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Abstra
t: - The 
on
ept of word fa
torization 
onstitutes an important tool in various areas of

formal languages su
h as theory of 
odes and word 
ombinatori
s. Re
ently, a paper by Karhum�aki,

Plandowski, and Rytter [4℄ was devoted entirely to algorithmi
 problems of word fa
torizations. In

the present paper we de�ne 
ertain automata 
orresponding to regular fa
torizations that 
onstitute

the main tools for answering algorithmi
 questions related to su
h fa
torizations. In parti
ular, we

revisit some of the problems solved in [4℄ and give an answer to a question raised in [4℄. Moreover,

we 
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tions and time 
omplexity requirements in the proposed algorithms.
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1. Introdu
tion

The 
on
ept of word fa
torization 
onstitutes an important tool in various areas of formal languages

su
h as theory of 
odes and word 
ombinatori
s [2℄, [6℄. Re
ently, the paper [4℄ was devoted entirely

to algorithmi
 problems of word fa
torizations. In the present paper we de�ne 
ertain automata


orresponding to regular fa
torizations that 
onstitute the main tools for answering algorithmi


questions related to su
h fa
torizations. In parti
ular, we revisit some of the problems solved in [4℄

and give an answer to a question raised in [4℄. Moreover, we 
onsider a few additional problems

related to fa
torizations. Our presentation provides expli
it 
onstru
tions and time 
omplexity

requirements in the proposed algorithms.

The paper is organized as follows. In the next se
tion we re
all the de�nition of generalized

fa
torization and give a notation about �nite automata and transdu
ers. In Se
tion 3 we de�ne


ertain automata asso
iated to a given regular fa
torization. In Se
tion 4 we show how to answer

some of the problems 
onsidered in [4℄ using the automata de�ned in Se
tion 3. In parti
ular, we

give an answer to the problem of 
omputing minimal and maximal fa
torizations of a given word in

polynomial time. Finally, in Se
tion 5 we 
onsider the problem of 
omputing labeled fa
torizations

of a word as well as fa
torizations of a word satisfying 
ertain 
onditions on the number of the
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permitted fa
tors.

2. Basi
 Notions and Notation

An alphabet X is a �nite and nonempty set of symbols. A word (over X) is a �nite sequen
e of

symbols from X. A word w 
an be written as a

1

� � � a

n

, where a

i

is in X for all i. In this 
ase, n is

the length of the word w, and is denoted by jwj. The set of all words is denoted by X

�

. This set

in
ludes the empty word � whose length is zero. If w

1

and w

2

are two words then w

1

w

2

denotes the


on
atenation of w

1

and w

2

. We refer the reader to [7℄ for general information on formal languages.

A (�nite) automaton with empty transitions (a �-NFA for short) is a quintuple B = (X;Q;

s; F;E) su
h that X is the input alphabet, the pair (Q;E) is a labeled dire
ted graph with set of

verti
es Q, 
alled the set of states, and set of labeled edges E, 
alled the set of transitions, s is the

initial state in Q, and F is a subset of Q, 
alled the set of �nal states. The transitions in E are

words of the form qxq

0

su
h that q; q

0

2 Q and x 2 X [ f�g. In this paper we assume that X and

Q are always disjoint. A 
omputation of B is a word ! of the form p

0

x

1

p

1

� � � x

n

p

n

su
h that ea
h

fa
tor p

i�1

x

i

p

i

of ! is in E. The language a

epted by the automaton B is denoted by L(B).

The automaton is 
alled trim if, for every state q in Q, there is a path from s to q and a path

from q to a �nal state in F (when F is not empty). The size of B, denoted by jBj, is equal to

jQj + jEj. If B is trim then jQj � jEj + 1 and, therefore, jBj = �(jEj). The automaton B is an

NFA if, for every transition qxq

0

, x is not empty. It is 
alled deterministi
 if it is an NFA and, for

every transitions qxq

0

and qxq

00

, q

0

= q

00

.

A (�nite) transdu
er T is a sextuple (X;Y; Q; s; F;E) su
h that Y is the output alphabet and

the 
omponents X, Q, s, F , and E are as in the de�nition of �-NFAs with the following di�eren
e:

the transitions in E are of the form qx=yq

0

with q; q

0

2 Q, x 2 X

�

, and y 2 Y

�

. As before, the sets

Q and X [ Y are assumed to be disjoint. For a word w, T (w) is the set of all output words when

w is used as input to the transdu
er. The transdu
er is 
alled trim if, for every state q 2 Q, there

is a path from s to q and a path from q to a �nal state (when F 6= ;).

The size, jT j, of the transdu
er T is equal to jQj +

P

qx=yq

0

2E

(jx=yj). If T is trim then

jT j = �(

P

qx=yq

0

2E

(jx=yj)). The transdu
er is in standard form if, for every transition qx=yq

0

, one

has that x 2 X [ f�g and y 2 Y [ f�g. Note that the size of a trim transdu
er in standard form

is �(jEj).

We 
ontinue with a few 
on
epts related to fa
torizations from [4℄. A (generalized) fa
torization

F is a tuple (L

0

; L

1

; : : : ; L

k

) of languages, with k � 1. We write I

F

for the set of indi
es f1; : : : ; kg.

The languages L

1

; : : : ; L

k

are subsets of �

�

, where � is an alphabet, and L

0

is a subset of I

�

F

{ the

set I

F

is 
onsidered to be an alphabet. In the sequel, we assume that � is �xed, but arbitrary, and

that � is disjoint from I

F

[f(; )g. An F-fa
torization of a word w is a word ' in (�[f(; )g)

�

of the

form (w

1

) � � � (w

n

) su
h that ea
h w

i

is in L

t

i

, for some t

i

2 I

F

, and t

1

� � � t

n

is in L

0

. In this 
ase,

ea
h w

i

is 
alled a fa
tor of '. Note that a word w might have in�nitely many F -fa
torizations.

This 
an happen for instan
e when one of the languages L

i


ontains the empty word. For example,

let F = (1

�

2; a

�

; b

�

) be a fa
torization, and let w = bb. Then (�)

n

(bb) is an F -fa
torization of w

for all n � 0. An F -fa
torization ' of a word is �-free if every fa
tor of ' is nonempty. A labeled

F-fa
torization of w is a word  of the form t

1

w

1

t

1

� � � t

n

w

n

t

n

su
h that ea
h w

i

is in L

t

i

and

t

1

� � � t

n

is in L

0

.

The fa
torization F is regular if every language L

i

is a regular language. In this 
ase, F 
an be

represented by a tuple A = (A

0

;A

1

; : : : ; A

k

) of NFAs. In the sequel, we assume that A is �xed,

but arbitrary, and we write F

A

for the regular fa
torization represented by A. Moreover, we write

I

A

instead of I

F

A

.
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3. Automata for Fa
torizations

For ea
h regular fa
torization F

A

we shall de�ne three �nite automata that 
an be used to answer

questions about F

A

. Let A = (A

0

;A

1

; : : : ;A

k

) be an NFA representation of a fa
torization.

The automaton �

f

(A) in
ludes the states of the automaton A

0

and a 
opy of the automaton

A

i

for every transition qiq

0

of A

0

. The state q is 
onne
ted to the start state s

i

of A

i

with label (,

and every �nal state of A

i

is 
onne
ted to q

0

with label ). Let E

0

be the set of transitions of A

0

.

Then, for ea
h transition qiq

0

2 E

0

, the automaton �

f

(A) in
ludes the transitions q(s

i

and f)q

0

,

for every �nal state f of A

i

, and new 
opies of all the transitions of A

i

. By this 
onstru
tion, it

follows that the language a

epted by �

f

(A) 
onsists of all words of the form (w

1

) � � � (w

n

) su
h

that ea
h w

i

is in L(A

t

i

), for some index t

i

2 I

A

, and t

1

t

2

� � � t

n

2 L(A

0

). The size of �

f

(A) is

of order

P

qiq

0

2E

0

jA

i

j, whi
h is bounded by jA

0

jjA

max

j, where A

max

is an automaton of A with

maximal size.

The automaton �

`

(A) di�ers from �

f

(A) in that it represents all the labeled fa
torizations of

words as permitted by F

A

. As before, �

`

(A) in
ludes the states of the automaton A

0

and a 
opy

of the automaton A

i

for every transition qiq

0

of A

0

, su
h that q is 
onne
ted to the start state of

A

i

with label i, and every �nal state of A

i

is 
onne
ted to q

0

with label i. By this 
onstru
tion,

it follows that the language a

epted by �

`

(A) 
onsists of all words of the form t

1

w

1

t

1

� � � t

n

w

n

t

n

su
h that ea
h t

i

is in I

A

, and ea
h w

i

is in L(A

t

i

), and t

1

t

2

� � � t

n

2 L(A

0

). It follows that

j�

`

(A)j = j�

f

(A)j.

Finally, the automaton �(A) obtains from �

f

(A) by repla
ing ea
h transition of the form q(q

0

or q)q

0

with q�q

0

. The language a

epted by �(A) 
onsists of all words w

1

� � �w

n

su
h that ea
h w

i

is in L(A

t

i

), for some t

i

2 I

A

, and t

1

t

2

� � � t

n

2 L(A

0

). In other words, L(�(A)) 
onsists of all the

words that admit at least one F

A

-fa
torization. It follows again that j�(A)j = j�

f

(A)j.

4. Results Pertaining to [4℄

We address now the following problems using the tools de�ned in the previous se
tion.

1. Given a regular fa
torization F

A

and a regular language L, 
ompute the set of all words in

L that admit at least one F

A

-fa
torization.

2. Given a regular fa
torization F

A

and a regular language L, 
ompute the set of all F

A

-

fa
torizations of the words in L. In 
ase L 
onsists of a single word w the problem be
omes

the same as part (1) of Theorem 4.4 in [4℄.

3. Using the same te
hniques we 
an 
ompute the minimal and maximal F

A

-fa
to-rizations of

a given word in polynomial time { see the open problems se
tion in [4℄.

4. We show a polynomial time algorithm to de
ide whether a given F

A

-fa
torization possesses

the uniqueness property, using a result about transdu
er fun
tionality { see also Theorem 4.3

of [4℄.

Before we dis
uss the above problems, we need the following produ
t 
onstru
tion on transdu
ers

and automata [5℄. If T is a trim transdu
er in standard form and B is a trim �-NFA, then one


an 
onstru
t in time O(jT jjBj) the trim transdu
er T # B su
h that, for all words w and z,

z 2 (T # B)(w) if and only if z 2 T (w) and w 2 L(B). In other words, T # B a

epts as input only

the words in L(B) and, for ea
h of those words, the possible outputs are exa
tly the same as those

of the transdu
er T . Note that if we repla
e every transition qx=yq

0

of T # B with the transition

qyq

0

, we obtain a trim �-NFA that a

epts all words z su
h that z 2 T (w) for some word w in L(B).

We denote this �-NFA by B=T . Obviously, the size of B=T is O(jBjjT j). The above 
onstru
tion


an be used to de�ne, for any two �-NFAs B and C, a trim �-NFA B \ C su
h that jB \ Cj = jCjjBj

and L(B \ C) = L(B) \ L(C). We note that the automata B=T and B \ C are not new, but they

are normally de�ned for the 
ase where B and C are deterministi
 [8℄. Finally we note that if B is
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an NFA and T 
ontains only transitions of the form qx=yq

0

with y 6= � then the automaton B=T

is also an NFA.

For the �rst problem, assume that L is given by an NFA B. Then, the required language is

given by the automaton �(A) \ B that 
an be 
onstru
ted in time O(j�(A)jjBj).

For the se
ond problem, assume again that L is given by B. Constru
t a transdu
er T

(;)

that

takes as input a word w over � and outputs all possible fa
torizations of w; that is, T (w) 
onsists

of all words of the form (w

1

) � � � (w

n

) su
h that w = w

1

� � �w

n

. This transdu
er has two states s

and q, where s is the start and the only �nal state, and 2+ j�j transitions: s�=(q, q�=)s, and qa=aq

for all a in �. Obviously, jT

(;)

j = O(1) { re
all � is assumed to be �xed. Then, 
onstru
t the NFA

�

f

(A) \B=T

(;)

in time O(jBjj�

f

(A)j). Obviously, this automaton a

epts all the F

A

-fa
torizations

of the words in L. In 
ase L = fwg, the automaton B

w


an be 
onstru
ted from w in time O(jwj),

and the question 
an be answered in time O(jwjj�

f

(A)j).

For the third problem, 
onsider �rst 
omputing a minimal F

A

-fa
torization of a given word w

as well as an automaton a

epting all minimal F

A

-fa
torizations of w. As before, we 
onstru
t

the automaton �

f

(A) \ B

w

=T

(;)

, whi
h 
ontains no empty transitions { re
all ea
h A

i

is an NFA.

Then a shortest path of the automaton from the start state to a �nal state would give a minimal

F

A

-fa
torization. Su
h a path 
an be 
omputed in linear time, as the graph is unweighted. Let n

be the length of a minimal F

A

-fa
torization of w and let C

n

be an automaton of size O(n) a

epting

all words of length n over �[f(; )g. Then the automaton (�

f

(A)\B

w

=T

(;)

)\C

n

a

epts all minimal

F

A

-fa
torizations of w. As n 
annot ex
eed the number of states in the automaton �

f

(A)\B

w

=T

(;)

,

it follows that n = O(j�

f

(A)jjwj).

We 
an improve the above upper bound on n to O(jA

0

jjwj) as follows. Let

(�)

x

0

(y

1

)(�)

x

1

� � � (y

r

)(�)

x

r

be a minimal F

A

-fa
torization of w of length n su
h that ea
h fa
tor y

i

is nonempty and ea
h

integer x

j

is nonnegative. Then, r � jwj. Assume there is ` su
h that x

`

� jA

0

j. Then the

fa
tors (�)

x

`


orrespond to a 
omputation, say p

0

t

1

p

1

� � � t

x

`

p

x

`

, of the automaton A

0

su
h that

� is in L(A

t

j

) for all j = 1; : : : ; x

`

. As x

`

+ 1 ex
eeds the number of states in A

0

, at least one

state is repeated in the 
omputation, whi
h implies that there is a shorter sequen
e of indi
es,

say t

1

� � � t

j

t

j+


� � � t

x

`

for some 
 > 1, in L(A

0

). It follows then that a shorter fa
torization of w

obtains if we repla
e (�)

x

`

with (�)

x

`

�
+1

; a 
ontradi
tion. Hen
e, x

`

< jA

0

j for all ` = 0; : : : r

and, therefore, n = O(jwjjA

0

j). We 
an also show that this bound is tight. For example, let

F

A

= ((1

m

2)

�

; a

�

; fbg) and let w = b

r

for some m; r > 0. Then the minimal fa
torization of w is

' = (�)

m

(b) � � � (�)

m

(b) whose length is r(2m+ 3). Moreover, as A

0


an be 
hosen to have m+ 2

states, it follows that the length of ' is �(jA

0

jjwj). Hen
e, we have shown the following.

Theorem 4.1: Given a regular fa
torization F

A

and a word w, the problem of 
omputing an

NFA a

epting all minimal F

A

-fa
torizations of w 
an be 
omputed in time O(j�

f

(A)jjwj

2

jA

0

j).

We note that the number of minimal F

A

-fa
torizations of w 
ould be exponential with respe
t

to jA

0

j and jwj, even when none of the languages L(A

i

) 
ontains the empty word. For example,

let F

A

= (1

n

1

�

;�

+

) be the regular fa
torization su
h that a word w admits su
h a fa
torization if

w = w

1

� � �w

r

with r � n and w

j

6= � for all j. Obviously, a minimal F

A

-fa
torization of w 
onsists

of exa
tly n fa
tors. As there are jwj possible positions in w where a symbol ( 
an be pla
ed, it

follows that there are

�

jwj

n

�

ways of fa
toring w in n fa
tors.

Now we turn to 
omputing maximal F

A

-fa
torizations of the given word w. Let N be the total

number of maximal F

A

-fa
torizations of w. First we test whether N is in�nite. For this, it is
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suÆ
ient to test whether the trim part of the automaton �

f

(A) \ B

w

=T

(;)


ontains a 
y
le { this

is possible as the automaton 
ontains no empty transitions. This 
an be performed in linear time

using the well-known topologi
al sorting algorithm. If N is in�nite we are done. Otherwise, N


an be obtained if we 
ompute a longest path in the automaton �

f

(A) \ B

w

=T

(;)

from the start

state to a �nal state. Then, as before, the automaton (�

f

(A) \ B

w

=T

(;)

) \ C

N

a

epts all the

maximal F

A

-fa
torizations of w. Moreover, as in the 
ase of minimal fa
torizations, it follows that

N = O(jA

0

jjwj).

In 
ase we need to 
ompute the �-free fa
torizations of w, we 
an simply use the above methods,

after eliminating the empty word from ea
h of the languages L(A

i

). This 
an be done in linear

time by 
onstru
ting the automata A

0

i

= A

i

\C

+

, where C

+

is an automaton of size O(1) a

epting

the language �

+

.

For the fourth problem, we need the 
on
ept of transdu
er fun
tionality. A tarnsdu
er T is said

to be fun
tional if z

1

; z

2

2 T (w) implies that z

1

= z

2

. If the transdu
er T is in standard form then

the problem of whether the transdu
er T is fun
tional 
an be de
ided in time O(jT j

2

log jT j) [3℄. If

T is real time then the same problem is de
idable in time O(jT j

2

) [1℄. We also need the inverse of

a transdu
er T , denoted by T

�1

, whi
h is de�ned su
h that w 2 T

�1

(z) if and only if z 2 T (w).

The transdu
er T

�1


an be obtained from T in linear time by simply repla
ing ea
h transition

qx=yq

0

of T with the transition qy=xq

0

[8℄. Now let T

1

be a transdu
er of size O(1), in standard

form, that erases every input symbol in f(; )g and preserves every input symbol in �. Then, the

transdu
er T

1

# �

f

(A) is of size O(j�

f

(A)j) and su
h that w 2 (T

1

# �

f

(A))(') if and only if ' is an

F

A

-fa
torization of w. Then it follows that a given fa
torization F

A

has the uniqueness property if

and only if the transdu
er (T

1

# �

f

(A))

�1

is fun
tional. Hen
e, the uniqueness property of a given

fa
torization F

A


an be de
ided in time O(j�

f

(A)j

2

log j�

f

(A)j).

5. Further Results

In this se
tion we 
onsider the problem of 
omputing all F

A

-fa
torizations of the words in a given

regular language su
h that ea
h su
h fa
torization 
ontains at most m (or at least m, or exa
tly

m) fa
tors, for some given nonnegative integer m. Then we dis
uss how to modify our methods

about F

A

-fa
torizations of words to obtain analogous results about labeled fa
torizations.

For a given nonnegative integer m we de�ne the transdu
ers T

�m

, T

�m

, and T

m

as follows.

The input alphabet of the transdu
er T

�m

is �, the output alphabet is �[ f(; )g, the state set

is fq

0

; p

0

; : : : ; q

m

; p

m

g, the start state is q

0

, the �nal state is q

m

, and the set of transitions 
onsists

of q

i

�=(p

i

and p

i

x=xp

i

, where x 2 �, for i = 0; : : : ;m, and the transitions p

m

�=)q

m

and p

j

�=)q

j+1

,

for all j = 0; : : : ;m � 1. It follows that jT

�m

j = O(m) and that ' is in T

�m

(w) if and only if

' = (w

1

) � � � (w

r

) for some r � m, and w

1

� � �w

r

= w. Obviously, when m = 0 the transdu
er T

�m

is equal to the transdu
er T

(;)

introdu
ed in the previous se
tion.

The transdu
er T

�m

is de�ned similarly. The di�eren
es from T

�m

are as follows. The set of

states is fq

0

; p

0

; : : : ; q

m�1

; p

m�1

; q

m

g, the set of �nal states is fq

0

; : : : ; q

m

g, and the set of transitions


onsists of q

i

�=(p

i

, p

i

x=xp

i

, and p

i

�=)q

i+1

, for all i = 0; : : : ;m� 1. It follows that the size of T

�m

is O(m) and that ' 2 T

�m

(w) if and only if ' = (w

1

) � � � (w

r

) for some r � m, and w

1

� � �w

r

= w.

The transdu
er T

m

di�ers from T

�m

only in that q

m

is the only �nal state. Then, ' 2 T

m

(w)

if and only if ' = (w

1

) � � � (w

m

) and w

1

� � �w

m

= w.

Now 
onsider, for any given NFA B, the NFA �

f

(A)\B=T

�m

that a

epts all F

A

fa
torizations

' of the words in L(B) su
h that ' 
ontains at most m fa
tors. Using this observation, we obtain

the following.

Theorem 5.1: Given a regular fa
trorization F

A

, an NFA B, and a nonnegative integer m, the

length of a shortest word in L(B) su
h that the word has an F

A

-fa
torization with at most (or at

5



least) m fa
tors 
an be 
omputed (if it exists) in time

O(mj�

f

(A)jjBj log(mj�

f

(A)jjBj)):

Proof: Consider again the transdu
er T

1

of the previous se
tion that erases the sumbols

( and ), and preserves every symbol in � of the input word. Then the �-NFA C = (�

f

(A) \

B=T

�m

)=T

1

a

epts all words that have an F

A

-fa
trorization with at most m fa
tors. Repla
e now

ea
h transition q�q

0

of C with the weighted edge q0q

0

, and ea
h transition qxq

0

where x 2 � with

the weighted edge q1q

0

. Then C be
omes a weighted graph for whi
h the length of a shortest path


an be 
omputed in time O(jCj log jCj) using Dijkstra's algorithm.

In 
ase we want to 
ompute the length of a shortest word in L(B) that has an F

A

fa
torization

with exa
tlym fa
tors, we 
an 
ompute a shortest unweighted path in the automaton �

f

(A)\B=T

m

.

In this 
ase, the problem is solved in time O(mj�

f

(A)jjBj).

For the 
ase of labeled fa
torizations, our results 
an be revised as follows. First we use the

automaton �

`

(A) instead of �

f

(A). As this automaton 
ontains transitions of the form qtq

0

with

t 2 I

A

, ea
h of the transdu
ers T

�m

, T

�m

, T

m

, and T

1

must be modi�ed. For example, the new

transdu
er T

�m

should have the following transitions: q

i

�=tp

i

with t 2 I

A

and p

i

x=xp

i

with x 2 �,

for all i = 0; : : : ;m, and the transitions p

m

�=tq

m

and p

j

�=tq

j+1

with t 2 I

A

, for all j = 0; : : : ;m�1.

Obvioulsy now the size of ea
h of the new transdu
ers is in
reased by the fa
tor jI

A

j, whi
h should

be a

ounted in the time 
omplexities of the modi�ed algorithms.
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