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Abstra
t

Errors appear in a wide range of information pro
essing and transmission appli
ations, su
h

as data 
ommuni
ations, biologi
al 
omputing, 
omputer typesetting, spee
h re
ognition, et
.

It 
an be said indeed that errors are truly natural phenomena. In this work we introdu
e error

or edit systems (e-systems, for short), whi
h are formal languages over the alphabet of the basi


edit operations. Our formalism allows one to model essentially any kind of error situations. For


ertain natural regular e-systems, we investigate their des
riptional 
omplexity in terms of the

number of states of the automata a

epting su
h systems. This problem is of interest in its own

right as well as in the 
omputation of maximal error-
orre
ting 
apabilities of known languages.

Key words: error models, automata, des
riptional 
omplexity, formal languages

The 
apa
ity to blunder slightly is the real marvel of DNA. Without this attribute we

still would be anaerobi
 ba
teria and there would be no musi
.

(Lewis Thomas, \The medusa and the snail")

1 Introdu
tion

Errors appear in a wide range of information pro
essing and transmission appli
ations, su
h as data


ommuni
ations [11℄, biologi
al 
omputing [14, 5, 6℄, 
omputer typesetting [10℄, spee
h re
ognition

[1℄, et
. It 
an be said indeed that errors are truly natural phenomena. In the past, little has been

done in representing expli
itly errors as formal obje
ts of study { in the sense of formal languages

for instan
e. In [3℄, for example, there is a brief dis
ussion on edit s
ripts (words over the alphabet

of the basi
 edit operations), but no 
onstraint is imposed on the o

urren
es of the various edit

operations. Perhaps one of the �rst attempts to des
ribe formally and systemati
ally languages of

errors appears in [4℄ and [8℄.

The present work introdu
es the formalism of error or edit systems (e-systems, for short), whi
h

super
edes the formalism in [8℄ in two ways: First, e-systems are merely formal languages over the

alphabet of the basi
 edit operations, a fa
t that allows one to study e-systems using, for instan
e,

�
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tools from automata theory. Se
ond, the new formalism allows one to model any kind of error

situations that 
an arise in typi
al information pro
essing appli
ations. It should be noted that,

in de�ning error situations, we follow the 
ombinatorial approa
h as opposed to the probabilisti


(or information theoreti
) one. More spe
i�
ally, we model only error situations with high enough

probability of o

urren
e, and omit all the rest that one might de�ne using the alphabet of the

basi
 edit operations. This (
ombinatorial) kind of approa
h is followed, for instan
e, in the 
lassi
al

theory of error 
orre
ting 
odes [13℄

Apart from the new formalism, we investigate the des
riptional 
omplexity of 
ertain natural

regular e-systems. These 
an be used to model various 
onstraints on the type and frequen
y (or

density) of the permitted errors. In parti
ular, we model e-systems with s
attered as well as burst

errors of any error type and density. These are regular e-systems and, therefore, the des
riptional


omplexity of su
h a system 
an be given in terms of the number of states of the minimal automaton

a

epting the system. This problem is of interest in its own right as well as in the 
omputation of

maximal error-
orre
ting 
apabilities of known languages [7℄

The paper is stru
tured as follows. The next se
tion 
ontains some basi
 terminology and

notation from formal languages and automata. In Se
tion 3, we introdu
e e-systems and error types,

and de�ne the 
on
ept of (deterministi
) des
riptional 
omplexity for 
lasses of regular e-systems.

In Se
tion 4, we de�ne e-systems with s
attered errors and provide upper- and lower-bounds on the

des
riptional 
omplexity of su
h systems. In Se
tion 5, we de�ne e-systems with burst errors and

provide exa
t expressions for the 
omplexity of those systems. Se
tion 6 investigates the problem

of 
ombining the errors of two e-systems in su
h a way that the new e-system in
ludes the errors of

both e-systems and preserves the 
onstraints on the errors a

ording to ea
h of the two systems. It

is shown that the 
omplexity of the new system is no higher than the produ
t of the 
omplexities

of the two e-systems. Finally, Se
tion 7 
ontains a few 
on
luding remarks.

2 Basi
 Notation

An alphabet is a �nite nonempty set of symbols. In the sequel we shall use a �xed alphabet �. A

word or string (over �) is a �nite sequen
e a

1

� � � a

n

su
h that ea
h a

i

is in �. The length of a word

w is denoted by jwj. The empty word, denoted �, is the word of length zero. If X is a subset of the

alphabet and w is a word then jwj

X

is the number of symbols in X that o

ur in w. For example,

if � = fa; b; 
g and X = fa; 
g then jaabb

j

X

= 4, whereas jaabb

j = 6. We write w

1

w

2

for the

word that obtains by 
on
atenating the words w

1

and w

2

. If w is a word and n is a nonnegative

integer, then w

n

is the word that 
onsists of n 
on
atenated 
opies of w. In parti
ular, w

0

= �. A

word z is a fa
tor of a word w, if w = w

1

zw

2

for some words w

1

and w

2

. A language is a set of

words. The language of all words is denoted by �

�

. We shall use standard language operations,

su
h as the 
on
atenation and Kleene star operations, as well as the notation of regular expressions

{ see [15℄, for instan
e.

A deterministi
 �nite automaton, or DFA for short, is a quintuple A = (X;Q; s; F; t) su
h that

X is an alphabet, Q is a �nite nonempty set, the set of state symbols (or states for short), s is the

start state in Q, F is a subset of Q, the set of �nal states, and t is a partial fun
tion of Q � X

into Q, 
alled the transition fun
tion. The automaton is said to be 
omplete if t is a total fun
tion.

The transition fun
tion t is extended to Q �X

�

as follows: for every state q, t(q; �) = q, and for

0

In the sense of formal language theory.
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every symbol a in X and every word w in X

�

, t(q; aw) = t(t(q; a); w). The language a

epted

by the automaton A, denoted L(A), is the set of words w su
h that t(s; w) is a state in F . A


omputation of A is a string of the form q

0

a

1

q

1

� � � a

n

q

n

su
h that ea
h a

i

is in X, ea
h q

j

is a state,

and t(q

i�1

; a

i

) = q

i

. It should be 
lear that w is in L(A) if and only if there is a 
omputation as

above su
h that w = a

1

� � � a

n

, q

0

= s and q

n

is a �nal state. Su
h a 
omputation is 
alled a

epting.

An extended 
omputation of A is a string of the form q

0

a

1

q

1

� � � a

n

q

n

su
h that ea
h a

i

is in X[f�g,

ea
h q

j

is a state, and t(q

i�1

; a

i

) = q

i

{ note that q

i�1

= q

i

when a

i

= �. It should be 
lear that w

is in L(A) if and only if there is an extended 
omputation as above su
h that w = a

1

� � � a

n

, q

0

= s

and q

n

is a �nal state.

In this paper, the size of a DFA A, denoted jAj, is the number of states of A. If A and A

0

are

two DFAs then A \A

0

is the DFA that obtains using the standard produ
t 
onstru
tion su
h that

L(A \A

0

) = L(A) \ L(A

0

). Moreover, jA \A

0

j = jAjjA

0

j.

A language L is 
alled regular if there is a DFA a

epting L. For a regular language L we

write C

L

for the number of states of a minimal 
omplete DFA a

epting L. Obviously, if A is an

arbitrary 
omplete DFA a

epting L then C

L

� jAj.

3 Error/Edit Systems

The alphabet E of the basi
 edit operations is the set of all symbols x=y su
h that x; y 2 � [ f�g

and at least one of x and y is in �. If x=y is in E and x is not equal to y then we 
all x=y an error.

We write �=� for the empty word over the alphabet E. We note that � is used as a formal symbol

in the elements of E. For example, if x and y are in � then (x=�)(x=y) 6= (x=x)(�=y). Of 
ourse,

� is the empty word over �; that is w� = �w = w for all words w in �

�

. The elements of E

�

are


alled e-strings. The input and output parts of an e-string h = (x

1

=y

1

) � � � (x

n

=y

n

) are the words

(over �) x

1

� � � x

n

and y

1

� � � y

n

, respe
tively. We write inp(h) for the input part and out(h) for the

output part of the e-string h. An e-system is a subset of E

�

(or a language over E).

The term error type has been used informally in several works 
on
erning errors. Our formalism

allows us to give a pre
ise de�nition of that term. We write " for the subset fx=x : x 2 �g of E.

An error type � is a nonempty subset of E that is disjoint from ". If h is an e-string in (" [ �)

�

,

the number of errors in h, namely jhj

�

, is 
alled the weight of h. If D is an e-system then �

D

is the

error type of D; that is the set of all errors that appear in the e-strings of D. Equivalently, �

D

is

the smallest subset of E n " su
h that D � (�

D

[ ")

�

.

Now we provide examples of 
ertain error types. The SID error types are � = fx=y : x; y 2

�andx 6= yg, � = f�=x : x 2 �g, and Æ = fx=� : x 2 �g; they are 
alled substitution, insertion, and

deletion types, respe
tively. These error types are important in various domains [8℄. In the 
ontext

of biomole
ular 
omputing and bioinformati
s, where a DNA strand 
an be interpreted as a word

over the four-letter alphabet fA;C;G; Tg several types of errors 
an o

ur [12℄. The most 
ommon

ones are insertions and deletions of one or more letters, as well as one-letter substitutions. The latter


an be either transitions or transversions. Transitions o

ur when one purine is repla
ed by another

purine (A=G or G=A) or one pyrimidine with another pyrimidine (T=C or C=T ). Transversions

result when a purine is repla
ed by a pyrimidine or vi
e versa. Be
ause the stru
tural 
hanges

leading to transitions are relatively small, in real-life genomi
 DNA they o

ur more frequently

than transversions (whi
h require more substantial modi�
ations of the mole
ule). Thus, we de�ne

the transition error type to be (it) = fC=T; T=C;A=G;G=Ag and the transversion error type to be

(ve) = fC=A;A=C;C=G;G=C; T=A;A=T; T=G;G=Tg. Obviously, (it); (ve) � �.
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We note that the above de�nition of error type 
on
erns only the basi
, or atomi
, error types.

Other 
omposite error types su
h as transpositions { a 
ommon kind of error in 
omputer typeset-

ting { 
an be de�ned by means of e-systems.

Note that every (�nite) transdu
er T , say, in standard form 
an be viewed as an automaton

(nondeterministi
, in general) a

epting an e-system D(T ). It should be 
lear, however, that the

relation R(T ) realized by T is di�erent from D(T ), as R(T ) 
onsists of pairs of words. In [9℄, a set

of pairs of words is viewed as a dis
rete 
hannel. The fa
t that (w; z) is in the 
hannel means that

the input word w 
an be re
eived as z via the 
hannel. Thus a dis
rete 
hannel in the sense of [9℄

models the e�e
ts of errors on words, whereas an e-system models the errors themselves. Now every

e-system D de�nes a 
hannel 


D


onsisting of all pairs (w; z) su
h that w = inp(h) and z = out(h)

for some e-string h in D.

In [9℄ it is shown that the problem of whether a given regular language is error-
orre
ting (or

-dete
ting) for a given rational 
hannel is de
idable in polynomial time. The time 
omplexity

depends of 
ourse on the eÆ
ien
y of the 
hannel des
ription and, therefore, it is desirable to

investigate the des
riptional 
omplexity of regular e-systems. This issue is also important in [7℄,

where the eÆ
ien
y of algorithms for 
omputing maximal error-
orre
ting 
apabilities of languages

depends on the eÆ
ien
y of representing e-systems.

De�nition 1 Let P be a re
ursive index (or parameter) set and let D = fD(p) : p 2 Pg be a set of

regular e-systems. The (deterministi
) des
riptional 
omplexity of D is the fun
tion C

D

: P ! N

su
h that C

D

(p) is the number of states of a minimal 
omplete DFA a

epting D(p).

In the next two se
tions we de�ne 
ertain 
lasses of e-systems by spe
ifying the type of errors

permitted, the way of 
ombining errors, and the frequen
y (or density) of the errors. In the theory

of error 
orre
ting 
odes there are two major approa
hes of 
ombining errors: s
attered or burst.

In the expressions for denoting e-systems we shall use the symbol s for s
attered errors and b for

burst errors. We shall use x to indi
ate either of s and b.

4 Complexity of E-Systems with S
attered Errors

Consider two positive integers m and n, with m < n � 1, and an error type � . The e-system

[�s℄(m;n) 
onsists of all e-strings that 
ontain up to m (s
attered) errors of type � in any fa
tor

of length n, or less, of the input part of the e-string. More formally, an e-string h is in [�s℄(m;n)

if and only if for every fa
tor g of h with j inp(g)j � n, one has that jgj

�

� m. The ratio m=n

is 
alled the error density of the e-system [�s℄(m;n). For example, let � = fx; yg and let h =

(x=x)(x=y)(y=�)(x=x)(y=y)(x=�)(y=x) be an e-string. As the fa
tor (x=y)(y=�)(x=x)(y=y)(x=�) of

h is of size 5 and weight 3, it follows that h is not in the e-system [(� [ Æ)s℄(2; 5). Similarly, h is

not in [(� [ Æ)s℄(3; 6) either, but it is in [(� [ Æ)s℄(3; 5). Now let

g = (�=x)(y=y)(x=y)(x=x)(y=y)(�=y)(x=x)(x=x)(x=x)(�=y)(�=y):

As the fa
tor (�=x)(y=y)(x=y)(x=x)(y=y)(�=y)(x=x) of g is of size 5 and weight 3, we have that g

is not in [(� [ �)s℄(2; 5), but it is in [(� [ �)s℄(3; 5).

In this se
tion, we are interested in the des
riptional 
omplexity of the e-systems

[�s℄ = f[�s℄(m;n) : 1 < m < n� 1g:

4



E-systems of the form [�s℄(1; n) 
an be regarded as systems with burst errors. These are 
onsidered

in the next se
tion.

Shorthand Notation: In des
ribing the transition fun
tion, t say, of a DFA a

epting an

e-system, we shall often use the notation t(p; �) = q as a shorthand for \t(p; e) = q for all e in �,"

where � is a nonempty �nite set of input symbols and p and q are states of the DFA in question.

Moreover, for any state q of the DFA in question, we write L(q) to denote the language a

epted

by the DFA when q is used as the start state.

We shall use the following fa
ts from 
ombinatori
s [2℄.

� For all nonnegative integers r and s, with r � s,

 

r

s

!

=

 

r

r � s

!

;

 

r + 1

s+ 1

!

=

r + 1� s

s+ 1

 

r + 1

s

!

and

 

r + 1

s

!

=

r + 1

r + 1� s

 

r

s

!

�

 

r

s

!

:

� For all positive integers r and s, with r � s,

 

r

s

!

=

 

r � 1

s

!

+

 

r � 1

s� 1

!

and

 

r

s

!

=

r

X

i=s

 

i� 1

s� 1

!

:

� For all nonnegative integers r, s, and t, with s � t,

t

X

i=0

 

r

i

! 

s

t� i

!

=

 

r + s

t

!

and

t

X

i=0

 

r + i

i

!

=

 

r + 1 + t

t

!

:

In the above, we assume that

�

r

i

�

= 0 when i > r. We also need the following lemma.

Lemma 1 For all nonnegative integers r and t,

2t+ r + 1

4t+ r + 2

 

r + 2t+ 2

r + 1

!

�

t

X

i=0

 

r + 2i+ 1

r

!

�

r + 1

r + 2

 

r + 2t+ 2

r + 1

!

:

Proof. Let T be the sum

P

2t+1

i=0

�

r+i

i

�

. Then T = S

0

+ S

1

, where S

0

=

P

t

i=0

�

r+2i

r

�

and S

1

=

P

t

i=0

�

r+2i+1

r

�

. This implies that

T = S

0

+

t

X

i=0

 

r + 2i

2i

!

+

t

X

i=0

 

r + 2i

2i+ 1

!

= 2S

0

+

t

X

i=0

r

2i+ 1

 

r + 2i

2i

!

and, therefore, T � 2S

0

+ rS

0

and T � 2S

0

+ r=(2t+ 1)S

0

. The 
laim follows now from the fa
ts

that T =

�

r+2t+2

r+1

�

, S

1

= T � S

0

� T � 1=(r + 2)T , and S

1

� T � (2t+ 1)=(4t + r + 2)T . 2

Proposition 1 Let � be an error type involving no insertions, that is � \ � = ;. For every param-

eters m and n, with 1 < m < n� 1,

1 +

 

n� 1

m� 1

!

� C

[�s℄

(m;n) � 1 +

m

X

i=0

 

n� 1

i

!

:
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Proof. First we de�ne an automaton A = ("[ �;Q; [�"℄; Qn [�1℄; t) a

epting exa
tly the e-strings of

the e-system [�s℄(m;n). We shall use �" and �� as symbols representing the sets " and � , respe
tively.

Symbols of the form �� are words over the alphabet f�"; ��g; that is �� 2 f�"; ��g

�

. Then �� represents

the 
orresponding set �, a subset of (" [ �)

�

, in a natural manner. For example, if �� = �"�� �" then

� = "�". The states [�1℄ and [�"℄ are the sink and start states, respe
tively. The rest of the states

are of the form [��℄, where �� is a nonempty word of length up to n � 1 su
h that �� starts with ��

and 
ontains at most m �� 's; hen
e, 1 � j��j

��

� m. State [��℄ means that the last j��j input symbols

read, say e

1

� � � e

j��j

, are in � and the next input symbols to read are independent of any symbols

read prior to e

1

� � � e

j��j

.

Before we de�ne the transition fun
tion t, observe that for every state [��℄ there is a word ��

0

su
h that �� = �� �"

k

��

0

, for some k � 0, su
h that ��

0

is either empty or in ��f�"; ��g

�

. Now we pro
eed

with de�ning t:

� t([�"℄; ") = [�"℄ and t([�"℄; �) = [�� ℄.

� For every state [��℄ with length of �� less than n� 1, t([��℄; ") = [���"℄ and

t([��℄; �) =

(

[���� ℄; if j��j

��

< m;

[�1℄; if j��j

��

= m:

� For every state [��℄ with length of �� equal to n� 1, t([��℄; ") = [��

0

�"℄ and

t([��℄; �) =

(

[��

0

�� ℄; if j��j

��

< m;

[�1℄; if j��j

��

= m:

It should be 
lear that for every state [��℄ there is an input e-string h in � su
h that t([�"℄; h) = [��℄;

hen
e, every state in Q is rea
hable from the start state. Next we prove the following 
laims:

1. The 
ardinality of Q is 1 +

P

m

i=0

�

n�1

i

�

.

2. For any r in f0; : : : ;minfm� 2; n�m� 1gg, the set of states

T

r

= f[�� �"

r

�

 ℄ : j

�

 j

��

� m� r � 2; j�� �"

r

�

 j = n� 1g

is of 
ardinality

P

m�1

i=m�r�2

�

n�2�r

i

�

, su
h that no two (di�erent) states of T

r

are equivalent.

The required statement follows from the above 
laims when we note that

jT

0

j =

 

n� 2

m� 2

!

+

 

n� 2

m� 1

!

=

 

n� 1

m� 1

!

:

For the �rst 
laim, note �rstly that the 
ardinality of the set Q

0

= Q n f[�1℄; [�"℄; [�� ℄g is equal to

the number of words

�

 of length l, with 1 � l � n� 2, 
ontaining up to m� 1 symbols �� ; that is,

0 � j

�

 j

��

� m� 1. Also, as j

�

 j

��

� l, it follows that

jQ

0

j =

n�2

X

l=1

minfl;m�1g

X

i=0

 

l

i

!

= (n� 2) +

n�2

X

l=1

minfl;m�1g

X

i=1

 

l

i

!

:
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By expanding the sums and rearranging the resulting terms, it follows that

jQ

0

j = (n� 2) +

m�1

X

i=1

n�2

X

l=i

 

l

i

!

= (n� 2) +

m

X

j=2

n�1

X

l=j

 

l � 1

j � 1

!

:

Hen
e,

jQ

0

j = (n� 2) +

m

X

j=2

 

n� 1

j

!

= �2 +

m

X

j=0

 

n� 1

j

!

:

The �rst 
laim follows now, as jQj = 3 + jQ

0

j.

For the se
ond 
laim, note �rstly that the 
ardinality of the set T

r

is equal to the number of

words

�

 of length n� r � 2, 
ontaining at least m� r � 2 and at most m� 1 symbols �� . Now let

[�� �"

r

�

 

1

℄ and [�� �"

r

�

 

2

℄ be two di�erent states in T

r

su
h that j

�

 

2

j

��

� j

�

 

1

j

��

. We need to show that these

states are not equivalent. For this, de�ne the word ��

1

� � � ��

r+2

su
h that ea
h ��

i

is either �� when

the last n� 1 symbols of �� �"

r

�

 

2

��

1

� � � ��

i�1


ontain fewer than m symbols �� , or �" otherwise. Then, as

j

�

 

2

j

��

+(r+2) � m, it follows that the word

�

 

2

��

1

� � � ��

r+2

of length n 
ontains exa
tly m symbols �� .

Hen
e, �

1

� � � �

r+2

is a subset of L([�� �"

r

�

 

2

℄). If j

�

 

2

j

��

< j

�

 

1

j

��

then the word

�

 

1

��

1

� � � ��

r+2

of length n


ontains more than m symbols �� , whi
h implies that �

1

� � � �

r+2

and L([�� �"

r

�

 

1

℄) are disjoint. Hen
e,

the two states are not equivalent when j

�

 

2

j

��

< j

�

 

1

j

��

. Now suppose that j

�

 

2

j

��

= j

�

 

1

j

��

, and let k

be the �rst position in whi
h the words �� �"

r

�

 

1

and �� �"

r

�

 

2

di�er. Then k � r + 2 and there are

symbols

�

�

1

;

�

�

2

and words

�

�;

�

�

1

;

�

�

2

su
h that

�

�

1

6=

�

�

2

and j

�

�

1

j = j

�

�

2

j > 0 and �� �"

r

�

 

1

= �� �"

r

�

�

�

�

1

�

�

1

and �� �"

r

�

 

2

= �� �"

r

�

�

�

�

2

�

�

2

. Without loss of generality, assume

�

�

1

= �� and

�

�

2

= �". Ea
h of the

words

�

���

�

�

1

��

1

� � � ��

r+2

and

�

��"

�

�

2

��

1

� � � ��

r+2

is of length n and 
ontains exa
tly m symbols �� . Hen
e,

�

1

� � � �

r+2

is a subset of both L([�� �"

r

�

 

1

℄) and L([�� �"

r

�

 

2

℄). Consider also the word

�

�

1

��

1

� � � ��

r+2

�

���

of length n. This word 
ontains exa
tly m symbols �� , whereas the word

�

�

2

��

1

� � � ��

r+2

�

��� 
ontains

m+1 symbols �� . Hen
e, �

1

� � � �

r+2

�� is a subset of L([�� �"

r

�

 

1

℄) and disjoint from L([�� �"

r

�

 

2

℄), whi
h

implies that the two states are not equivalent. 2

As the behaviour of the binomial 
oeÆ
ient

�

n

m

�

is nonmonotoni
 with respe
t to m and n,

it is not meaningful to give general asymptoti
 estimates for the bounds obtained in the above

proposition. If, however, we assume that m is a fun
tion of n, that is m = m(n), then it is possible

to provide su
h estimates and get some idea about how 
lose the bounds are (asymptoti
ally). We


onsider two 
ases. First take m(n) = k for some 
onstant integer k � 2. In this 
ase, the lower

bound is �(n

k�1

) and the upper bound is �(n

k

). Now take the 
ase where m(n) = b(n � 1)=2
.

Using the fa
t that 2

n�1

=

P

n�1

i=0

�

n�1

i

�

= �(

P

m(n)

i=0

�

n�1

i

�

), it follows that the upper bound is �(2

n

).

On the other hand, using the fa
t that

�

2n

n

�

= �(2

2n

=

p

n), it follows that

�

n�1

m(n)�1

�

= �(2

n

=

p

n).

To see this 
onsider positive numbers 


1

and 


2

su
h that 


1

2

2n

=

p

n �

�

2n

n

�

� 


2

2

2n

=

p

n for almost

all n. Then,

 

n� 1

b(n� 1)=2
 � 1

!

�

 

2(b(n� 1)=2
 � 1)

b(n� 1)=2
 � 1

!

� 


1

2

2b(n�1)=2
�2

p

b(n� 1)=2� 1


;

whi
h implies that

 

n� 1

b(n� 1)=2
 � 1

!

>




1

4

2

2b(n�1)=2


p

n=2

=




1

p

2

16

2

2b(n�1)=2
+2

p

n

> 


0

1

2

n

p

n

;
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for some positive number 


0

1

. Now using the fa
t that 2(b(n� 1)=2
 � 1) < n� 1, we have that

 

n� 1

b(n� 1)=2
 � 1

!

�

 

n� 1

b(n� 1)=2
 + 1

!

<

 

2(b(n� 1)=2
 + 1)

b(n� 1)=2
 + 1

!

whi
h implies that

 

n� 1

b(n� 1)=2
 � 1

!

� 


2

2

2b(n�1)=2
+2

p

b(n� 1)=2
 + 1

< 


0

2

2

n

p

n

;

for some positive number 


0

2

.

Proposition 2 Let � be an error type involving insertions, and deletions or substitutions (possibly

both); that is � \ � 6= ; and � \ (� [ Æ) 6= ;. For every parameters m and n, with 1 < m < n� 1,

1 +

 

n+m

m� 1

!

� C

[�s℄

(m;n) �

4n+m+ 1

m+ 1

 

2n+m

m� 1

!

:

Proof. The error type � 
an be written as �

1

[ �

1

su
h that �

1

� � [ Æ and �

1

� �. We shall use

�"; ��

1

and ��

1

as symbols representing the sets "; �

1

and �

1

, respe
tively. Symbols of the form �� are

words over the alphabet f�"; ��

1

; ��

1

g; that is �� 2 f�"; ��

1

; ��

1

g

�

. Then �� represents the 
orresponding

set �, a subset of (" [ �

1

[ �

1

)

�

, in a natural manner. For example, if �� = �"��

1

�" then � = "�

1

".

Moreover, we shall use the following shorthand notation: If �� is a word then j��j

size

= j��j

�"

+ j��j

��

1

and j��j

err

= j��j

��

1

+ j��j

��

1

.

First we de�ne an automaton A = ("[ �;Q; [�"℄; Qn [�1℄; t) a

epting exa
tly the e-strings of the

e-system [�s℄(m;n). The states [�1℄ and [�"℄ are the sink and start states, respe
tively. The rest

of the states are of the form [��℄, where �� is a nonempty word that starts with ��

1

or ��

1

su
h that

j��j

size

� n and j��j

err

� m. State [��℄ means that the last j��j input symbols read, say e

1

� � � e

j��j

, are

in � and the next input symbols to read are independent of any symbols read prior to e

1

� � � e

j��j

.

Next we de�ne the transition fun
tion t. Let [��℄ be a state with j��j

size

= n. Then there is a

unique word ��

0

that does not start with �" su
h that the following 
onditions are satis�ed: (i) If ��

starts with ��

1

then �� is of the form ��

1

�"

k

��

0

for some nonnegative integer k. (ii) If �� starts with ��

1

then there is a positive integer l su
h that either �� is of the form ��

l

1

�"

k

��

0

for some positive integer

k, or �� is of the form ��

l

1

��

1

�"

k

��

0

for some nonnegative integer k. Now we pro
eed with de�ning t:

� t([�"℄; ") = [�"℄, t([�"℄; �

1

) = [��

1

℄ and t([�"℄; �

1

) = [��

1

℄.

� For every state [��℄, other than [�"℄ and [�1℄,

t([��℄; ") =

(

[���"℄; if j��j

size

< n;

[��

0

�"℄; if j��j

size

= n;

t([��℄; �

1

) =

(

[����

1

℄; if j��j

err

< m;

[�1℄; if j��j

err

= m;

t([��℄; �

1

) =

8

>

<

>

:

[����

1

℄; if j��j

size

< n and j��j

err

< m;

[�1℄; if j��j

size

< n and j��j

err

= m;

[��

0

��

1

℄; if j��j

size

= n:

8



It should be 
lear that for every state [��℄ there is an input string h in � su
h that t([�"℄; h) = [��℄;

hen
e, every state in Q is rea
hable from the start state. Next we prove the following 
laims, from

whi
h the proposition follows:

1. The 
ardinality of Q is less than, or equal to, the upper bound that appears in the proposition.

2. Let Q

0

be the set of states [��℄ starting with ��

1

and satisfying the following 
onditions: (i)

j��j

size

= n; (ii) if ��

1

�" is a fa
tor of ��, then this fa
tor is a pre�x of ��; that is, �� = ��

1

��

1

�"��

2

implies that the word ��

1

is empty. Then, the 
ardinality of Q

0

[ f[�1℄g is equal to the lower

bound that appears in the proposition.

3. No two (di�erent) states in Q

0

are equivalent.

For the �rst 
laim, we 
onsider the set P , say, of states of the form [��

1

�

 ℄. For any l = 0; : : : ; n,

let P

l

be the set of states [��

1

�

 ℄ in P with j

�

 j

size

= l. Ea
h state in P

l

obtains by 
onsidering the word

��

1

�"

l

and by, �rstly, 
hoosing j out of the l positions for repla
ing �"'s with ��

1

's and, then, 
hoosing

(with repetition) i positions out of the l + 1 for inserting ��

1

's, where j = 0; : : : ;minfl;m� 1g and

i = 0; : : : ;m�1�j. Note that the same argument applies for states of the form [��

1

�

 ℄ with j

�

 j

size

= l

and l = 0; : : : ; n� 1. Hen
e,

jP

l

j =

minfl;m�1g

X

j=0

 

l

j

!

m�1�j

X

i=0

 

l + i

i

!

=

minfl;m�1g

X

j=0

 

l

j

! 

l +m� j

m� 1� j

!

and jQj = 2 + 2

n�1

X

l=0

jP

l

j+ jP

n

j:

Now for any l � m� 1, one has that

jP

l

j =

m�1

X

j=0

 

l

j

! 

l +m� j

m� 1� j

!

�

m�1

X

j=0

 

l

j

! 

l +m

m� 1� j

!

=

 

2l +m

m� 1

!

:

On the other hand, for any l = 0; : : : ;m� 2,

jP

l

j =

l

X

j=0

 

l

j

! 

l +m� j

m� 1� j

!

�

m�1

X

j=0

 

l

j

! 

l +m

m� 1� j

!

=

 

2l +m

m� 1

!

:

Hen
e, the sum

P

n�1

l=0

jP

l

j is upper-bounded by

n�1

X

l=0

 

2l +m

m� 1

!

=

n�1

X

l=0

 

(m� 1) + 2l + 1

m� 1

!

�

m

m+ 1

 

2n+m� 1

m

!

:

The �rst 
laim follows now when we note that

m

m+ 1

 

2n+m� 1

m

!

=

m

m+ 1

2n

m

2n+ 1

2n+m

 

2n+m

m� 1

!

<

2n

m+ 1

 

2n+m

m� 1

!

:

For the se
ond 
laim, we observe that ea
h state in Q

0

obtains by 
onsidering the word ��

1

�"

n

and

by performing the following pro
edure: For some j = 0; : : : ;m� 1 and i = 0; : : : ;m� 1� j, 
hoose

j out of the last n positions in the word ��

1

�"

n

for repla
ing �"'s with ��

1

's and, then, insert i symbols
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��

1

su
h that ea
h ��

1

is inserted at the end of the word, or to the left of one of the j ��

1

's. Note that

there are (j + 1) positions from whi
h one 
an 
hoose (with repetition) to insert the ��

1

's. Hen
e,

jQ

0

j =

m�1

X

j=0

 

n

j

!

m�1�j

X

i=0

 

j + i

i

!

=

m�1

X

j=0

 

n

j

! 

m

m� 1� j

!

=

 

n+m

m� 1

!

:

For the third 
laim, we shall use the fa
t that if ��

1

�

�

�

� is a word with j��

1

�

�

�

�j

size

= n and j��

1

�

�

�

�j

err

=

m, then for every fa
tor ��, say, of ��

1

�

�

�

���

1

�

� with j��j

size

= n we have that j��j

err

� m. This 
an be

seen if we write � as ��

l

0

1

�

�

1

��

l

1

1

� � �

�

�

k

��

l

k

1

, for some k � 0 and some l

j

� 0 and

�

�

j

2 f�"; ��

1

g. Now let

[��

1

�

 

1

℄ and [��

1

�

 

2

℄ be two di�erent states in Q

0

su
h that j��

1

�

 

2

j

err

� j��

1

�

 

1

j

err

. We need to show that

these states are not equivalent. Let d = m � j��

1

�

 

2

j

err

. Then j��

1

�

 

2

��

d

1

j

err

= m and �

d

1

is a subset of

L([��

1

�

 

2

℄). If j��

1

�

 

2

j

err

< j��

1

�

 

1

j

err

then d > 0 and j��

1

�

 

2

��

d

1

j

err

> m, whi
h implies that �

d

1

is disjoint

from L([��

1

�

 

1

℄). Hen
e, the two states are not equivalent when j��

1

�

 

2

j

err

< j��

1

�

 

1

j

err

.

Now suppose that j��

1

�

 

2

j

err

= j��

1

�

 

1

j

err

. Then j��

1

�

 

2

��

d

1

j

err

= m and j��

1

�

 

1

��

d

1

j

err

= m. Moreover,

j��

1

�

 

2

��

d

1

j

size

= n and j��

1

�

 

1

��

d

1

j

size

= n. We 
an write ��

1

�

 

1

as ��

1

�

�

�

�

1

�

�

1

and ��

1

�

 

2

as ��

1

�

�

�

�

2

�

�

2

su
h that

�

�

1

;

�

�

2

are di�erent symbols in f�"; ��

1

; ��

1

g and

�

�;

�

�

1

;

�

�

2

are words with j

�

�

1

�

�

1

j

size

= j

�

�

2

�

�

2

j

size

and

j

�

�

1

�

�

1

j

err

= j

�

�

2

�

�

2

j

err

. Re
all that every fa
tor �� of ��

1

�

�

�

�

i

�

�

i

��

d

1

��

1

�

�, with j��j

size

= n, has j��j

err

� m.

Moreover, if

�

�

i

is in f�"; ��

1

g, then j

�

�

i

��

d

1

��

1

�

�j

size

= n. We 
onsider three 
ases for the pair (

�

�

1

;

�

�

2

) {

the other three 
ases are symmetri
.

Firstly, (

�

�

1

;

�

�

2

) = (�"; ��

1

). In this 
ase, j

�

�

1

��

d

1

��

1

�

���

1

j

size

= j

�

�

2

��

d

1

��

1

�

���

1

j

size

= n and j

�

�

1

��

d

1

��

1

�

���

1

j

err

=

m+ 1 and j

�

�

2

��

d

1

��

1

�

���

1

j

err

= m, whi
h implies that �

d

1

�

1

��

1

is a subset of L([��

1

�

 

2

℄) and disjoint from

L([��

1

�

 

1

℄).

Se
ondly, (

�

�

1

;

�

�

2

) = (�"; ��

1

). In this 
ase, we 
annot have j

�

�

2

j

size

= 0 and, therefore,

�

�

2


an

be written as ��

l

1

�

�

�

�

2

with l � 0 and

�

� 2 f�"; ��

1

g. Also, the last fa
tor �� =

�

�

2

��

d

1

��

1

�

���

1

of the word

��

1

�

 

2

��

d

1

��

1

�

���

1

has j��j

size

= n and j��j

err

� m, whi
h implies that �

d

1

�

1

��

1

is a subset of L([��

1

�

 

2

℄). On

the other hand, �

d

1

�

1

��

1

is disjoint from L([��

1

�

 

1

℄).

Thirdly, (

�

�

1

;

�

�

2

) = (��

1

; ��

1

). Again

�

�

2


an be written as ��

l

1

�

�

�

�

2

with l � 0 and

�

� 2 f�"; ��

1

g. In

fa
t, as ��

1

��

l

1

�

� is a non-pre�x fa
tor of ��

1

�

 

2

, one has that

�

� = ��

1

. This implies that the last fa
tor

�� =

�

�

2

��

d

1

��

1

�

���

2

1

of the word ��

1

�

 

2

��

d

1

��

1

�

���

2

1

has j��j

size

= n and j��j

err

� m, whi
h implies that �

d

1

�

1

��

2

1

is a subset of L([��

1

�

 

2

℄). On the other hand, the last fa
tor

�

�

1

��

d

1

��

1

�

���

2

1

of the word ��

1

�

 

1

��

d

1

��

1

�

���

2

1

has

j

�

�

1

��

d

1

��

1

�

���

2

1

j

size

= n and j

�

�

1

��

d

1

��

1

�

���

2

1

j

err

=m+1, whi
h implies that �

d

1

�

1

��

2

1

is disjoint from L([��

1

�

 

1

℄).

In all 
ases the states [��

1

�

 

1

℄ and [��

1

�

 

2

℄ are not equivalent, as required. 2

Suppose that m is a fun
tion of n; that is, m = m(n). Let L

n

and U

n

be the lower- and

upper-bound, respe
tively, in the above proposition. If m(n) = k for some 
onstant integer k � 2,

then it follows that L

n

= �(n

k�1

) and U

n

= �(n

k

). On the other hand, if m(n) = bn=k
, for some


onstant integer k � 2, we 
an show that U

n

= O(L

2

n

). Indeed, let C

n

be the bionomial 
oeÆ
ient

�

2n+bn=k


bn=k
�1

�

. Then, it follows that U

n

= O(C

n

). Moreover,

C

n

=

bn=k
�1

X

i=0

 

n+ bn=k


i

! 

n

bn=k
 � 1� i

!

� (L

n

� 1)

bn=k
�1

X

i=0

 

n

bn=k
 � 1� i

!

:

The latter inequality 
an be strengthened as follows,

C

n

� (L

n

� 1)

bn=k
�1

X

i=0

 

n

bn=k
 � 1� i

! 

bn=k
 � 1

i

!

= (L

n

� 1)

 

n+ bn=k
 � 1

bn=k
 � 1

!

;
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whi
h implies that C

n

< (L

n

� 1)L

n

and, therefore, C

n

= O(L

2

n

).

5 Complexity of E-Systems with Burst Errors

Let � be an error type. A burst of type � is an e-string g in � [ �(" [ �)

�

� . The size of the

burst g is the length of its input part; that is, j inp(g)j. Let m an n be positive integers with

m < n � 1. The e-system [�b℄(m;n) 
onsists of all the e-strings h for whi
h there is k � 0 su
h

that h = h

0

g

1

h

1

� � � g

k

h

k

and h

i

2 "

�

with jh

i

j � n � 1 for i = 1; : : : ; k � 1, and ea
h g

j

is a burst

of type � , size up to m, and weight up to m. As before, the ratio m=n is the error density of the

e-system [�b℄(m;n). Let B

m

(�) be the set of all bursts of type � , size up to m and weight up to

m. Then it follows that

[�b℄(m;n) = ("

�

B

m

(�)"

n�1

)

�

("

�

[ "

�

B

m

(�) [ � � � [ "

�

B

m

(�)"

n�2

):

For example, let � = fx; yg and let

h = (x=�)(x=x)(x=�)(x=x)

5

(�=x)(�=x)(x=x)(x=x)(x=�)(x=x)

8

(�=x):

Then h 
ontains three bursts of type (�[ Æ). The �rst is of size 3 and weight 2, the se
ond is of size

2 and weight 3, and the last is of size 0 and weight 1. Hen
e, h is in the e-system [(�[ Æ)s℄(3; 6). On

the other hand, h is not in [(� [ Æ)s℄(3; 7), as the fa
tor (x=x)(x=�)(x=x)

5

(�=x) of size 7 
ontains

two bursts that are too 
lose to ea
h other, or one burst that is too long.

In this se
tion, we are interested in the des
riptional 
omplexity of the e-systems

[�b℄ = f[�b℄(m;n) : 0 < m < n� 1g:

[n� 2]

[1; 1] [2; 1] [3; 1]

[4]

[3]

[2][3; 2][2; 2]

[3; 3] [1]

[0]

[n� 1]

: : : : : :

w

"

�

� �

�

�

�

�

"

"

"

"

"

" " "

" "

"

"

"

Figure 1. The minimal automaton a

epting [�b℄(4; n) (the sink state is not shown).
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Proposition 3 If � is an error type involving no insertions, that is � \ � = ;, then

C

[�b℄

(m;n) = n+ 1 +m(m� 1)=2 = �(m

2

+ n)

Proof. We de�ne the 
omplete DFA A = (" [ �;Q; [n� 1℄; Q n [�1℄; t) as follows. The set of states

Q 
onsists of all [j℄, with j = �1; 0; : : : ; n� 1, and all [l; s℄ with l = 1; : : : ;m� 1 and s = 1; : : : ; l.

The start state is [n�1℄. The state [�1℄ is a sink state. State [l; s℄ means that l symbols have been

seen sin
e the beginning of the 
urrent burst (in
luding the �rst symbol in � of the burst) and the

size of the burst is s. In general s < l, as the burst might grow in 
ase one of the next symbols to

read is in � . For j � 0, state [j℄ means that there have been j symbols in " after the end of the

last burst. Obviously, the number of states is n+1+

P

m�1

l=1

l, as required. The transition fun
tion

t is as follows { see also Fig. 1.

� t([n � 1℄; ") = [n � 1℄ and t([n � 1℄; �) = [1; 1℄. Note that t([n� 1℄; �) = [0℄ when m = 1. In

this 
ase, no states of the form [l; s℄ exist.

� t([j℄; ") = [j + 1℄ and t([j℄; �) = [�1℄, for all j = 0; : : : ; n� 2.

� t([l; s℄; ") = [l + 1; s℄ and t([l; s℄; �) = [l + 1; l + 1℄, for any s and for l < m� 1.

� t([l; s℄; ") = [l � s+ 1℄ and t([l; s℄; �) = [0℄, for any s and for l = m� 1.

We need to show now that no two states are equivalent. Obviously, [�1℄ is not equivalent to any

other state. Firstly, note that for all states [i℄ and [j℄, other than [�1℄, with i < j, we have that

"

n�1�j

� is a subset of L([j℄) and disjoint from L([i℄). Hen
e, [i℄ and [j℄ are not equivalent. Se
ondly,

for all states [j℄ with j = 0; : : : ; n� 2 and for all states of the form [l; s℄, we have that � is a subset

of L([l; s℄) and disjoint from L([j℄). Also, �

m

is a subset of L([n � 1℄) and disjoint from L([l; s℄).

Hen
e, no state of the form [j℄ is equivalent to a state of the form [l; s℄. Thirdly, 
onsider two states

[l; s℄ and [l

0

; s

0

℄ with l < l

0

. Then, �

m�l

is a subset of L([l; s℄) and disjoint from L([l

0

; s

0

℄). Finally,

for any two states [l; s℄ and [l; s

0

℄ with s < s

0

, we have that "

n�1�l+s

� is a subset of L([l; s℄) and

disjoint from L([l; s

0

℄). Hen
e, no two di�erent states of the form [l; s℄ are equivalent. 2

Proposition 4 Let � be an error type involving insertions, that is � \ � 6= ;. Then C

[�b℄

(m;n) =

�(m

3

+ n). In parti
ular,

if � also involves substitutions/deletions, that is � \ (� [ Æ) 6= ;, then

C

[�b℄

(m;n) = n+ 1 + (2m+ 1) + (m+ 1)(m+ 2)(m� 2)=2;

if � involves only insertions, that is � � �, then

C

[�b℄

(m;n) = n+ 1 + (m+ 1) + (m+ 1)(m + 2)(m � 2)=2:

Proof. Suppose � = �

1

[ �

1

su
h that �

1

is a nonempty subset of � and �

1

is a subset of � [ Æ. We

de�ne the 
omplete DFA A = ("[ �;Q; [n�1℄; Qn [�1℄; t) as follows. The set of states Q 
onsists of

all [j℄, with j = �1; 0; : : : ; n�1, and all [s; l; k℄ with k = 1; : : : ;m�1, l = 0; : : : ;m and s = 0; : : : ;m

su
h that 0 � s + l � m, and s = 0 if k = 1 and �

1

is empty, or s 2 f0; 1g if k = 1 and �

1

is not

empty.

The start state is [n� 1℄. The state [�1℄ is a sink state. State [s; l; k℄ means that s is the size

of the 
urrent burst (as known so far) and k is the weight of the burst, and l symbols in " have
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been seen after the last symbol (in �) of the burst. Note that the size of the burst might be smaller

than its weight, as insertions are permitted. For example, at state [2; 1; 3℄ with m = 4 and � = � it

is possible to have seen 6 symbols in �"�"�" [ ��""�". In this 
ase, the 
urrent burst is of the form

�"�"� or ��""�. For j � 0, state [j℄ means that there have been j symbols in " after the end of the

last burst.

We de�ne the transition fun
tion t for the 
ase where �

1

is not empty. If �

1

is empty one 
an

simply omit the transitions involving �

1

.

� t([n�1℄; ") = [n�1℄, t([n�1℄; �

1

) = [0; 0; 1℄, and t([n�1℄; �

1

) = [1; 0; 1℄. Note that t([n�1℄; �) =

[0℄ when m = 1. In this 
ase, no states of the form [s; l; k℄ exist.

� t([j℄; ") = [j + 1℄ and t([j℄; �) = [�1℄, for all j = 0; : : : ; n� 2.

� t([s; l; k℄; ") = [s; l + 1; k℄ if s+ l < m, and t([s; l; k℄; ") = [l + 1℄ if s+ l = m.

� t([s; l; k℄; �

1

) = [s+ l; 0; k + 1℄ if k < m� 1, and t([s; l; k℄; �

1

) = [0℄ if k = m� 1.

� t([s; l; k℄; �

1

) = [s + l + 1; 0; k + 1℄ if s + l < m and k < m � 1, and t([s; l; k℄; �

1

) = [0℄ if

s+ l < m and k = m� 1, and t([s; l; k℄; �

1

) = [�1℄ if s+ l = m.

For the number of states, �rst note that there are m + 1 states of the form [0; l; 1℄ when �

involves only insertions, or (m + 1) +m states of the form [s; l; 1℄ with s 2 f0; 1g when �

1

is not

empty { re
all, s+ l 
annot ex
eed m. Now for ea
h k = 2; : : : ;m� 1, there are

P

m

s=0

(m� s+ 1)

states of the form [s; l; k℄, and the 
laim about the 
omplexity follows. We need to show now that

no two states are equivalent. Obviously, [�1℄ is not equivalent to any other state. Let L(q) be the

language a

epted by A when the state q is used as the start state. Firstly, note that for all states

[i℄ and [j℄, other than [�1℄, with i < j, we have that "

n�1�j

�

1

is a subset of L([j℄) and disjoint from

L([i℄). Hen
e, [i℄ and [j℄ are not equivalent. Se
ondly, for all states [j℄ with j = 0; : : : ; n � 2 and

for all states of the form [s; l; k℄, we have that �

1

is a subset of L([s; l; k℄) and disjoint from L([j℄).

Also, �

m

1

is a subset of L([n � 1℄) and disjoint from L([s; l; k℄). Hen
e, no state of the form [j℄ is

equivalent to a state of the form [s; l; k℄. Thirdly, 
onsider two states q = [s; l; k℄ and q

0

= [s

0

; l

0

; k

0

℄.

If k < k

0

then �

m�k

1

is a subset of L(q) and disjoint from L(q

0

). If k = k

0

and l < l

0

then "

n�1�l

0

�

m

1

is a subset of L(q

0

) and disjoint from L(q). Finally, if k = k

0

and l = l

0

and s < s

0

then "

m�(s+l)

�

1

is a subset of L(q) and disjoint from L(q

0

). Hen
e, no two di�erent states of the form [s; l; k℄ are

equivalent. 2

6 Combining E-Systems

One way of 
ombining two error types �

1

and �

2

is to use the e-system [(�

1

[�

2

)x℄(m;n). It might be

desirable, however, to assume that errors of the types �

1

and �

2

o

ur independently of ea
h other,

and possibly with di�erent densities. Consider the two e-systems [(it)s℄(m

1

; n

1

) and [(ve)s℄(m

2

; n

2

)

des
ribing s
attered transition and transversion errors, respe
tively, withm

1

=n

1

> m

2

=n

2

. We wish

to have one e-system that allows errors of both types su
h that the error density of the type (it)

is m

1

=n

1

and of the type (ve) is m

2

=n

2

. We shall use the notation [(it)s℄(m

1

; n

1

)� [(ve)s℄(m

2

; n

2

)

for su
h an e-system. For example, an e-string of the form (ve)(it)""(it)""(it)""(ve) would be in

[(it)s℄(3; 7) � [(ve)s℄(1; 10), but it would be neither in [(it)s℄(3; 7) nor in [(ve)s℄(1; 10), as these
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systems are subsets of ((it) [ ")

�

and ((ve) [ ")

�

, respe
tively. Next we develop the formalism for

the operation � between two e-systems.

Let e be a basi
 edit operation and let � be an error type. We de�ne

pr

�

(e) =

8

>

<

>

:

e; if e 2 " [ �;

�=�; if e =2 �; e 2 �;

x=x; if e =2 �; e 2 (� [ Æ); e = x=y:

The above operation is extended naturally to e-strings: if h is the e-string e

1

� � � e

n

then pr

�

(h) =

pr

�

(e

1

) � � � pr

�

(e

n

). Thus, pr

�

(h) results by repla
ing ea
h basi
 edit operation of h that is not in

� with an appropriate basi
 operation in ". Now for any two e-systems D and D

0

we de�ne the

e-system

D �D

0

= fh 2 (" [ �

D

[ �

D

0

)

�

: pr

�

D

(h) 2 D and pr

�

D

0

(h) 2 D

0

g:

Thus, h is in D�D

0

if it involves errors of types �

D

and �

D

0

su
h that the errors of type �

D

satisfy

the 
onstraints of D, namely pr

�

D

(h), and the errors of type �

D

0

satisfy the 
onstraints of D

0

. In

pra
ti
e it appears that the error types �

D

and �

D

0

should be disjoint. Our results, however, remain

true without this restri
tion and, therefore, we allow the possibility that �

D

\ �

D

0

is nonempty.

Proposition 5 Let D and D

0

be two regular e-systems. Then, C

D�D

0

� 1 + C

D

C

D

0

.

Suppose we wish to model, for instan
e, bursts of transitions and transversions su
h that the

error density of transitions is twi
e that of transversions. For this we 
an 
onsider the 
lass Z =

fZ(m;n) : 0 < 2m < n�1g su
h that Z(m;n) = [(it)b℄(2m;n)� [(ve)b℄(m;n). Then, by the above

proposition, it would follow that C

Z

(m;n) = O(m

4

+m

2

n+ n

2

).

Before we prove the above statement we need to establish an auxilary lemma. Let � and � be

two disjoint error types and let A = ("[ �;Q; s; F; t) be a DFA. We 
an write � = �

1

[ �

1

su
h that

�

1

is a subset of � and �

1

is a subset of � [ Æ. De�ne the DFA A

�

= (" [ � [ �;Q; s; F; t

�

) su
h that

t

�

is 
onstru
ted as follows:

� t

�

in
ludes t; that is, t

�

(p; e) = q for all states p; q and e 2 " [ � with t(p; e) = q.

� t

�

(q; �=x) = q, for all states q and �=x 2 �

1

.

� For all states p; q and x=x 2 ", if t(p; x=x) = q, then t

�

(p; x=y) = q for every x=y in �

1

.

Obviously, A and A

�

have the same state sets.

Lemma 2 The automaton A

�

a

epts the language fh 2 (" [ � [ �)

�

: pr

�

(h) 2 L(A)g.

Proof. By the 
onstru
tion of t

�

we observe that (i) if t

�

(q; �=x) = q and �=x is in �

1

then pr

�

(�=x) =

�=�, and (ii) if t

�

(p; x=y) = q and x=y is in �

1

then t(p; x=x) = q and pr

�

(x=y) = x=x. First suppose

that h is in ("[�[�)

�

su
h that pr

�

(h) 2 L(A). Then h = e

1

� � � e

n

, with ea
h e

i

being in "[�[� , and

pr

�

(h) = pr

�

(e

1

) � � � pr

�

(e

n

). As some of the elements pr

�

(e

i

) might be empty, there is an a

epting

extended 
omputation p

0

pr

�

(e

1

)p

1

� � � pr

�

(e

n

)p

n

of the automaton A. If e

i

is in �

1

then e

i

is of the

form x=y with x 2 � and y 6= x, whi
h implies that pr

�

(e

i

) must be x=x. As t(p

i�1

; x=x) = p

i

one has that t

�

(p

i�1

; x=y

0

) = p

i

for all x=y

0

in �

1

. Hen
e, t

�

(p

i�1

; e

i

) = p

i

. In the 
ases e

i

2 �

1

and e

i

2 " [ � it follows again that t

�

(p

i�1

; e

i

) = p

i

and, therefore, p

0

e

1

p

1

� � � e

n

p

n

is an a

epting


omputation of the automaton A

�

. Hen
e, h is in L(A

�

).
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Now suppose that h is in L(A

�

). Then h = e

1

� � � e

n

, with ea
h e

i

being in "[�[� , and there is an

a

epting 
omputation p

0

e

1

p

1

� � � e

n

p

n

of A

�

. It is suÆ
ient to show that p

0

pr

�

(e

1

)p

1

� � � pr

�

(e

n

)p

n

is an extended 
omputation of the automaton A; that is, t(p

i�1

;pr

�

(e

i

)) = p

i

for all i. This 
an be

shown using the fa
t that t

�

(p

i�1

; e

i

) = p

i

and by 
onsidering the three 
ases e

i

2 " [ �, e

i

2 �

1

,

and e

i

2 �

1

. 2

Proof of Proposition 5. Let A and A

0

be minimal 
omplete DFAs a

epting D andD

0

, respe
tively.

Let �

0

= �

D

0

n �

D

and � = �

D

n �

D

0

. Then " [ �

D

[ �

D

0

= " [ �

D

[ �

0

= " [ �

D

0

[ � . By the above

lemma it follows that D�D

0

is the language a

epted by the automaton A

0

�

\A

�

0

, whi
h is of size

jAjjA

0

j = C

D

C

D

0

. In general, it might be ne
essary to add a sink state to the automaton A

0

�

\A

�

0

,

in order to make it 
omplete. Hen
e, C

D�D

0

� 1 + C

D

C

D

0

. 2

We note that, in many 
ases, Proposition 5 
an be improved slightly by 
onsidering A and A

0

to be trim automata; that is, automata whose states 
an be rea
hed from the start state and 
an

rea
h a �nal state. It follows then that C

D�D

0

� 1+ jAjjA

0

j. It 
an be shown for example that, for

D = [�b℄(1; 3) and D

0

= [Æb℄(1; 4), we have that C

D�D

0

= 11, and jAj = 3 and jA

0

j = 4, where A

and A

0

are trim automata a

epting D and D

0

, respe
tively.

7 Con
luding Remarks

We have presented a method for des
ribing error situations as formal languages, whi
h allows one to

reason about errors using tools from automata. In parti
ular, we were able to obtain results about

the 
omplexity of des
ribing error situations, motivated by the need for evaluating the eÆ
ien
y of

algorithms that 
ompute error-
orre
ting 
apabilities of languages. In the 
ase of s
attered errors,

the 
omplexity turns out to be very high. One 
an still de�ne automata with reasonable size,

however, even for e-systems with high error density, by 
hoosing small values for the parameters

m and n. For example, the des
riptional 
omplexity of the e-systems [�s℄(3; 6), [�s℄(3; 10) and

[�s℄(4; 10) is no more than 735, 2783, and 18215, respe
tively, where � is any error type involving

insertions and substitutions/deletions.

We believe that the approa
h of e-systems 
an be used to model errors in various domains that

involve pro
essing or transmission of information in the presen
e of errors.
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