

from w

1

using at most ms� and, therefore, v

1

= w

1

. 2

The above statement allows us to de�ne various error-dete
tors for any s
attered-error

spe
i�
ation. The most eÆ
ient error-dete
tors based on this method are those of the form

(u

m

; �), where u is an unbordered word of length m+ 1.

In [13℄ it is shown that the 
oded language (0

m

X

`�2m�1

1)

�

is error-dete
ting for Æ

s

(m; `)

with delay 0, and for �

s

(m; `) with delay 1. With the terminology of the present paper it follows

that the pair (0

m

; 1) is a uniform msÆ-dete
tor with delay 0 and o�set m, and a uniform ms�-

dete
tor with delay 1 and o�set m. Moreover, by Proposition 3, (0

m

; 1) is an error-dete
tor

with optimal redundan
y. Unlike the 
ase of burst error-dete
tors where the o�set 
an be

independent of m, the o�set m of (0

m

; 1) 
annot be improved.

Proposition 8 If the pair (0

m

; 1) is a uniform msÆ-dete
tor with delay 0 and o�set t, then

t � m.

Proof. For the sake of 
ontradi
tion assume that the o�set t < m and 
onsider the 
ode

C = fw

1

; w

2

; w

3

g, where w

1

= 0

m

(10)

k

, w

2

= 0

m�1

(10)

k

1, w

3

= 1

2k+m

, k = 1+ bm=2
. Then,

C 2 U

m

. Now 
onsider the words 0

m

w

1

10

m

w

3

1 and 0

m�1

w

1

1w

3

1. Then, (0

m�1

w

1

1w

3

1  

0

m

w

1

10

m

w

3

1) 2 Æ

s

(m; `

C

+m+1+ t). Moreover, as 0

m�1

w

1

1w

3

1 2 0

m

w

2

1X

�

and (0

m

; 1) has

delay 0, it follows that w

2

= w

1

whi
h is impossible. 2

Before we present uniform error-dete
tors for (� � �) and (� � Æ), we establish 
ertain

notation and utility results some of whi
h are of interest in their own right.

Every nonempty word w 
an be written in the form a

n

1

1

a

n

2

2

� � � a

n

r

r

, where r; n

1

; : : : ; n

r

are

positive integers, a

1

; : : : ; a

r

2 X, and a

i

6= a

i+1

for all i 2 f1; : : : ; r � 1g. In this 
ase, ea
h

fa
tor a

n

i

i

of w is 
alled a run. We use the symbol whii to denote the i-th run of w. Now let r; n

be positive integers with r � 2. An (r; n)-alternating word is a word w of the form a

n

1

a

n

2

� � � a

n

r

,

where whii = a

n

i

for all i 2 f1; : : : ; rg. In the sequel, when we use the term (r; n)-alternating

word we assume without mention that r and n are positive integers with r � 2.

Lemma 7 Assume that X = f0; 1g and a

n

1

� � � a

n

r

is an (r; n)-alternating word. Consider the

word w = a

n�t

1

a

n

2

� � � a

n

r

, where t is a positive integer with t < n, and suppose that a pre�x p of

a

n

1

� � � a

n

r

obtains from w using k

1

s� and k

2

sÆ, for some nonnegative integers k

1

and k

2

. Then,

in obtaining p from w, the following statements hold true about k

1

s� and k

2

sÆ.

13



1. If fewer than jwhiij errors are used in whii for every i = 1; : : : ; r, then k

1

� r � 1.

2. If there is an i 2 f1; : : : ; r � 1g su
h that jwhiij errors are used in whii, then k

1

+ k

2

�

2n� t.

Proposition 9 Assume X = f0; 1g and let k be a nonnegative integer. Let u be an (r; n)-

alternating word and let v be a proper and nonempty suÆx of u.

1. If a pre�x of u obtains from v using ks(� � Æ), then k � minfr � 1; 2n� (juj � jvj)g.

2. If v obtains from a pre�x of u using ks(� � �), then k � minfr � 1; 2n� (juj � jvj)g.

Proof. Assume u = pv with p; v 6= �. For the �rst part, suppose that v results in a pre�x of u

using ks(� � Æ). If 2n � juj � jvj we are done. So assume juj � jvj < 2n. If juj � jvj = n+ t,

for some integer t with 0 � t < n, then v = a

n�t

2

a

n

3

� � � a

n

r

results in a pre�x of a

n

1

� � � a

n

r

using ks(� � Æ). But, as a

1

6= a

2

, there must be n � t errors in the pre�x a

n�t

2

of v. Hen
e,

k � n�t = 2n�(n+t) as required. Now assume juj�jvj = t with t < n; then v = a

n�t

1

a

n

2

� � � a

n

r

results in a pre�x of a

n

1

� � � a

n

r

using k

1

s� and k

2

sÆ, where k

1

+k

2

= k. We 
onsider three 
ases.

In the �rst 
ase, no run vhii of v has jvhiij errors. Then k

1

� r � 1 whi
h implies k � r � 1

as required. In the se
ond 
ase, some run vhii, with i 2 f1; : : : ; r� 1g, has jvhiij errors. Then,

k � 2n � t as required. In the third 
ase, there are jvhnij errors in the last run a

n

r

of v and,

therefore, k � n. If r = 2 we are done. If r � 3 then note that the word a

n�t

1

a

n

2

� � � a

n

r�1

results in a pre�x of a

n

1

a

n

2

� � � a

n

r�1

using (k � n)s(� � Æ) and, by Lemma 7, it follows that

k � n � minfr � 2; n� tg. Hen
e, k � minfr � 1; 2n� tg as required.

For the se
ond part, assume that v results from a pre�x of u using ks(� � �). Then the

pre�x of u results from v using ks(� � Æ) and the 
laim follows from the �rst part. 2

Proposition 10 Assume X = f0; 1g and let k be a nonnegative integer. Let v be a nonempty

word and let u be an (r; n)-alternating word.

1. If a pre�x of vu obtains from u using ks(� � Æ), then k � minfr � 1; 2n� jvjg.

2. If u obtains from a pre�x of vu using ks(� � �), then k � minfr � 1; 2n� jvjg.

Proof. We only show the �rst part; the se
ond part follows easily as in the previous proposition.

If u results in a pre�x of v then at least juj � jvj deletions must be used in u; therefore,

k � 2n � jvj as required. So assume that u results in vp, where p is a nonempty pre�x of u.

Then there is a pre�x x of u, with jxj � jvj, su
h that v obtains from x using k

1

s(� � Æ), and

p obtains from y using k

2

s(�� Æ), where k

1

+k

2

= k and y is su
h that u = xy. As there must

be exa
tly jxj � jvj deletions in jxj, we have that k

1

� jxj � jvj. If jxj � 2n then we are done.

So assume jxj < 2n. If jxj = n+ t with 0 � t < n then x = a

n

1

a

t

2

and y = a

n�t

2

a

n

3

� � � a

n

r

whi
h

results in a pre�x of a

n

1

� � � a

n

r

. Then, as a

1

6= a

2

, there must be n� t errors in the pre�x a

n�t

2

of

y and, therefore, k

2

� n� t. Hen
e, k

1

+k

2

� 2n�jvj as required. Now assume jxj < n. Then,

x = a

jxj

1

, y = a

n�jxj

1

a

n

2

� � � a

n

r

, and a pre�x of a

n

1

� � � a

n

r

obtains from y using k

2

s(� � Æ). This

implies that k

2

� minfr�1; 2n�jxjg, whi
h in turn implies that k

1

+k

2

� minfr�1; 2n�jvjg

as required. 2
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Proposition 11 Let m be a positive integer, let n = bm=2
+ 1, and assume X = f0; 1g. For

any (r; n)-alternating word a

n

1

� � � a

n

r

the following statements hold true.

1. If r � m + 1 then (�; a

n

1

� � � a

n

r

) is a uniform error-dete
tor for ms(� � Æ) with delay 1

and o�set 2n

2

.

2. If r � 2n + 1 then (�; a

n

1

� � � a

n

r

) is a uniform error-dete
tor for ms(� � Æ) with delay 1

and o�set 0.

Proof. We prove both statements simultaneously. Moreover, we only 
onsider the 
ase where

m � 2 and, therefore, n � 2. One 
an verify that the 
laim also holds for m = 1. Let C be any


ode in U

ms�

, let s = a

n

1

� � � a

n

r

, and let 
 = (� � Æ)

s

(m; `

C

+ jsj+ t), where t = 2n

2

if r = 2n,

and t = 0 if r � 2n+ 1. Suppose (v

1

sv

2

sy  w

1

sw

2

su) 2 
 for some words v

1

; v

2

; w

1

; w

2

2 C

and y 2 X

�

and u 2 (Cs)

�

. We need to show that v

1

= w

1

and (v

2

sy  w

2

su) 2 
. If there

are no errors in w

1

s then we are done. If there are only substitution errors in w

1

s then they all

o

ur in w

1

and, therefore, v

1

obtains from w

1

using up to m substitutions whi
h 
ontradi
ts

the fa
t that C 2 U

ms�

. Now assume there is at least one deletion in w

1

s. In parti
ular let d

1

be the number of deletions in w

1

, let d

2

be the number of deletions in the �rst s of w

1

sw

2

s,

and let d

3

be the number of deletions in w

2

. Then d

1

+ d

2

� 1.

If d

1

� 1 then w

1

results in a pre�x of length `

C

�d

1

of v

1

and s results in a pre�x of xs, where

x is the suÆx of length d

1

of v

1

. Then there are at least minfr�1; 2n�jxjg � minfm; 2n�d

1

g

errors in s and, therefore, at least d

1

+minfm; 2n�d

1

g errors in w

1

s whi
h is of length `

C

+ jsj.

This is a 
ontradi
tion, however, as 2n > m. So in the rest of the proof we assume that d

1

= 0

and d

2

� 1; then d

2

+d

3

� m. Also, w

1

sw

2

results in a pre�x of length `

C

+ jsj+ `

C

� (d

2

+d

3

)

of v

1

sv

2

and the se
ond s of w

1

sw

2

s results in a pre�x of xs, where x is the suÆx of length

d

2

+d

3

of v

1

sv

2

. Then, there are at least 2n�jxj = 2n� (d

2

+d

3

) errors in the se
ond s whi
h

gives at least m+ 1 errors in sw

2

s whose length is `

C

+ jsj+ jsj. Then a 
ontradi
tion arises

when r = 2n and t = 2n

2

, and the �rst statement is proved. So in the sequel we assume that

r � 2n+1 and t = 0; that is, the 
hannel 
 is (�� Æ)

s

(m; `

C

+ jsj). Consider the run shii = a

n

i

of s 
ontaining the �rst of the d

2

deletions.

Let w = a

n

i

a

n

i+1

� � � a

n

r

w

2

a

n

1

� � � a

n

i�1

; then jwj = `

C

+ jsj and w results in a pre�x of the

word a

n

i

a

n

i+1

� � � a

n

r

v

2

a

n

1

� � � a

n

i�1

using ks(� � Æ), for some integer k with d

2

+ d

3

� k < 2n.

We shall show that our assumptions lead to a 
ontradi
tion. First note that the word z =

a

n�1

i

a

n

i+1

� � � a

n

r

w

2

a

n

1

� � � a

n

i�1

obtains from w using the �rst deletion in a

n

i

and then a pre�x of

a

n

i

� � � a

n

r

v

2

a

n

1

� � � a

n

i�1

obtains from z using (k� 1)s(�� Æ). Hen
e, if i � r� 1 then there are at

least minfr�i; 2n�1g errors in the pre�x a

n�1

i

a

n

i+1

� � � a

n

r

of z. Also note that a

n

1

� � � a

n

i�1

results

in a pre�x of va

n

1

� � � a

n

i�1

, where v is the suÆx of length d

2

+ d

3

of v

2

; that is, jvj = d

2

+ d

3

.

Hen
e, if i � 3, there are at least minfi� 2; 2n� (d

2

+ d

3

)g errors in the suÆx a

n

1

� � � a

n

i�1

of z.

If i � 2 then k � 1 � minfr � 2; 2n � 1g whi
h implies that k � 2n; a 
ontradi
tion. If

i � 3 and i� 2 � 2n� (d

2

+ d

3

) then k � (d

2

+ d

3

) + 2n� (d

2

+ d

3

) whi
h is a 
ontradi
tion.

Finally, if i � 3 and i � 2 < 2n � (d

2

+ d

3

) then k � 1 � minfr � i; 2n + 1g + (i � 2) whi
h

implies that k � 2n; a 
ontradi
tion. 2

Proposition 12 Let m be a positive integer, let n = bm=2
+ 1, and assume X = f0; 1g. For

any (r; n)-alternating word a

n

1

� � � a

n

r

,

1. If r � m + 1 then (�; a

n

1

� � � a

n

r

) is a uniform error-dete
tor for ms(� � �) with delay 1

and o�set 2n

2

.
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2. If r � 2n + 1 then (�; a

n

1

� � � a

n

r

) is a uniform error-dete
tor for ms(� � �) with delay 1

and o�set 0.

Proof. We 
onsider the 
ase where m � 2, and, therefore, n � 2. One 
an verify that the


laim also holds for m = 1. Let C be any 
ode in U

ms�

, let s = a

n

1

� � � a

n

r

, and let 
 =

(� � �)

s

(m; `

C

+ jsj + t), where t = 2n

2

if r = 2n, and t = 0 if r � 2n + 1. Suppose

(v

1

sv

2

sy  w

1

sw

2

su) 2 
 for some words v

1

; v

2

; w

1

; w

2

2 C and y 2 X

�

and u 2 (Cs)

�

. We

need to show that v

1

= w

1

and (v

2

sy w

2

su) 2 
.

If there are no errors in w

1

s then we are done. If there are only substitution errors in w

1

s

then they all o

ur in w

1

, whi
h implies that D

�

(v

1

; w

1

) � m. This 
ontradi
ts the fa
t that

C 2 U

ms�

.

Now assume there is at least one insertion in w

1

s. In parti
ular, let i

1

be the number of

insertions in w

1

, let i

2

be the number of insertions in the �rst s of w

1

sw

2

s, and let i

3

be the

number of insertions in w

2

. Then i

1

+ i

2

� 1.

If i

1

� 1, then w

1

results in v

1

x, where x is a pre�x of s of length i

1

, and s results

in a suÆx of s of length jsj � i

1

followed by a pre�x of v

2

of length i

1

+ i

2

. Thus, there

is a pre�x of s that results in a proper and nonempty suÆx of s using ks(� � �), for some

nonnegative integer k. Then, by Proposition 9, k � minfr� 1; 2n� i

1

g whi
h implies i

1

+ k �

minfr + i

1

� 1; 2ng � m+ 1. So there are at least m+ 1 errors in w

1

s. But w

1

s is of length

`

C

+ jsj. This is a 
ontradi
tion.

Therefore, i

1

= 0, whi
h implies v

1

= w

1

. Also, 1 � i

2

� i

2

+ i

3

� m < 2n, and the �rst

error to o

ur in s is an insertion.

Now, w

1

sw

2

results in v

1

sv

2

followed by a pre�x of s of length i

2

+ i

3

, and the se
ond s

results in a suÆx of s of length jsj � (i

2

+ i

3

) followed by a pre�x of y of length at least i

2

+ i

3

.

Therefore a pre�x of s results in a proper and nonempty suÆx of s using ks(� � �), for some

nonnegative integer k. So k � minfr � 1; 2n � (i

2

+ i

3

)g, whi
h implies that k + i

2

+ i

3

�

minfr + (i

2

+ i

3

) � 1; 2ng � m + 1. So there are at least m + 1 errors in sw

2

s, whi
h is of

length `

C

+ 2jsj. A 
ontradi
tion arises whenever r � m + 1 implying jsj = 2n

2

= t, and the

�rst statement is proved.

For the remainder of the proof, we assume t = 0 and r � 2n+ 1.

Consider the run shji = a

n

j

of s that 
ontains the �rst of the i

2

insertions. Let b be the

inserted symbol. Suppose b 6= a

j

. Then there is a 
 su
h that n� 
 > 0 and ba

n�


j

a

n

j+1

� � � a

n

r

results in a word starting with the pre�x a

n�


j

a

n

j+1

� � � a

n

r

using (k�1)s(�� �) after the b. Sin
e

there 
an be no more errors in b, and b 6= a

j

, this is a 
ontradi
tion. So b must equal a

j

.

Let w = a

n

j

a

n

j+1

� � � a

n

r

w

2

a

n

1

� � � a

n

j�1

; then jwj = `

C

+jsj andw results in a

n

j

� � � a

n

r

v

2

a

n

1

� � � a

n

j�1

x

where x is a pre�x of a

n

j

� � � a

n

r

y, using ks(� � �), for some integer k with i

2

+ i

3

� k < 2n.

Note that there is a z = a

n+1

j

a

n

j

� � � a

n

r

w

2

a

n

1

� � � a

n

j�1

that obtains from w using the �rst insertion

error. Then a

n

j

� � � a

n

r

v

2

a

n

1

� � � a

n

j�1

x obtains from z using (k � 1)s(� � �).

Let u = a

n

j

� � � a

n

r

. So u obtains from a pre�x of a

j

u using ts(� � �), where t is an integer

su
h that t � k � 1.

If j � r� 1, then u is an (r� j+1; n)-alternating word. Applying Proposition 10, we have

k � 1 � t � minfr � j; 2n� 1g.

Now let u

0

= a

n

1

� � � a

n

j�1

. So u

0

results in a suÆx of u

0

x using t

0

s(� � �), where t

0

is an

integer with t

0

� k � (i

2

+ i

3

). Therefore there exists a pre�x of u

0

whi
h results in a suÆx of

u

0

. Also, k � 1 � t+ t

0

.
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If j � 3, then u

0

is a (j � 1; n)-alternating word and ju

0

j � (i

2

+ i

3

) > 0. Applying

Proposition 9, we have k � (i

2

+ i

3

) � t

0

� minfj � 2; 2n� (i

2

+ i

3

)g.

Suppose j � 2. Then k�1 �minfr�2; 2n�1g whi
h implies k � 2n This is a 
ontradi
tion.

Suppose j � 3 and j < r. If j � 2 � 2n� (i

2

+ i

3

) then k� (i

2

+ i

3

) � 2n� (i

2

+ i

3

), implying

k � 2n. This is a 
ontradi
tion. If j�2 < 2n�(i

2

+i

3

), then k�1 �minfr�j; 2n�1g+(j�2) =

minfr � 2; 2n � 3 + jg and sin
e j � 3, this implies k � minfr � 1; 2n + 1g � 2n, another


ontradi
tion.

Finally, if j = r, then j � 2 � 2n� 1 and thus k � 2n. This is a 
ontradi
tion. 2

7 Dis
ussion

We have presented an analysis of the method of separators for dete
ting syn
hronization (and

substitution) errors in the messages of a 
oded language. For the 
ase of burst errors, we were

able to obtain a simple ne
essary and suÆ
ient 
ondition on the stru
ture of the separators.

It would be interesting to �nd su
h a 
ondition on separators that dete
t s
attered errors as

well. This would allow us to evaluate the various separators for s
attered errors designed in

the paper.

Regarding separators for error-
orre
tion [10℄, it is straightforward to de�ne the parameters

of redundan
y and o�set as in this paper. On the other hand, the parameter of delay should

be de�ned with some 
are as the de�nition of \error-
orre
tion with �nite delay" given in [10℄

involves automata with output (�nite state ma
hines). If we ignore that parameter for now,

the results of [10℄ on \error-
orre
tors" (separators for error-
orre
tion) 
an be rephrased as

follows:

1. The pair (0

m

; 1

m

) is a uniform error-dete
tor for msÆ with redundan
y 2m and o�set 1.

2. The pair (�; 1

m

0

m

) is a uniform error-dete
tor for ms� with redundan
y 2m and o�set

2m.

3. The pair (�; (1

m+1

0

m+1

)

m+1

1

m

) is a uniform error-dete
tor for ms(� � � � Æ) and for

ms(�� Æ) with redundan
y 2(m+ 1)

2

+m and o�set 2(m+ 1)

2

+m.

If we ignore lower order terms, it follows that, for the same error spe
i�
ation, Levenshtein's

error-
orre
tors are twi
e as long as the error-dete
tors designed here. Intuitively, this observa-

tion is 
onsistent with the view that the amount of redundan
y for error-
orre
tion is (roughly)

twi
e the amount for error-dete
tion.

8 Appendix

This appendix 
ontains the proofs of several lemmata used in the paper.

Proof of Lemma 1. The `only if' part is obvious. For the `if' part, �rst assume that � 2

f(���); (��Æ)g. Then the statement follows easily when we note that, if v

0

obtains from v using

at mostmx� , only substitution errors 
an o

ur in v. Now assume that � 2 f(��Æ); (����Æ)g;

then x = b and v = pus and v

0

= pu

0

s su
h that (u

0

 u) is in B

m

(�). As jvj = jv

0

j, one has

that juj = ju

0

j whi
h implies that D

�

(v; v

0

) � m and, therefore, (u

0

 u) is in B

m

(�). Hen
e,

v

0

obtains from v using at most mx�. 2
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Proof of Lemma 2. If v = v

0

then the statement is obvious. So assume v 6= v

0

; then � =2 f�; Æg

and, therefore, � 
ontains �. Ifmx� is other thanms(��Æ) andms(����Æ), then the statement

follows easily from Lemma 1. Finally, if mx� is either of ms(� � Æ) and ms(� � � � Æ), then

the statement follows from the fa
t that D

�

(v; v

0

) = D

�

(pvs; pv

0

s) [10℄. 2

Proof of Lemma 3. For the �rst 
laim, we write u in the form xy for some words x and y

with jxj = ju

0

j. Then the 
laim follows when we note that u

0

obtains from u by deleting y and

substituting D

�

(u

0

; x) symbols in x. For the se
ond 
laim, if no deletions are used to obtain

u

0

from u then we are done. If at least one deletion is used then there must be at least two

insertions in u { so that ju

0

j > juj { and, therefore, ju

0

j � juj � m� 2. In this 
ase, u

0


an be

written as xy with jxj = juj and jyj � m � 2. Then the 
laim follows when we note that u

0

obtains from u by substituting D

�

(u; x) symbols in u and then inserting y at the end.

For the last 
laim, let X = f0; 1g and let k � m be su
h that u

0

obtains from u using

ks(� � � � Æ). Without loss of generality, suppose u[1℄ = 0. First assume that, for all i =

1; : : : ; juj, u

0

[i℄ 6= u[i℄ and u

0

[i+ 1℄ 6= u[i℄. Then it follows that u = 0

juj

and u

0

= 1

juj+1

. In this


ase, to obtain u

0

from u, all symbols of u must be deleted or substituted and at least a 1 must

be inserted. Hen
e, k � juj+1 whi
h implies juj < m. Then, u

0

obtains from u by substituting

u with 1

juj

and inserting a 1 at the end. Therefore, u

0

obtains from u using at most ms(�� �).

Now assume that there is i 2 f1; : : : ; jujg su
h that u

0

[i℄ = u[i℄ or u

0

[i+1℄ = u[i℄. In the former


ase suppose i is the smallest with this property. Then, u

0


an be written as u

0

1

u[i℄u

0

2

and u

as u

1

u[i℄u

2

su
h that ju

0

1

j = ju

1

j and D

�

(u

0

1

; u

1

) = ju

1

j. In the latter 
ase, suppose i is the

largest with the property u

0

[i+1℄ = u[i℄. Then, u

0


an be written as u

0

1

u[i℄u

0

2

and u as u

1

u[i℄u

2

su
h that ju

0

2

j = ju

2

j and D

�

(u

0

2

; u

2

) = ju

2

j. In either 
ase, u

0

obtains from u using at most

(ju

1

j+ ju

2

j)s� and then 1s�, whi
h proves the 
laim. 2

Proof of Lemma 6. Let q = bjwj=(` � 1 + m)
. Then w 
an be written as w

1

� � �w

q

x with

jxj = jwj%(` � 1 +m) and jw

i

j = ` � 1 +m. Also z 
an be written as w

0

1

� � �w

0

q

x

0

su
h that

(x

0

 x) and every (w

0

i

 w

i

) are in the 
hannel. As jw

i

j = ` � 1 + m and ` > m, in

ea
h w

i

either there are at most two bursts of errors, or three bursts of errors that involve

only insertions { the latter 
ase is possible only when ` = m + 1. It follows then that the

number of deleted symbols in the burst(s) is at most m and, therefore, jw

i

j � jw

0

i

j � m. Now

for the word x we have two 
ases. If jxj � m then at most jxj symbols 
an be deleted in x

and, therefore, jxj � jx

0

j � jxj. If jxj > m then, as jxj < ` � 1 +m, one 
an use the same

argument as above to infer that jxj � jx

0

j � m. In either 
ase, jxj � jx

0

j � minfjxj;mg. Hen
e,

jwj � jzj � qm+minfjxj;mg as required. 2

Proof of Lemma 7. For the �rst statement, note �rst that there is a word y su
h that y obtains

from w using k

2

sÆ and p obtains from y using k

1

s�. Then, y is of the form a

n�s

1

1

a

n�s

2

2

� � � a

n�s

r

r

,

where ea
h s

i

is a nonnegative integer with s

i

< n and n� s

1

� n� t. Then, to get p from y

using k

1

s�, 
onsider the fa
t that at least one symbol from ea
h run of y will appear in p with

no error. It follows then that at least the �rst symbol of ea
h run yhii, with i 2 f2; : : : ; rg, will

be substituted. Hen
e, k

1

� r � 1.

For the se
ond statement, there is a word y su
h that y obtains from w using jwhiij errors

in whii and p obtains from y using (k

1

+k

2

�jwhiij)s(��Æ). If i = 1 then whii = a

n�t

1

results in

a

s

2

, for some s 2 f0; : : : ; n� tg; therefore, y begins with a pre�x of the form a

s

2

a

n

2

. As a

1

6= a

2

,

obtaining p from y requires at least n errors in a

s

2

a

n

2

. Hen
e, k

1

+ k

2

� (n� t) + n = 2n� t. If
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i � 2 then whii = a

n

i

and y will 
ontain a fa
tor of the form a

n�t

i�1

a

s

i�1

a

n

i�1

, where a

s

i�1

results

from whii and s 2 f0; : : : ; ng. Thus, to get p from y at least n� t+ s errors are needed in the

fa
tor a

2n�t+s

i�1

of y. Hen
e, k

1

+ k

2

� 2n� t. 2
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