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Abstra
t: A new 
onstru
tion of solid 
odes is introdu
ed. With this 
onstru
tion one obtains


lasses of solid 
odes whi
h are asymptoti
ally optimal in terms of information rate and whi
h

have low-
ost systemati
 en
oding and de
oding agorithms.

The 
onstru
tion uses a new result on the asymptoti
 average length of maximal runs in

words.
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1. Introdu
tion

In addition to symbol substitution errors as 
onsidered in traditional fault models for dig-

ital 
ommuni
ation, syn
hronisation errors are likely to o

ur in 
ommuni
ation systems

working at very high speed, with very low signal strengths or under adverse 
onditions.

To deal with syn
hronization problems in su
h 
ir
umstan
es one 
an send spe
ial syn-


hronization sequen
es in
urring some loss in speed or bandwidth, or one 
an utilize the

syn
hroniztion 
apabilities of 
ertain types of 
odes.

In this paper we 
onsider solid 
odes. These 
odes are 
omma-free and are error-

resistant in the following sense: Any 
orre
tly re
eived 
ode word in a re
eived message

will be de
oded 
orre
tly, that is, errors in the re
eived message will not a�e
t the de
oding

of the 
orre
tly re
eived 
ode words.

Solid 
odes were introdu
ed in [8℄ as strongly regular 
odes. They were re-named in [10℄

into 
odes without overlaps. As solid 
odes they were introdu
ed in [14℄ using a quite

di�erent approa
h, shown to be equivalent in [4℄. Se
tion 11 of [2℄ 
ontains a survey of

work on solid 
odes as of 1996. Sin
e then, a 
onstru
tion of all maximal �nite solid 
odes

over a given alphabet has been obtained in [7℄, whi
h also provides a re
ursive enumeration

of all maximal regular

5

solid 
odes. Further properties of maximal solid 
odes are derived
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in [1℄, in parti
ular, a 
ombinatorial 
hara
terization of all maximal solid 
odes 
ontained

in the set a

+

b

+

[a

+

b

+

a

+

b

+

. For the latter 
lass of solid 
odes a general method for analysing

their information rate (or redundan
y) is established in [3℄.

For a 
lass of 
odes to be useful in a 
ommuni
ation system with syn
hronization

problems at least the following requirements have to be met: (1) re-syn
hronization must

be essentially instantaneous; (2) 
oding and de
oding must be simple; (3) the 
onstru
-

tion must allow one to 
ontrol the error-dete
tion and error-
orre
tion properties; (4) the

information rate must be a

eptable. With these 
onstraints in mind, we explore the 
on-

stru
tion of a new 
lass of solid 
odes as follows: Starting from a 
ode L with known

properties we surround ea
h word in L by a prote
tive pair of of strings, its shield, turning

L into a solid 
ode L

0

, whi
h inherits at least some of the properties of L.

The shield 
onstru
tion is based on evaluating maximal run lengths in words. As an

auxiliary result, whi
h is of interest in its own right, we determine the asymptoti
s of the

average maximal run lengths in words.

We then apply this 
onstru
tion to the important spe
ial 
ase of L being a blo
k 
ode.

When L is a full blo
k 
ode of length n then the shields 
an be de�ned in su
h a way

that the information rate of L

0

is asymptoti
ally equal to 1 as n!1. For a blo
k 
ode L

dete
ting single substitution errors, the solid 
ode L

0

dete
ts single substitution, insertion

or deletion errors.

En
oding and de
oding with respe
t to L

0

, assuming L is a �nite 
ode, 
an be a
hieved

using �nite-state transdu
ers 
on
atenated with an en
oder and de
oder, respe
tively, for

L. Thus the overhead arising from the use of L

0

is quite small.

Our paper is stru
tured as follows: Following this introdu
tion, Se
tion 1 introdu
es

notation and reviews some basi
 notions. The 
onstru
tion of the shields uses maximal

runs of symbols in words; these are studied in Se
tion 3. Se
tion 4 
ontains the general


onstru
tion of solid 
odes from in�x 
odes using run-length-based shields. In Se
tion 5

we review known results regarding the information rate of solid 
odes. This prepares the

ground for the analysis of the asymptoti
 information rate of solid 
odes 
ontru
ted from

full blo
k 
odes in Se
tion 6. In Se
tion 7, we study error-dete
tion 
apabilities of solid


odes 
onstru
ted from blo
k 
odes. Some 
on
lusions are provided in Se
tion 8.

2. Notions and Notation

We introdu
e the notation used and brie
y review some notions from the theory of 
odes

as needed in the sequel. We use [2℄ as a general referen
e for the theory of 
odes, [12℄ for

the theory of blo
k 
odes

6

, [15℄ for syn
hronization issues in 
ommuni
ation, and [13℄ for

topi
s in the theory of formal languages.

The symbol N denotes the set of positive integers, N

0

= N[f0g and N

1

= N[f1g. An

alphabet is a �nite non-empty set the elements of whi
h are 
alled symbols. In this paper

the 
ase of alphabets with only a single symbol is trivial. We assume, therefore, that an

alphabet 
ontains at least two distin
t symbols, whi
h, for 
onvenien
e, we 
all a and b.

Let X be an alphabet. Then X

�

denotes the set of words over X, that is, the set of

�nite sequen
es of symbols in X in
luding the empty word ". The set X

�

is a free monoid

with respe
t to the 
on
atenation of words as produ
t. As usual, X

+

= X

�

n f"g. The

6

For the little of this theory used in this paper almost any other book on the topi
 would also be suÆ
ient.
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length of a word w 2 X

�

is the number of symbols in w denoted by jwj, that is, j"j = 0

and jwxj = jwj+ 1 for w 2 X

�

and x 2 X. For n 2 N

0

, X

n

denotes the set of all words of

length n over X. If w is a word then w

R

is the reverse of w.

A language over X is a subset of X

�

. For languages L;L

0

over X and i 2 N

0

,

LL

0

= fw j 9u 2 L 9v 2 L

0

: w = uvg;

L

i

=

�

f"g; if i = 0,

L

i�1

L; if i > 0,

L

R

= fw

R

j w 2 Lg

and

L

+

=

1

[

i=1

L

i

:

The language L is a 
ode if L

+

is a free semigroup with L as a set of free generators, that

is, if every word in L

+

has exa
tly one fa
torization over L.

On X

�

we 
onsider the following binary relations, letting u; v 2 X

�

:

� u �

p

v if v 2 uX

�

, that is, u is a pre�x of v. The word u is a proper pre�x of v if

u �

p

v and " 6= u 6= v.

� u �

s

v if v 2 X

�

u, that is, u is a suÆx of v. The word u is a proper suÆx of v if

u �

s

v and " 6= u 6= v.

� u �

i

v if v 2 X

�

uX

�

, that is, u is an in�x of v. The word u is a proper in�x of v if

u �

i

v and " 6= u 6= v.

� u !

ol

v if there exist u

1

; u

2

; v

1

2 X

+

su
h that u = u

1

u

2

and v = v

1

u

1

, that is, u and

v have an overlap.

When 
onsidering non-empty sets of in
omparable elements with respe
t to the these

relations one obtains 
ertain 
lasses of languages

7

:

� If L 2 X

+

is su
h that, for any u; v 2 L, u �

p

v implies u = v, then L is a pre�x


ode.

� If L 2 X

+

is su
h that, for any u; v 2 L, u �

s

v implies u = v, then L is a suÆx 
ode.

� If L 2 X

+

is su
h that, for any u; v 2 L, u �

i

v implies u = v, then L is an in�x


ode.

� If L 2 X

+

is su
h that u !

ol

v does not hold for any u; v 2 L then L is overlap-free.

� A solid 
ode is an overlap-free in�x 
ode.

� A uniform 
ode

8

is a subset of X

n

for some n 2 N . A uniform 
ode L � X

n

is said

to be a full uniform 
ode if L = X

n

.

Pre�x 
odes, suÆx 
odes, in�x 
odes, uniform 
odes and solid 
odes are, indeed, 
odes.

For the 
onstru
tion of solid 
odes we need the notion of near-inverses of integer

fun
tions from [3℄.

For m 2 N

1

, let I

m

= fi j i 2 N ; i < mg. Thus, I

1

= ;. As usual, let 1 + 1 = 1.

Consider a monotoni
ally in
reasing fun
tion

9

f : I

m

! N . When m = 1 then f is the

7

See [2℄ for details.
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In the theory of error-
orre
ting 
odes uniform 
odes are usually 
alled blo
k 
odes.

9

The fun
tion f need not be stri
tly monotoni
ally in
reasing.
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empty fun
tion. De�ne lim f as

lim f =

8

<

:

0; if f is empty,

1; if f is unbounded,

p; if f is bounded by p 2 N and f(j) = p for some j 2 I

m

.

De�nition 2.1 Let m;n 2 N

1

and let f : I

m

! N and g : I

n

! N be monotoni
ally

in
reasing fun
tions. Then f and g are said to be (m;n)-near-inverses of ea
h other if the

following 
onditions are satis�ed:

(1) If n =1, then lim g = m.

(2) If m =1, then lim f = n.

(3) For all i 2 I

n

,

g(i) =

�

minfj j j 2 I

m

; f(j) > ig; if su
h a j exists,

m; otherwise.

(4) For all j 2 I

m

,

f(j) =

�

minfi j i 2 I

n

; g(i) > jg; if su
h an i exists,

n; otherwise.

Let F

i

and G

j

be the sets used in 
onditions (3) and (4) in De�nition 2.1, that is,

F

i

= fj j j 2 I

m

; f(j) > ig

and

G

j

= fi j i 2 I

n

; g(i) > jg:

The 
onditions (3) and (4) 
ould, at a �rst glan
e, lead to g(i) =1 or f(j) =1 in some


ases, whi
h is, of 
ourse, not allowable. One veri�es that this 
annot happen [3℄.

Proposition 2.1 [3℄ Let m;n 2 N

1

.

(1) If f is a monotoni
ally in
reasing fun
tion, f : I

m

! N, bounded by n and su
h that

lim f = n when m = 1, then there is a unique monotoni
ally in
reasing fun
tion

g : I

n

! N su
h that f and g are (m;n)-near-inverses of ea
h other.

(2) If g is a monotoni
ally in
reasing fun
tion, g : I

n

! N, bounded by m and su
h that

lim g = m when n = 1, then there is a unique monotoni
ally in
reasing fun
tion

f : I

m

! N su
h that f and g are (m;n)-near-inverses of ea
h other.

(3) If f and g are (m;n)-near-inverses of ea
h other then g and f are (n;m)-near-

inverses of ea
h other.

4



Let m;n 2 N

1

and let f : I

m

! N be a mapping. We say that the 
ondition S(f;m; n)

is satis�ed if and only if f is monotoni
ally in
reasing, bounded by n, and lim f = n

when m = 1. In this 
ase, let g

f;m;n

be the near-inverse fun
tion of f as determined by

Proposition 2.1(1).

For the purposes of this paper

10

a 
hannel is a binary relation 
 on X

�

. The fa
t that

(v; u) 2 
 is interpreted to mean that the output of the 
hannel 
 
ould be v when its input

is u. A 
hannel is error-free if (v; u) 2 
 if and only if u = v. The errors that we 
onsider

are symbol substitutions, insertions or deletions, denoted by �, � and Æ, respe
tively. A


hannel that 
ould have any k of these errors altogether in any l 
onse
utive symbols

11

is denoted by � � � � Æ(k; l). Of 
ourse this model of a 
hannel abstra
ts from the true

situation in that it ignores highly improbable events. For a 
hannel 
 and a word w 2 X

�

,

let hwi




be the set of words w

0

su
h that (w

0

; w) 2 
, that is, w

0

is a possible output for

input w.

Let 
 be a 
hannel. A language L � X

+

is error-dete
ting for 
 if, for all w;w

0

2 L[f"g,

w

0

2 hwi




implies w

0

= w. The language L is (
; 1)-dete
ting if, for all w 2 L [ f"g and

for all w 2 L

�

, w

0

2 hwi




implies w

0

= w. The language L is (
; �)-dete
ting if L

�

is

error-dete
ting for 
.

3. Maximal Runs in Words

In this se
tion we determine asymptoti
 formul� for maximal runs in words. We 
onsider

the alphabet X = fa; bg: A word w 2 X

+

. has the form

w = a

�

1

b

�

1

a

�

2

b

�

2

� � �a

�

r

b

�

r

for some r 2 N , �

2

; : : : ; �

r

; �

1

; : : : ; �

r�1

2 N , and �

1

; �

r

2 N

0

. Ea
h of the words a

�

i

and

b

�

i

with 1 � i � r is 
alled a run of w. The 2r-tuple

�(w) = (�

1

; �

1

; �

2

; �

2

; : : : ; �

r

; �

r

)

is the run pattern of w.

For x 2 X, let �

x

be � if x = a and � if x = b. A run x

�

x

i

of w has length �

x

i

. A

maximal run of w is a run x

�

x

i

of w the length of whi
h is maximal. Let ��(w) be the length

of a maximal run of w. Moreover, let ��

x

(w) be the maximal length of a run of x in w. In

parti
ular, ��(") = ��

x

(") = 0.

The de�nitions of ��(w) and ��

x

(w) 
an be extended to alphabets with more than two

letters in an obvious way. In the sequel we o

asionally assume this generalization without

spe
ial mention.

For n 2 N 
onsider the set F

n

of words in X

n

su
h that, for w 2 F

n

, the �rst run of w

is not maximal. Let f

n

= jF

n

j. We determine lim

n!1

f

n

=2

n

.

10

A more general de�nition involving also in�nite words is provided in [2℄, whi
h spe
ializes to the one used

here.

11

See [5℄ for details.
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Proposition 3.1 The sequen
e f

n

=2

n


onverges to 1 with

f

n

=2

n

< f

n+1

=2

n+1

< 1:

Proof: For i; j 2 N , let C

i

(j) be the set of words in X

j

the �rst run of whi
h is maximal

and of length i; Let 


i

(j) = jC

i

(j)j. Clearly, 


i

(j) = 0 for j < i. Moreover, C

i

(i) = fa

i

; b

i

g

and, hen
e, 


i

(i) = 2 for all i.

Consider a word w 2 F

n+1

with

�(w) = (�

1

; �

1

; : : : ; �

r

; �

r

)

as its run pattern. Then w = w

0

a or w = w

0

b for some word w

0

and either

� w

0

2 F

n

or

� w

0

is a word the �rst and last runs of whi
h are both maximal and of length i, say.

In the latter 
ase w

0

has the form w

0

= a

i

bw

00

or w

0

= b

i

aw

00

with jbw

00

j = n � i or

jaw

00

j = n� i, respe
tively; moreover, the last run of bw

00

or aw

00

also has length i. As this

last run is maximal, the �rst run of the reverse word is maximal and, hen
e, the reverse

word is in C

i

(n� i). Note that i 
an be at most bn=2
. This establishes

f

n+1

= 2f

n

+

bn=2


X

i=1




i

(n� i):

Thus

f

n+1

2

n+1

=

f

n

2

n

+

bn=2


X

i=1




i

(n� i)

2

n+1

:

Note that f

1

= 0. Therefore,

f

n+1

2

n+1

=

n

X

j=2

bj=2


X

i=1




i

(j � i)

2

j+1

:

From this is follows that the sequen
e f

n

=2

n


onverges as it is bounded and monotoni
ally

in
reasing. Moereover,

lim

n!1

f

n

2

n

=

1

X

j=2

bj=2


X

i=1




i

(j � i)

2

j+1

= 


1

(1)=2

3

+ 


1

(2)=2

4

+ 


1

(3)=2

5

+ 


2

(2)=2

5

+ 


1

(4)=2

6

+ 


2

(3)=2

6

+ 


1

(5)=2

7

+ 


2

(4)=2

7

+ 


3

(3)=2

7

: : :

=

1

X

i=1

1

X

j=0




i

(i+ j)=2

2i+j+1

:

6



Let

t

i

=

1

X

j=0




i

(i+ j)=2

2i+j+1

:

Then

lim

n!1

f

n

2

n

=

1

X

i=1

t

i

:

Now 
onsider C

i

(n). Let D

i

(n) be the set of words of length n having a maximal run

of length i and let d

i

(n) = jD

i

(n)j. Removing the �rst run from ea
h word in C

i

(n) results

in the disjoint union of the sets D

1

(n� i); : : : ; D

i

(n� i) and, therefore,




i

(n) =

i

X

l=1

d

l

(n� i):

Division by 2

n+i+1

yields




i

(n)

2

n+i+1

=

i

X

l=1

d

l

(n� i)

2

n+i+1

:

Therefore,

t

i

�




i

(i)

2

2i+1

= t

i

�

1

2

2i

=

1

X

j=1




i

(i+ j)=2

2i+j+1

=

1

X

j=1

i

X

l=1

d

l

(j)=2

2i+j+1

=

i

X

l=1

 

1

X

j=1

1

2

2i�l

�

d

l

(j)

2

j+l+1

!

using the fa
ts that 


i

(i) = d

i

(i) = 2 and that 


i

(j) = d

i

(j) = 0 for j < i. De�ne

Æ

l

=

1

X

j=1

d

l

(j)

2

j+l+1

:

Then

t

i

�




i

(i)

2

2i+1

=

i

X

l=1

Æ

l

2

2i�l

:

Now 
onsider a word w 2 D

i

(n). Its �rst run may or may not be of length i. There are

d

i

(n� t) words in D

i

(n) the �rst run of whi
h has a length of t < i. If the �rst run of w

7



has length i 
onsider w

0

2 X

n�i

su
h that w = a

i

w

0

or w = b

i

w

0

. The maximal run length

in w

0

is any number from 1 to i. Thus

d

i

(n) = d

i

(n� 1) + : : :+ d

i

(n� i� 1) + d

1

(n� i) + : : :+ d

i

(n� i):

Then

d

i

(n)

2

n+i+1

=

i�1

X

l=1

�

1

2

l

�

d

i

(n� l)

2

n�l+i+1

�

+

i�1

X

l=0

�

1

2

i+l

�

d

i�l

(n� i)

2

n�l+1

�

=

i

X

l=1

�

1

2

l

�

d

i

(n� l)

2

n�l+i+1

�

+

i�1

X

l=1

�

1

2

i+l

�

d

i�l

(n� i)

2

n�l+1

�

:

As

Æ

i

=

1

X

j=1

d

i

(j)

2

j+i+1

one has

Æ

i

�

d

i

(i)

2

2i+1

= Æ

i

�

1

2

2i

=

=

1

X

n=i+1

d

i

(n)

2

n+i+1

=

i

X

l=1

 

1

2

l

�

1

X

n=i+1

d

i

(n� l)

2

n�l+i+1

!

+

i�1

X

l=1

 

1

2

i+l

�

1

X

n=i+1

d

i�l

(n� i)

2

n�l+1

!

:

As d

i

(j) = 0 for j < i, the �rst sum is equal to

i

X

l=1

 

1

2

l

1

X

n=i

d

i

(n)

2

n+i+1

!

= Æ

i

�

i

X

l=1

1

2

l

= (1� 2

�i

)Æ

i

and the se
ond sum is equal to

i�1

X

l=1

 

1

2

i+l

�

1

X

n=i�l

d

i�l

(n)

2

n�l+i+1

!

=

i�1

X

l=1

�

Æ

i�l

�

1

2

i+l

�

:

Thus,

Æ

i

�

1

2

2i

= Æ

i

� (1� 2

�i

) +

i�1

X

l=1

�

Æ

i�l

�

1

2

i+l

�

;

hen
e

Æ

i

2

i

=

1

2

2i

+

i�1

X

l=1

Æ

i�l

2

i+l

=

1

2

2i

+

i�1

X

l=1

Æ

l

2

2i�l

:
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Let

f = lim

n!1

f

n

2

n

and re
all that

f =

1

X

k=1

t

k

:

From

t

k

�

1

2

2k

=

k

X

l=1

Æ

l

2

2k�l

one 
omputes

f �

1

3

=

1

X

k=1

t

k

�

1

X

k=1

1

2

2k

=

1

X

k=1

k

X

l=1

Æ

l

2

2k�l

= Æ

1

�

1

X

k=1

1

2

2k�1

+

1

X

l=2

 

Æ

l

�

1

X

k=l

1

2

2k�l

!

=

Æ

1

2

�

1

X

k=0

1

2

2k

+

1

X

l=2

 

Æ

l

�

1

X

k=1

1

2

2k

� 2

l�2

!

=

2

3

� Æ

1

+

1

3

�R

where

R =

1

X

l=2

Æ

l

2

l�2

=

1

X

k=2

1

2

2k�2

+ Æ

1

�

1

X

k=2

1

2

2k�3

+

1

X

l=2

 

Æ

l

�

1

X

k=l+1

1

2

2k�l�2

!

=

1

3

+

2

3

� Æ

1

+

1

X

l=2

 

Æ

l

�

1

X

k=1

1

2

2k

� 2

l�2

!

=

1

3

+

2

3

� Æ

1

+

1

3

�R:

Observe that d

1

(n) = 2 for all n and hen
e

Æ

1

=

1

X

n=1

d

1

(n)

2

n+2

=

1

2

:

Therefore,

R =

2

3

+

1

3

�R;

that is, R = 1. Thus also f = 1: �
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Thus the asymptoti
 ratio of words with non-maximal �rst run is equal to 1. The next

quantity to be 
onsidered is the average maximal run length of words of length n, that is,

the quantity

��

n

=

1

2

n

X

w2X

n

��(w):

Using the fa
t that, for x 2 X and w 2 X

n

,

��(xw) =

�

1 + ��(w); if w 2 xX

�

n F

n

,

��(w); otherwise,

one �nds

��

n+1

= ��

n

+

1

2

n+1

� (2

n

� f

n

)

= ��

n

+

1

2

�

f

n

2

n+1

:

The initial value is

��

1

= 1:

Thus

��

n+1

= 1 +

n

2

�

1

2

�

n

X

i=1

f

i

2

i

:

To determine the asymptoti
s we 
onsider the average maximal run length ratio ��

n

=n. Thus

��

n

n

=

1

2n

+

1

2

�

1

2n

�

n�1

X

i=1

f

i

2

i

=

1

2n

+

1

2

�

n� 1

2n

�

 

1

n� 1

�

n�1

X

i=1

f

i

2

i

!

:

Using the fa
t that

lim

n!1

 

1

n� 1

�

n�1

X

i=1

f

i

2

i

!

= lim

n!1

f

n

n

= 1

one obtains

lim

n!1

��

n

n

= 0:

This proves the following statement.

Theorem 3.1 The average maximal run length ratio is

��

n

n

=

1

2n

+

1

2

�

1

2n

�

n�1

X

i=1

f

i

2

i

:

Its limit is 0.
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For x; y 2 X [ f"g and n 2 N , let

��

x;y

n

=

1

2

n

X

w2X

n

��(xwy):

Thus ��

";"

n

= ��

n

.

Corollary 3.1 For all x; y 2 X

�

one has lim

n!1

��

x;y

n

=n = 0.

Proof: For any w 2 X

n

,

��(w) � ��(xwy) � ��(w) + jxyj:

Moreover, for n large enough, there are words w su
h that the se
ond inequality is stri
t.

Therefore,

��

n

n

�

��

x;y

n

n

<

��

n

n

+

jxyj

n

for almost all n. Thus

lim

n!1

��

x;y

n

n

= lim

n!1

��

n

n

= 0:

�

4. Solid Codes Constru
ted Using Maximal Runs

In this se
tion we provide a 
onstru
tion of a vast 
lass of solid 
odes from in�x 
odes

using maximal runs in words. The 
onstru
tion is based on the following idea: One starts

with an in�x 
ode L. Ea
h word of L is then pre�xed by a suÆ
iently long sequen
e of

a's followed by a symbol di�erent from a and suÆxed by a symbol di�erent from b and

a suÆ
iently long sequen
e of b's. This 
onstru
tion preserves the property of being an

in�x 
ode; moreover the long pre�x with endmarker and the long suÆx with start marker

guarantee overlap-freeness. The length of these added pre�xes and suÆxes is determined

from the lengths of maximal runs in the word.

In the next se
tion we show { as an aside { that one marker 
an be omitted in the

spe
ial 
ase when L is a full uniform 
ode.

Consider a fun
tion f : N ! N satisfying S(f;1;1), that is, f is monotoni
ally

in
reasing with lim f = 1. Let

^

f be its near-inverse,

^

f = g

f;1;1

. For a non-empty �nite

sequen
e s 2 N

+

, s = (s

1

; s

2

; : : : ; s

jsj

), let max s = maxfs

i

j i = 1; : : : ; jsjg. We extend f

and

^

f to N

+

by

f(s) = f(maxs) and

^

f(s) =

^

f(maxs):

Lemma 4.1 With f and

^

f as above,

f(s) > max t or

^

f(t) > max s

for all s; t 2 N

+

.
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Proof: By de�nition

^

f(t) = minfj j f(j) > max tg:

Hen
e, if f(s) � max t then

^

f(t) > max s. �

In parti
ular, when applied to run lengths in words, Lemma 4.1 implies that, for w 2 X

+

one has

f(��

a

(w)) > ��

b

(w) or

^

f(��

b

(w)) > ��

a

(w):

We use the following observation.

Remark 4.1 If L � X

+

is an in�x 
ode then also (X n fag)L(X n fbg) is an in�x 
ode.

Proof: Let L

0

= (Xnfag)L(Xnfbg) and suppose that L

0

is not an in�x 
ode. Then there are

words w

1

; w

2

2 L

0

su
h that w

1

�

i

w

2

and w

1

= x

1

v

1

y

1

, w

2

= x

2

v

2

y

2

with x

1

; x

2

2 X n fag,

v

1

; v

2

2 L and y

1

; y

2

2 X n fbg. This implies that v

1

�

i

v

2

, hen
e v

1

= v

2

as L is an in�x


ode. As a 
onsequen
e, w

1

= w

2

. �

Theorem 4.1 Let L � X

+

be an in�x 
ode, let f : N ! N be a fun
tion satisfying

S(f;1;1) and let �̂

a

; �̂

b

: X

�

! N

0

su
h that

�̂

a

(w) � ��

a

(w) and �̂

b

(w) � ��

b

(w)

for all w 2 X

�

.

Then the language

K

f;L;�̂

a

;�̂

b

= fa

f(�̂

b

(w))

wb

^

f(�̂

a

(w))

j w 2 (X n fag)L(X n fbg)g

is a solid 
ode.

Proof: To simplify the notation, let L

0

= (Xnfag)L(Xnfbg) and let 
(u) = a

f(�̂

b

(u))

ub

^

f(�̂

a

(u))

for any u 2 L

0

.

First, assume that K

f;L;�̂

a

;�̂

b

is not an in�x 
ode. Then there exist u; v 2 L

0

su
h that


(u) �

i


(v) and 
(u) 6= 
(v). It follows that u �

i


(v). As u starts with a symbol di�erent

from a, the o

uren
e of u lies 
ompletely outside a

f(�̂

b

(u))

; similarly, as u ends with a

symbol di�erent from b, its o

uren
e lies 
ompletely outside b

^

f(�̂

a

(u))

. Thus, u �

i

v. By

Remark 4.1 L

0

is an in�x 
ode. Therefore, u = v 
ontradi
ting the assumption that 
(u)

and 
(v) are di�erent.

Next assume that K

f;L;�̂

a

;�̂

b

is not overlap-free. Then there exist u; v 2 L

0

{ not ne
es-

sarily distin
t { su
h that a proper pre�x p of 
(u) is a proper suÆx of 
(v) and p has the

form a

f(�̂

b

(u))

wb

^

f(�̂

a

(v))

. We distinguish four 
ases.

Case 1: p = a

f(�̂

b

(u))

ub

k

= a

l

vb

^

f(�̂

a

(v))

with k <

^

f(�̂

a

(u)) and l < f(�̂

b

(v)). Then u = v,

hen
e 
(u) = 
(v) and f(�̂

b

(u)) = f(�̂

b

(v)) = l, 
ontradi
tion.

Case 2: p = a

f(�̂

b

(u))

ub

k

= a

l

v

0

b

^

f(�̂

a

(v))

where v

0

is a proper suÆx of v with k <

^

f(�̂

a

(u))

and l � �̂

a

(v). Then u is a proper suÆx of v, 
ontradi
ting the fa
t that L

0

is an in�x 
ode.

Case 3: p = a

f(�̂

b

(u))

u

0

b

k

= a

l

vb

^

f(�̂

a

(v))

where u

0

is a proper pre�x of u with k � �̂

b

(u)

and l < f(�̂

b

(v)). Then u

0

= v, that is, v is a proper pre�x of u, 
ontradi
ting the fa
t that

L

0

is an in�x 
ode.

Case 4: p = a

f(�̂

b

(u))

u

0

b

k

= a

l

v

0

b

^

f(�̂

a

(v))

where u

0

is a proper pre�x of u, v

0

is a proper

suÆx of v and k � �̂

b

(u) and l � �̂

a

(v). Then f(�̂

b

(u)) � �̂

a

(v) and

^

f(�̂

a

(v)) � �̂

b

(u)


ontradi
ting Lemma 4.1. �
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In the next se
tion, we determine the information rate of 
odes of the form K

f;L;�̂

a

;�̂

b

for the alphabet X = fa; bg and some spe
i�
 
hoi
es of the parameters:

� Codes K

n

for n 2 N : L = X

n

, �̂

a

(w) = �̂

b

(w) = ��(w) for all w 2 X

�

and f(k) = k,

hen
e

^

f(k) = k + 1, for all k 2 N .

� Codes

^

K

n

for n 2 N : L = X

n

, �̂

a

(w) = ��

a

(w) and �̂

b

(w) = ��

b

(w) for all w 2 X

�

, and

f(k) = k, hen
e

^

f(k) = k + 1, for all k 2 N .

It turns out that the asymptoti
al information rate of these 
odes is optimal.

5. Information Rate and Redundan
y of Languages

An important parameter for assessing the eÆ
ien
y of a 
ode is its information rate { or

its redundan
y. We de�ne these notions for the 
ase of jXj = 2. The de�nitions easily

generalize to jXj > 2 by 
hanging the base of the logarithms to jXj instead of base 2.

Consider a �nite, non-empty 
ode L � X

+

. Let

s(L) =

X

w2L

jwj

be the sum of the word lengths of words in L and

ŝ(L) = maxfjwj j w 2 Lg

be the maximal word length of L. The information rate of L is

r(L) =

log jLj

s(L)

jLj

=

jLj � log jLj

s(L)

:

One has 0 � r(L) � 1: The minimal information rate of L is

r̂(L) =

log jLj

ŝ(L)

:

One has 0 � r̂(L) � r(L) � 1:

For an in�nite language L � X

+

we need to adjust this de�nition. We assume that L

is ordered by length, that is,

L = fw

1

; w

2

; : : :g

with jw

i

j � jw

i+1

j for i = 1; 2; : : : Let

L

n

= fw

1

; w

2

; : : : ; w

n

g

for n 2 N . The information rate and the minimal information rate of L are de�ned as

r

n

(L) = r(L

n

) and r̂

n

(L) = r̂(L

n

);

respe
tively.

The per-symbol-redundan
y of L is 1 � r̂(L) or 1 � r̂

n

(L), respe
tively. The notion of

redundan
y as used in [9, 10, 2℄ is that of absolute redundan
y. The per-symbol-redundan
y

is asymptoti
ally equal to the absolute redundan
y divided by the largest word length.

By translating results of [9, 10, 11, 3℄ we re
all the following fa
ts.
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Theorem 5.1 Let X = fa; bg.

(1) For almost all n 2 N and all solid 
odes in L � X

n

one has

r(L) < 1�

log(n� 1)

n

�

log e

n

:

(2) For almost all n 2 N there is a solid 
ode L � X

n

with

r(L) & 1�

logn

n

�

2 + log log e

n

:

(3) There are 
onstants 


1

; 


2

2 R with 


1

> 1 su
h that, for every in�nite solid 
ode

L � X

+

, one has

r̂

n

(L) <

1




1

+




2

log n

for almost all n.

(4) There is an in�nite overlap-free pre�x 
ode L � X

+

su
h that

r̂

n

(L) �

1

1 +

3

2

log log n

log n

:

(5) For every in�nite solid 
ode L � a

+

b

+

a

+

b

+

one has

r̂

n

(L) .

logn

p

2n

:

Asymptoti
ally, the bounds of Theorem 5.1(1-2) are equal to 1. The bound of (3)


onverges to 1=


1

< 1; the size of 


1

is not known. For (4), one has r̂

n

(L) � r

n

(L) ! 1.

In the 
ase of (5), r̂

n

(L) 
onverges to 0; however, the asymptoti
 behaviour of r

n

(L) is

unknown.

Coding and de
oding for the 
odes 
onstru
ted for Theorem 5.1 (2) and (4) seems to

be highly 
ompli
ated. In the next se
tions we show how to 
onstru
t eÆ
ient solid 
odes

with 
ontrollable error 
hara
teristi
s for whi
h 
oding and de
oding is very simple.

6. Information Rate of Solid Codes from Runs

In this se
tion we determine the information rate { or, alternatively, the redundan
y { of


odes K

f;L;�̂

a

;�̂

b


onstru
ted a

ording to Theorem 4.1 when X = fa; bg, L = X

n

for some

n 2 N , �̂

a

(w) = �̂

b

(w) = ��(w) for all w 2 X

�

, and f(k) = k, hen
e

^

f(k) = k + 1, for all

k 2 N . To simplify notation, we write K

n

instead of K

f;L;�̂

a

;�̂

b

in this 
ase. Thus K

n


onsists

of exa
tly the words

a

��(bwa)

bwab

��(bwa)+1

for w 2 X

n

. As X

n

is an in�x 
ode, the set K

n

is a solid 
ode. By 
onstru
tion, jK

n

j = 2

n

.
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Let

s

n

=

X

v2K

n

jvj:

Then the information rate of K

n

is

r

n

= r(K

n

) =

n2

n

s

n

:

For s

n

one 
omputes

s

n

=

X

w2X

n

(n+ 2��(bwa) + 3)

= 2

n

(n+ 3) + 2

X

w2X

n

��(bwa):

= 2

n

(n+ 3) + 2

n+1

��

b;a

n

:

Thus

r

n

=

1

1 +

3

n

+

2��

a;b

n

n

:

This proves the following asymptoti
 information rate for the solid 
odes K

n

.

Proposition 6.1 Let X = fa; bg and let r

n

be the information rate of the solid 
ode K

n

for n 2 N. Then

lim

n!1

r

n

= 1:

Thus the asymptoti
 information rate r of the 
odes K

n

is equal to 1, that is, asymp-

toti
ally the 
odes are optimal with respe
t to information rate.

A slightly more eÆ
ient 
onstru
tion { omitting one of the markers { than the one of

K

n

is possible when L is restri
ted to be a full uniform 
ode as in the present se
tion. For

any n 2 N , let

K

0

n

= fa

��(wa)

wab

��(wa)+1

j w 2 X

n

g:

Proposition 6.2 The set K

0

n

is a solid 
ode for ea
h n 2 N.

Proof: To simplify notation, let 
(w) = a

��(wa)

wab

��(wa)+1

for any w 2 X

n

. First, suppose

thatK

0

n

is not an in�x 
ode. Then there are distin
t words u; v 2 X

n

su
h that 
(u) �

i


(v).

Thus there are words v

1

and v

2

with 
(v) = v

1


(u)v

2

and v

1

v

2

6= ". Let v

0

1

= v

1

a

��(ua)

and

v

0

2

= ab

��(ua)+1

v

2

. Thus 
(v) = v

0

1

uv

0

2

.

As u and v are distin
t and have the same length, u 6�

i

v. Therefore, only the following

two 
ases are possible.

Case 1. v

0

2

2 a

�

vab

��(va)+1

: Thus u = a

n

and ��(ua) = n + 1 resulting in 
(u) =

a

n+1

a

n

ab

n+2

. Moreover, v

0

1

2 a

�

and, therefore,

��(va) � jv

0

1

j+ n = jv

1

j+ 2n+ 1:
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This implies that va must have run of length at least 2n+ 1, whi
h is impossible.

Case 2. There is a proper suÆx s of v su
h that v

0

2

= sab

��(va)+1

: Then u has a proper

pre�x of the form a

jsj

and s = ab

jsj�1

. Thus ��(ua) � jsj. As

v

0

2

= ab

��(ua)+1

v

2

= sab

��(va)+1

and jsj > 0, it follows that ab

��(ua)+1

is a pre�x of of s, hen
e jsj > ��(ua), a 
ontradi
tion.

This proves that K

0

n

is an in�x 
ode.

Now suppose that K

0

n

is not overlap-free. Hen
e there are words u; v 2 X

n

, not ne
es-

sarily distin
t, su
h that a proper pre�x 
(u) is a proper suÆx of 
(v).

Thus, let u

1

; u

2

; v

1

2 X

+

su
h that 
(u) = u

1

u

2

and 
(v) = v

1

u

1

. It follows that

u

1

2 a

��(ua)

�ub

��(va)+1

for some �u 2 X

�

and v

1

2 a

+

X

�

. Only the following 
ases are possible.

Case 1. u

2

2 X

�

ab

��(ua)+1

: Then ua has a run of b's of length at least ��(va) + 1, hen
e

��(va) < ��(ua) � n:

Moreover,

j�uj+ ��(va) + 1 � n = juj = jvj:

We distinguish two sub
ases.

Case 1a. jv

1

j � ��(va): Then va has a run of a's of length at least ��(ua). Hen
e ��(ua) �

��(va), a 
ontradi
tion.

Case 1b. jv

1

j < ��(va): Then va has a run of a's of length at least n � j�uj. Hen
e

��(va) � n� j�uj, but n� j�uj � ��(va) + 1, a 
ontradi
tion.

Case 2. u

2

2 b

+

: Then �u 2 uab

�

, j�uj � n+1 and ��(va) < ��(ua). Consequently, �u 2 X

�

va

and ��(ua) � ��(va), again a 
ontradi
tion.

This proves that K

0

n

is overlap-free, hen
e a solid 
ode. �

The information rate of the 
odes K

0

n

is only marginally better than that of the 
odes

K

n

. Moreover, asymptoti
ally their information rates are the same.

We now turn to the 
lass of 
odes

^

K

n

mentioned at the end of the previous se
tion. In

this 
ase X = fa; bg, L = X

n

, �̂

a

= ��

a

, �̂

b

= ��

b

, and again f(k) = k for all k 2 N . Thus

^

K

n

is the set of all words of the form

a

�̂

b

(bwa)

bwab

�̂

a

(bwa)+1

:

As the information rates r̂

n

of the 
odes

^

K

n

satisfy r

n

� r̂

n

, it follows that also lim

n!1

r̂

n

=

1.

7. Error-Dete
tion Capabilities

In this se
tion we determine error-dete
tion 
apabilities of 
odes 
onstru
ted a

ording

to Theorem 4.1. For a non-empty �nite language L � X

+

let l

L

= maxfjwj j w 2 Lg.

Let 


L

be a 
hannel admitting at most one symbol substitution, insertion or deletion in

any 
onse
utive l

L

symbols; in the terminology of [2, 5℄ one has 


L

= � � � � Æ(1; l

L

). We

apply the 
onstru
tion to blo
k-
odes dete
ting single substitution errors. We show that

the resulting languages L are (


L

; �)-dete
ting. As a preparation, we prove an auxiliary

result being of some interest in its own right.
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Proposition 7.1 Let n 2 N, X = fa; bg, and let C � X

n

, C 6= ;, su
h that C is error-

dete
ting for the 
hannel

12

�(1; n). Let h

a

; h

b

: X

+

! N be mappings. Then the language

L

C;h

a

;h

b

= fa

h

a

(bwa)

bwab

h

b

(bwa)

j w 2 Cg

is error-dete
ting for the 
hannel 


L

C;h

a

;h

b

.

Proof: Let w;w

0

2 L

C;h

a

;h

b

[ f"g and w

0

2 hwi




L

C;h

a

;h

b

. We show that w

0

= w.

Note that every word in L

C;h

a

;h

b

has at least a length of n + 4. Hen
e, a non-empty

word w as input 
annot result in an empty output. Thus w = " if and only if w

0

= ".

Now assume that w;w

0

2 L

C;h

a

;h

b

. Then

w = a

h

a

(bua)

buab

h

b

(bua)

and w

0

= a

h

a

(bu

0

a)

bu

0

ab

h

b

(bu

0

a)

for some u; u

0

2 C. If w = w

0

nothing needs to be proved. Hen
e, assume that w 6= w

0

. As




L

C;h

a

;h

b

permits at most one error, we distinguish three 
ases by error type and, for ea
h

error type we 
onsider the various possible error lo
ations.

� Case 1: One substitution error has o

urred. We distinguish �ve 
ases.

� Case 1.1: w

0

= a

t

1

ba

t

2

buab

h

b

(bua)

with t

1

+ t

2

+ 1 = h

a

(bua). As w

0

2 L

C;h

a

;h

b

,

a

t

2

bu 2 C, but ja

t

2

buj > n, a 
ontradi
tion.

� Case 1.2: w

0

= a

t

bsab

h

b

(bua)

for a suÆx bs of u. Then u

0

= s and ju

0

j < n, a


ontradi
tion.

� Case 1.3: w

0

= a

h

a

(bua)

bu

0

ab

h

b

(bua)

with u 6= u

0

. Then u; u

0

2 C and u and u

0

di�er in one symbol, 
ontradi
ting the assumption about C.

� Case 1.4: w

0

= a

h

a

(bua)

pab

t

for a pre�x pa of u. This is the dual of Case 1.2.

� Case 1.5: w

0

= a

h

a

(bua)

uab

t

2

ab

t

1

with t

1

+ t

2

+1 = h

b

(bua). This is the dual of

Case 1.1.

� Case 2: One deletion error has o

urred. Again we distinguish �ve 
ases.

� Case 2.1: w

0

= a

t

buab

h

b

(bua)

with t = h

a

(bua)� 1. This is impossible as h

a

is

a mapping.

� Case 2.2: w

0

= a

h

a

(bua)

uab

h

b

(bua)

. Then ju

0

j < juj = n, a 
ontradi
tion.

� Case 2.3: w

0

= a

h

a

(bua)

bu

0

ab

h

b

(bua)

with ju

0

j < juj. A 
ontradi
tion.

The 
ases 2.4 and 2.5 are the duals of the 
ases 2.2 ans 2.1, respe
tively.

� Case 3: One insertion error has o

urred. Again we distinguish �ve 
ases.

� Case 3.1: w

0

= a

h

a

(bua)+1

buab

h

b

(bua)

. This is impossible as h

a

is a mapping.

� Case 3.2: w

0

= a

t

1

ba

t

2

buab

h

b

(bua)

with t

1

+ t

2

= h

a

(bua). Then u

0

= a

t

2

bu,

hen
e ju

0

j > n, a 
ontradi
tion.

� Case 3.3: w

0

= a

h

a

(bua)

bu

0

ab

h

b

(bua)

with ju

0

j = juj+1. Then ju

0

j > n, a 
ontra-

di
tion.

The 
ases 3.4 and 3.5 are the duals of the 
ases 3.1 and 3.2, respe
tively.

This shows that the assumption w

0

6= w is false. Thus L

C;h

a

;h

b

is error-dete
ting for 


L

C;h

a

;h

b

as 
laimed. �

12

This 
hannel permits 1 substitution error in every n 
onse
utive symbols. The notion of error-dete
tion

in this sense for �(1; n) is a weaker than the notion normally used in the theory of blo
k 
odes, but possibly

more natural. See [2℄ for more detailed explanations.
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To prove the main result of this se
tion we need the following theorem from [6℄.

Theorem 7.1 A �nite solid 
ode L is (


L

; �)-dete
ting if and only if it is (


L

; 1)-dete
ting.

Theorem 7.2 Let X = fa; bg, n 2 N, and let C be a uniform 
ode of length n whi
h

is error-dete
ting for the 
hannel �(1; n). Let f : N ! N be a monotoni
ally in
reasing

fun
tion satisfying S(f;1;1), and let

^

f be its near-inverse. Let

K

f;C;�̂

a

;�̂

b

= fa

f(�̂

b

((bwa)))

bwab

^

f(�̂

a

((bwa)))

j w 2 Cg:

The language K

f;C;�̂

a

;�̂

b

has the following properties.

(1) K

f;C;�̂

a

;�̂

b

is error-dete
ting for 


K

f;C;�̂

a

;�̂

b

.

(2) K

f;C;�̂

a

;�̂

b

is (


K

f;C;�̂

a

;�̂

b

; �)-dete
ting when

maxff(r) +

^

f(n+ 2� r) j 1 � r � n+ 1g < n+ 6:

This 
ondition is satis�ed, in parti
ular, when f(r) = r for all r 2 N.

Proof: Statement (1) follows from Proposition 7.1. For Statement (2), we show that

K

f;C;�̂

a

;�̂

b

is (


K

f;C;�̂

a

;�̂

b

; 1)-dete
ting. As K

f;C;�̂

a

;�̂

b

is a solid 
ode by Theorem 4.1, it is also

(


K

f;C;�̂

a

;�̂

b

; �)-dete
ting by Theorem 7.1.

Consider w 2 K

�

f;C;�̂

a

;�̂

b

and w

0

2 hwi




K

f;C;�̂

a

;�̂

b

su
h that w

0

2 K

f;C;�̂

a

;�̂

b

[ f"g. We show

that w

0

= w.

As in the previous proof, w = " if and only if w

0

= ". Hen
e assume now that w 2

K

m

f;C;�̂

a

;�̂

b

for some m 2 N . Then w

0

2 K

f;C;�̂

a

;�̂

b

.

If m = 1, then w

0

= w by Statement (1). Hen
e, assume thatm � 2. As f(1)+

^

f(1) > 2,

one has

jwj � m(n+ 2 + f(1) +

^

f(1)) � mn+ 5m:

There 
an be at most m deletions or insertions in w. Therefore,

mn+ 4m � jw

0

j:

As w

0

2 K

f;C;�̂

a

;�̂

b

,

jw

0

j � n+ 2 + f(r

1

) +

^

f(r

2

)

for some r

1

; r

2

2 N with r

1

+ r

2

� n+ 2. Thus, using the assumptions about f ,

jw

0

j < n+ 2 + n+ 6 = 2n+ 8

whereas mn+ 4m � 2n+ 8, a 
ontradi
tion.

Finally, when f(r) = r for all r, then

^

f(r) = r + 1. Hen
e

f(r) +

^

f(n+ 2� r) = r + n+ 2� r + 1 = n+ 3

for all r with 1 � r � n+1 (a
tually for all r). This proves the se
ond part of Statement (2).

�
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We 
on
lude this se
tion with two examples involving the alphabet X = f0; 1g. As

a �rst example, we 
onsider for every positive integer n the even parity uniform 
ode

C

n

= fwp(w) j w 2 X

n�1

g, of length n, su
h that p(w) = 1 if w 
ontains an odd number

of 1's, or p(w) = 0 otherwise. Let f(r) = r, for all r 2 N , and let �̂

a

(w) = ��

a

(w) and

�̂

b

(w) = ��

b

(w) for all words w in X

+

. By Theorem 7.2, the 
ode K

n

= K

f;C

n

;�̂

a

;�̂

b

is

(


K

f;C

n

;�̂

a

;�̂

b

; �)-dete
ting. Obviously, jK

n

j = jC

n

j = 2

n�1

. Moreover, the sum of the 
ode

word lengths of K

n

is

X

w2X

n�1

(n+ 3 + ��

b

(1wp(w)0) + ��

a

(1wp(w)0));

whi
h is bounded by 2

n�1

(n+ 7)+ 2

n

��

n�1

. This implies that r(K

n

) tends to 1, as n!1.

As a se
ond example we assume that X is equipped with the stru
ture of GF(2) and


onsider the Hamming 
ode of length n = 7 given by the (transposed) parity 
he
k matrix

H

T

=

0

�

0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1

1

A

:

Thus,

C = f0000000; 1110000; 1001100; 1011010;

1100110; 1101001; 1010101; 1000011;

1111111; 0111100; 0101010; 0100101;

0110011; 0010110; 0011001; 0001111g:

Using h

0

(w) = ��(w) and h

1

(w) = ��(w) + 1 (and a = 0, b = 1), the 
onstru
tion yields the

following set C

0

of words:

00000000100000000111111111, 00000111100000111111,

0001100110001111, 00110110100111,

0001110011001111, 0001110100101111,

00110101010111, 000011000011011111,

00000000111111110111111111, 000010111100011111,

00101010100111, 00101001010111,

00101100110111, 00100101100111,

00100110010111, 000010001111011111.

The average 
ode word length of C

0

is

1

16

� (2 � 26 + 1 � 20 + 3 � 18 + 3 � 16 + 7 � 14) = 17:

The information rate of C

0

is equal to 4=17 while the information rate of C is 4=7. The

Hamming 
ode C is error-dete
ting for the 
hannel �(2; 7) and error-
orre
ting for the


hannel �(1; 7). By Theorem 7.2, C

0

is error-dete
ting for the 
hannel � � � � Æ(1; 26). It


an be shown further that C

0

is also error-dete
ting for the 
hannel that permits either

two substitutions or one syn
hronization error (but not both) in any word of length 26.
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8. Con
luding Remarks

A new 
onstru
tion of solid 
odes yields 
lasses of asymptoti
ally optimal 
odes for syn-


hronization, the 
oding and de
oding for whi
h is very simple to implement. Moreover,

to some extent, the 
onstru
tion permits one to 
ontrol other parameters like the error-

dete
tion 
apability of the 
odes. What makes the 
onstru
tion parti
ularly attra
tive is

that it 
an exploit known properties of blo
k 
odes to yield 
odes for syn
hronization.

Several lines of resear
h are suggested by our results: How are error-dete
tion and error-


orre
tion properties passed on from the blo
k 
odes to the solid 
odes? How does the

representation of the blo
k 
ode in
uen
e the information rate of the resulting solid 
ode?

Can one strengthen the results by using non-blo
k 
odes as the basis of the 
onstru
tion?

We suggest that the results of the present paper provide enough eviden
e to warrant

the investigation of solid 
odes for a
tual appli
ations in 
ommuni
ation systems.
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