Determining exponential density and maximal encoding capailities of a
regular language*

Stavros Konstantinidis and Nicolae Santean

Department of Mathematics and Computing Science, Sainy'Mamiversity, Halifax, Nova Scotia, B3H 3C3 Canada,
s. konstantini di s@nu. ca, nic.santean@nu. ca

Abstract. The density of a language is the function that returns, foh@athe number of words in the language of
lengthn. In the first place, we consider deciding whether the derity given regular languadeis exponential.
This question can be answered in linear time wheas given via a DFA. We show that the same question can be
decided in quadratic time whdnis given via an NFA. It turns out that this question is equévelto whethelL

is an encoding language: it includeB*y, for some nontrivial cod® and wordsx,y. Then, motivated by certain
coding techniques for reliable DNA computing, we consider problem of characterizing nontrivial languades
that are maximal with the property thBt is contained in the subword closure of a givenSef words of some
fixed lengthk — this closure is simply the set of all words whose subwordemrgthk must be inS. We provide

a deep structural characterization of these languBgeghich leads to polynomial time algorithms for computing
such languages.
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1 Introduction

Following [17], we define the density of a langudgéo be the function that returns, for every nonnegative
integern, the number of words i of lengthn. This concept is of central importance in language theory.
In particular, [17] and [14] characterize regular langusagkexponential density, where the characterization
of [14] leads to a linear time algorithm for deciding whetlaeregular language is of exponential density
whenL is given via a deterministic finite automaton (DFA). This i&werization is very simple: the DFA
has a state that belongs to two different loops — we note lleasdme idea was used in [4] in the context of
encoding data into DNA languages that are described viaiodbFAs.

Here, in the first place, we consider the question of charattg regular languages of exponential
density when they are given via nondeterministic finite emgta (NFAs). Our characterization is that the
NFA has a strongly connected component containing two pttie same length, starting at the same state,
and having different labels. This characterization leads ¢uadratic time algorithm deciding whether the
given NFA language is of exponential density. We also oles#rat a languagk has exponential density if
and only ifL is an encoding language — see the next section for precigetiels.

In the second part of the paper we consider the case wher&?. ThenL is an encoding language
if and and only ifC* C L, for some two-element code whose words are of the same length. HEfeis
the subword closure of a given nonempty Saif words of some fixed lengtk. This concept has been
considered recently in the context of coding for reliableAddbmputing — see [11], [3], [4] — as well as
in state complexity considerations [1]. The langu&jeis simply the set of all words whose subwords
(factors) of lengthk must be inS. In relevant applications, the s8trepresents a subword constraint and
the fact that some language is a subseBdfmeans that the language satisfies that constraint. In DNA
computing, for instance, it is often desirable that no twasgibly long, DNA molecules in the test tube
contain two short blocks & pairwise complementary DNA bases, as this would allow agefitly strong
bond to form between these molecules. In this case, theraims$is a set of words of lengtkrepresenting
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short molecules that are not pairwise complementary, anthtityuagé&® represents all molecules (possibly
arbitrarily long) such that there can be no sufficiently strdoond between any two of them.

In [3] and [4], the authors consider the problem of encodirmti@ry sequences of data blocks (fixed-
length words in=™, for some alphabeX and integem > 1) into the words ofs?, for a given constraing.
More specifically, a bijective mapping (an encoding) fraf to someD is wanted such thdd* C S®. The
authors of those papers propose and implement a methoddioresicodings.

In this paper, motivated by the above problems, but indegethd of any application, we consider the
problem of characterizingontrivial languagedD whose words are of length at ledstand are maximal
with the property D* C S°” — the nontrivial requirement fob ensures thab* is of exponential density
and has a good encoding capability. We obtagompletestructural characterization of these languaDes
which leads to polynomial time algorithms for computing Isuanguages, and a better understanding of
the encoding method in [3] and [4]. We note that the more gdrprestion of computing maximal regular
languaged such thatD* C R, whereR is any regular language, has been solved recently in [12lgusi
different tools. However, these tools lead to an algorithith\an exponential number of steps — see also
Section 7 for further comments.

The paper is organized as follows. Section 2 contains thie batation and terminology about regular
languages and automata, as well as relevant backgroune cultlvord closure operation. In Section 3, we
consider the question of whether a given regular langliagef exponential density (equivalently, whether
it is an encoding language). Section 4 deals with charaateristructurally nontrivial languagd3 whose
words are of length at leaktand are maximal withD* C S®”. Our characterization is used in Section 5
to evaluate the encoding method of [3] and [4] that was martidoefore. Moreover, this characterization
is used in Section 6 to obtain polynomial algorithms for ¢nrging certain maximal languag€s Finally,
Section 7 contains a few concluding remarks and suggeshioristure research.

2 Basic Notation and Background

We begin this section with notation and concepts on worddamgliages, and then on finite automata. We
use [13] as a general reference.

2.1 Words, Languages, Codes

For a setS we denote byS the cardinality ofS. We consider an arbitrary alphahEtcontaining at least
two symbols. As usual, the set of all words oveis denoted ag*. We write A for the empty word and ™
for the set of all nonempty words. The length of a wards the number of alphabet symbols occurring in
w and is denoted gsv|. For an integen > 0, the expressiofw)" is the word consisting af copies ofw. A
prefix (resp.suffix subword of a wordw is any wordu such thatw = ux (resp.w = xu, w = xuy) for some
wordsx,y. A subword ofw is also called a factor, or infix, of.

A language is any set of words. A wovdlis called arnL-word if w € L. As usual, for any integan > 0,
if L is a language theh" is the language whose words consist of angoncatenated words from. In
particularZ" is the set of all words of length Also, L* is the union ofL", for alln >0, andL* =L*—{A}.
For any wordx and languagé& we use the special notation

x L = {ze Z*|xzeL}.

In particular, ifx is a prefix of some word, thenx—1w is the suffixz of w such thaiv = xz A languageC is
called a (uniquely decodablepdeif, for every wordw € C*, there is exactly one sequenge, ..., wy,) of
C-words whose concatenation is equalstathat is,w = wy - - - Wy,. In particular, any language whose words
are of some fixed length is always a code (usually called atmifor block, code). A languadeis called
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maximal withrespect to some property??’, if any languagel’ containingL and satisfying &7’ is equal
toL.

The densityof a languagd. is the function @ that maps every nonnegative integeto d_(n) = the
number ofL-words of lengthn. We say that a regular languagehasexponential densitif the density of
L is not polynomially upper-bounded — see below for the dediniof regular language. This definition is
justified by a result of [17] stating that the density of angular language is either polynomially upper-
bounded or has a subsequence of o@é2"). A languageD is callednontrivial if it contains two words
wi, Wo such thatwviws # wowy. Note that, in this case, the spliiw,, wow, } is a two-element fixed-length
code, and is a subset &f — we shall see later that this property Dfensures thabD* is of exponential
density and has a good encoding capability.

2.2 Automata, graphs, cycles

Recall that a complete deterministic finite automaton isiatgple M = (X,K,d,s F) such thaK is the
nonempty set of states,is the start state; is the set of final states ar@l: K x > — K is the transition
function, which can be extended as. K x 2* — K in the usual way. If the functio® is partial then
M is not complete — we simply call it a DFA. A nondeterministinite automaton (NFA) is a quintuple
M= (Z,K,T,s,F) such thatk,s,F are as in the case of a deterministic automaton, Riglthe finite set
of transitions which are triples of the fornip, o, q) with o € X andp,q € K. In this case, we say that the
transition is going out of the stafe As usual, a deterministic automaton is a special type oflatarministic
one whergp,0,q) € T exactly whend(p,o) =q.

The NFAM can be viewed as a directed labeled graph hatings the set of vertices and any triple
(p,0,q) as a labeled edge exactly whgm o,q) is a transition inT. A pathin M is a sequence

(pOa 017 pla ey Um pl’l)

such that pi_1, g, pi) is a transition oMM, for eachi = 1,...,n. In this case, the wordj - - - 0y, is called the
label of the path. As usual, the languagéM) acceptedby M is the set of all labels that appear in paths as
above such thapg is the start state ang, is a final state. These languages constitute the classgafar
languages — see [18] for more information on regular langsag

The NFAM is calledtrim if every state ofM occurs in some path from the start state to a final state.
Thesizeof M is |[K| + |T|, that is the number of states plus the number of transitiom4.iWe note that if
M is trim then|K| < |T|+ 1 and, therefore, the size bf is dominated by the number of transitionshh
A state in an automaton is calledak stateif there at least two transitions going out of that statecysle
in the NFA is a path in which the first and last states of the pathequal. The special cyclp)( wherepis
any state, is called trivial. Atrongly connected componetith respect to an NFAMM) is a set# of states
that is maximal with the property that there is a patiVifbetween any pair of states #i. The component
% is callednontrivial if there is at least one transition between two state®'.ifror the sake of simplicity,
we shall say that a componeit‘contains’ a transition (or a path) to mean that the NFA ineht” exists
contains that transition (or path) with all states invoNesdlonging tas’.

2.3 The subword closureS® and the DFA Trie(S)®

As mentioned in the introductory section, any nonempty setonds of lengthk, for some integek > 0, is
called asubword constraintlt is used to define the language

S = {we =* | if uis a subword ofvand|u| = k thenu € S}.

This concept was used in [11] and [4] in the context of codimg€éliable DNA computing. Two properties
of S* are the following.



— If we S” then every subword of/ is also inS®.
— If xu,vy € S® and|u| = |v| = kthen we have thatuvye S” if and only ifuve S”.

In [11] itis shown that every langua@¥ is regular via the DFA TrigS)®, which is defined as follows. First,
let Trie(S) be thetrie accepting the s&d Recall [2] this is the complete DFA with states

{[u] | uis a prefix of a word irS} U {[sink| }

such thatA] is the start state anf{u] | u € S} is the set of final states. We remark that the notafipfor
states is not necessary, but it is meant to help the readergilish easily that represents a word arjd]
represents a state. By extending this notation to sets wfsstve can write that the set of final states of
Trie(S) is [§. The transition function of TrigS) is d such thatd([u], o) = [ud], whenuo is a prefix ofS of
length at mosk, and with all the other values @f being|sink].

The DFA TrigS)® acceptingS” is obtained from the tre Tr{&) as follows [11] — see also Fig. 1. The set
of states is the same; the start state is the same; all statesre final; the transition functiod® of Trie(S)®
is the same a8 except as follows: for eaahe Sando € Z, if ue Su; anduyo € S, thend®([u], o) = [u10]
— this ensures that the lastsymbols read drive the automaton to a statéSnA few useful properties of
Trie(S)® are the following.

— If ([u], 01, p1,---,0k Pk) is @ path in Tri¢S)® and p # [sink| then the statgy must be[o; - - - 0]

— If we S? and |w| > k then 8% ([A],w) = 89 ([x],w1) = [y], wherex is the prefix ofw of lengthk,
wi = X~ w, andy is the suffix ofw of lengthk.

— The DFA TrigS)® can be computed in linear time with respect to the siz8-efthe size of a finite set
of words is the sum of the lengths of the words in that set.

— Any strongly connected compone@] of Trie(S)® is such thaQ C S.

Fig. 1 shows a part of the DFA Tii&)“ accepting the languad®’, where
S={0001,001001000101,011110001011,1101,111Q1111}.

In particular the figure shows only the transitions invotystatequ| with u € Sand the statésink.

3 Deciding Exponential Density

In this section we consider the problem of characterizing\ Nhguages having exponential density. Our
characterization leads to a quadratic time algorithm faidieg whether the language accepted by a given
NFA is exponential. We also observe that the property of egptal density is equivalent to whether the
language in question is an encoding language — see the mefibélow. In fact our algorithm for deciding
exponential density also returns an encoding part of thengi@nguage in case where indeed the language
is of exponential density.

Definition 1. A language L is called aencoding languagé there are words yy and, for every integer
n > 2, there is a code of cardinality n such that

xGyy C L.

In this case, the code{s called anencoding parof L.
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Fig. 1. The part of Tri¢S)® involving only statesu] with u € Sand the statésink.

When we need to encode intoarbitrary sequences made from a certain{sgt . . ,t,} of objects (e.g.,
data blocks in=™ for some alphabeX and integem > 1), andL is an encoding language then we can pick
a codeCp = {uy,...,un} and wordsx,y such that any sequencg,,...,t;, ) can be encoded with the word
Xy, --- U, y € L. The use of the fixed wordsy is necessary in general, 3 itself might not be a subset of
L — this is not an issue in the caselof- S® because then any subword®f is an element 08® as well.

Now we consider the following problem.

(PO) Given a regular languade decide whethek is of exponential density.

It is not difficult to see — see Lemma 1 below — that this probiemquivalent to whethdr is an encoding
language.

In [14] (see also [15]) the author gives a very simple criterfor testing this property for a regular
languagd.. it has exponential density if and only if any trim deterrsiic automaton acceptirighas a state
that belongs to two cycles in the graph corresponding to thenaaton. Here we consider the case where
the language is given via a nondeterministic automaton. Mia/ghatL has an exponential density if and
only if any trim nondeterministic automaton acceptindpas a strongly connected component containing
two paths of the same length, starting at the same state, hosewabels are different. Moreover, we show
that our test can be performed in quadratic time. Note thhgnathe automaton is deterministic, our test is
equivalent to whether a strongly connected component cengafork state (this is of course equivalent to
the test of [14]) and can be performed in linear time. Theoé#iis section deals with the formalities of the
above statements.

Lemma 1. Let L be a regular language. The following statements arévedgnt.

ENC: L is an encoding language.



EXP: L has exponential density.

BL2: There is a two-element block code C and wordssuch that xCy C L.

SCC: For every trim NFA A accepting L, there exists a stromglynected component in A containing two
paths of the same length, starting at the same state, andenNabsls are different.

Proof. First we establish the equivalence ENEBL2. For the ‘if’ part, consider any integer> 2 and let
m= [logn]. Then, ax(C™M)*y C L andC™ contains at least codewords, it follows that is an encoding
language. For the ‘only if’ part, l&@; = {v,w} be a two-element code amdy be words such thaiCyy C L.
As C; is a code we have thﬁl% is also a code consisting of four codewords. The requiredkbtodeC is
{vw wv}.

It is sufficient now to prove the following sequence of statais: BL2— EXP, SCC— BL2, EXP —
SCC.

Part BL2— EXP: LetC = {#,2} and consider, for eveny > 0, all words inL of length|x| + |y| + ¢n,
where/ is the length ofz; andz,. AsxC"y C L, there are at least'Zuch words and, therefore,must have
exponential density.

Part SCC— BL2: Assume there is a statgn some strongly connected componehtand two paths in
¢ starting atg, ending at some stateg andqgp, and having two different labels;, u, of the same length.
Then, there must be two paths# one fromq; to g and the second fromp to g with some labelsy, vo,
respectively. Then there are two cyclesdhwith labelsu;vi andusv,. Moreover, it follows that there are
two cycles in% with labelsz; = uviupvo andz, = uxvouyv, which are different and of the same length,
say/. As the NFAA is trim, there are two paths, one from the start statpwath some labek, and the other
from q to a final state with some labgl LetC = {z;,2}. Then it follows that

xC'y C L.

Part EXP— SCC: We use contraposition by assuming the negation of S@Glawing that the density
of L(A) is polynomially upper-bounded. So assuthat in every strongly connected componenofany
two paths starting at the same state and having the samd lengit have equal labels. This implies that
there is no state having two outgoing transitions with défe labels. First we have the following claim.

Claim 1 The assumption implies that, in every strongly connectedmonents’, for everyn > 0, there
are at mos{%| distinct path labels of length.

To see this, we first note that the claim is obviou®’ifs trivial. If & is nontrivial, then for every statg
in ¥ and any integen > 0, there is at least one path# of lengthn starting at statg. At the same time,
the assumption implies that, for every stgie ¥ and integen > 0, there is at most one path label of length
n. Thus, for every statgin ¥ and anyn > 0, there is exactly one path label of lengtktarting atg, and the
claim follows easily from this observation.

Next we show that the density &fA) is polynomially upper-bounded, using induction on the nemb
k, say, of strongly connected componentAirFork = 1 this follows immediately from Claim 1. Assume
the statement holds whek has at most components, for some> 1, and consider the case wheke
hask =t + 1 components. A& > 2, there must be a strongly connected comporientith no outgoing
transitions — also, a& is trim, & cannot contain the start state. Consider the_geif all words of lengthn
accepted by. Then

Lh = MpaUKp,

whereM, is the set of words of length accepted using paths containing no stat&irandK, is the set of
words of lengthn accepted using paths endingdn Let & be the set of states not i, and letqy, ..., 0

be all states inZ having transitions going int&. Let Ny, ...,N; be the languages accepted by the part of
A that involves no states fro and has as final statdsy; },...,{d }, respectively. LeN;,...,N/ be the
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languages accepted starting, respectively, from thessigte. . ,g- and then using only states A, where
the final states of\ that are inZ are used as final states. Then, it follows that

Kn= (NiNjU---UNN/)n ="

and then
Ln=MuU(NINJ N EMU--- U (NN/ N Z™).

By the induction hypothesi$Mn| = O(n°), for some constart. Now for each terniN;N/ N =" we have

n
NN N "= (NN ZH(N N Z™).
j=0

Again, asN; is accepted by an NFA having at méstomponents we have thgi N Si|=0(j%), for some
constant;. Also, by Claim 1,|N/ N Z"J| = O(1). With these observations, it follows that

INN/ N 2" = O((n+1) x n%) = O(n**%) and |Ly| = O(n™aXe1Fer-.1Fe))
and, thereforel.(A) is polynomially upper-bounded:

Theorem 1. The following problem is decidable in quadratic time.

Input: NFA A
Output: YES/NO, depending on whether the densityAj Ls exponential.

Moreover, there is a (quadratic time) algorithm that retaran encoding part of (A) of cardinality n, for
any given NFA A and integern 2, if L(A) is indeed an encoding language.

Proof. We shall use the previous lemma and the well-known produestcaction for labeled graphs. In
particular, for any directed labeled gra@h= (V,E), the graphG? has vertices all pairs ¥ x V and edges
all triples of the form((p1, p2), (a1,a2),(01,092)) such that(ps,as,q:) and (p2,a2,02) are edges irkE. It is
evident that for any path i6 there are two corresponding path€3rof the same length and, conversely, for
any two paths irG of the same length there is a corresponding patB?rFor a pattP in G2, the first (resp.
second) corresponding path is simply the sequence of edgeed by the first (resp. second) components
in the sequence of edgesin The required decision algorithm is as follows.

AED(A)
1 Make the NFAA trim;
2 Compute the (strongly connected) component&;of
3 FOUND = false;
4 for each componer® and while not FOUND
do
ComputeG?;
Compute the sé; of vertices(py, pz) in G2 such that
—there is an edg@ p1, p2), (a1, a2), (01, 02)) With &y # a;
Compute the sé, of vertices inG? of the form (t,t);
10 if (there is a path from®, to Q1) then FOUND = true;
11 if (FOUND) output YES else output NO;

©O© 00N O O

For the correctness of the algorithm we note that, at thestapt FOUND is true if and only if condition SCC
of Lemma 1 is true. Indeed, if there is a pathGA from some(t,t) to some(py, p2) € Q1 then there is also



a path from(t,t) to some(qs, g2) where the last edge in the path(i1, p2), (a1,a2), (a1,92)) with a3 # ay;
hence, there must be two equal length pathS starting at and having different labels. Conversely, if there
are two paths irG of the same length, starting at some stagand having different labels, then there are
also two such paths differing on their last symbols, whichpligs that the algorithm will set FOUND to true
when it processes the compon&at

For the time complexity of the algorithm, first we note thag¢[s1 can be performed in linear time and
then Step 2 also in linear time [5]. Now latbe the size o, let k be the number of strongly connected
components in the trimmeAd, and letn; be the size of the componentThenn; + --- + ng = O(n). The
i-th iteration of the loop requires tin@(niz) to construct the product of theh component, which is of size
O(n?), and then the next two steps are linear with respeaf té\Iso linear is the last step in the loop via a
breadth-first search algorithm. So in the worst case theittigo requires timed(n? + - - - + n2).

Now regarding the second part of the theorem, once we havdedethatL (A) is indeed an encoding
language, we proceed as follows. Let

P= (t>t)7 (blvbgl_)> (tlvtjll_)> ceey (bm>b:"n)7 (tmvt;n)

be the path found in the current component of the above lobenThere is an edgétm,t/,),(a,a),(9,q))
with a # & in that component of. Compute shortest paths Aafrom tp, to t and fromt;,, tot. These would
have some labels,w respectively. Lev = by ---bnaandv = b ---bj,a. Then, we have two equal length
cycles fromt to t with distinct labelsz = vwvw andZ = vw'vw. LetK = {z, Z} and j = [n/2]. Obviously
KJ contains at leash words and, therefore, any subsettof of n words is an encoding part af(A) as
required. Finally, we note that the extra steps to compugeeticoding part of(A) do not increase the
asymptotic complexity of the algorithria

4 Characterizing maximal D’s with D* C S®

In this section we fix an arbitrary subword constredmf some lengttk, that is, a nonempty s&consisting
of words of fixed lengttk > 0. The firstmain problem is to characterize structurally any nonentgtguage
D whose words are of length at ledstand is maximal with the propertyD* C S®”. It turns out (see
Theorem 2) that, for such B, there is a nontrivial strongly connected componiitof Trie(S)®, with
Q C S such that for allD-words, their firstk symbols drive the automaton T(®® to a certain set of
states/X] C [Q], the D-words get accepted at a set of stgiélsC [Q] that depends oX and is denoted as
[Y] = [Qx], andY has the property that, from any stégec [Y] and on inpui, the automaton Tri&5)® gets
to the statéx], for anyx € X — see Definition 2 and Fig. 2.

The secondnain (and related) problem is to characterize structuialy nontriviallanguageD whose
words are of length at leaktand is maximal with the propertyD* C S®”. The characterization is the same
as the one for a nonempfy with the additional requirement that the strongly conngéatemponen{Q]
contains a fork state — see Theorem 3. As discussed eaukdiadt thaD is nontrivial implies thaD* is of
exponential density and allows one to encod®in- therefore also i5° — arbitrary data.

Definition 2. Let Q be a nonempty subset of S such {@tis a nontrivial strongly connected component
of Trie(S)®. For any nonempty subset X of Q, we define

Qg £ {veQ|vVxeX:8%(V,x) =[x} = {ve Q|Vxe X:vxe S*}.

Example 1.In Fig. 1, letQ = {01111111,1110 1101 1011} Then, Q7o = {1011,0111 1111} and, for

X ={01111011}, we have that
Qg = {0111,1111}.



Fig. 2. The sets of statelX] = {[x1],. .., [xm]} and[Y] = [Qg] = [Y2] U---U [Ym] are subsets of some
strongly connected componeig] of Trie(S)®. Each nodeY;] in the diagram represents one or more
states ifY], and each languade consists of the labels of all paths frdmj to [Y]. Then, the language
(Q,X) is equal toU™ ;L.

The major structural observation for the desired langudesthat they can be expressed in terms of
the sets

(Q.X)x & {we =" | 87(]4,w) € [Q«l}
for all x € X, where[Q] is a strongly connected component of T8g® — thus,Q C X —andX C Q. Let
<Q7X> é U X(an>x-

xXeX

Obviously, the words of this language are of length at |l&a$his notation is also important in the section
on algorithmic considerations.

Example 2.In Fig. 1, forQ={0111111111101101 1011} andX = {01111011}, we have that
(Q,X)1011=1(A +11)(0111(A +11%))" and (Q,X)o111= (A +11")(0111(A +11%))",
where we have used notation of regular expressions for oenlaingauges.

Theorem 2. Let S be any subword constraint of some length k, and let D p@anemptyanguage whose
words are of length at least k. Then, D is maximal with©S? if and only ifthere are nonempty subsets
X,Y,Q of S such that

D = (QX)=SNXZ*NZz",

and XY C Q, [Q] is a nontrivial strongly connected componentTfe(S)®, Y = Qy, and X is maximal
with“X CQand Q¢ =Y".

Theorem 3. Let S be any subword constraint of some length k, and let D h@antrivial language whose
words are of length at least k. Then, D is maximal with©S? if and only ifthere are nonempty subsets
X,Y,Q of S such that

D = (Q,X) = SNXZ*NZ*,

and XY C Q, [Q] is a nontrivial strongly connected componenflofe(S)®, containing a fork state, ¥= Qg
and X is maximal with “XC Q and Q¢ =Y.
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The rest of the section deals with the proofs of the abovdtsesuhich rely on a sequence of technical
lemmata. The first observation gives a taste of what it medren®* C S®, without necessarily requiring
thatD is maximal with this property.

Lemma 2. Let D be a nonempty language whose words are of length athkeast

1. If D* C S? then D= |J,.x X(x 1D) and Xx D)y C S%, for all x,y € X, where X is the set of all prefixes
of D of length k.

2. Ifthere is a subset X of S and languages for all x € X, such that D= {J,.x (XDx) and xDy C S?, for
allx,ye X, then D C S°.

Proof. For the first statement, the p@t= |J,.x X(x D) can be shown without complications using standard
set theoretic reasoning. Now take agy € X andu € x~1D. Then,xu € D. Also, there exists a word of the
formyve D. AsD? C S?, it follows thatxuyve S®. Hence, alsxuy € S®, as required.

For the second statement, we shbC S® using induction om. Obviously,D® C S®. For anyn > 1
assume thab"~! C S® and consider any wordl € D". By the premises abol®, w can be written aguy,
with x € X, u € Dy, andv € D"1. Note here that, asuxe S°, we have thakue S°. If n= 1 thenvis empty
and, in this casey = xu e S, as required. I > 1, thenv = yv; for somey € X andv; € *. In this case,
asxu,xuy yv; € S?, it follows thatw = xuyy € S*, as required.0

Lemma 3. Let X,Q be nonempty subsets of S such that ® and[Q] is a nontrivial strongly connected
component ofrie(S)“.

1. (Q,X)* C S”.
2. (Q,X) = S*NXZ*NZ*Q3.
3. If Qg # D then, for all xe X, we have thafQ, X)x # 0.

Proof. For the first statement, it is sufficient to show thad@,X)xy C S* — see Lemma 2. So let €
(Q,X)x. Then, 3% ([x],w) € [Qx] and, therefored®([A],xw) = [v] for somev € Qz. Asy € X, we also
haved®([v],y) # [sink]. Hence, 0¥ ([A],xwy) # [sinK and, thereforexwy e S”, as required.

For the second statement, Rt= S® N XX*N Z*Qg. For the directiorD C (Q, X), note that every word
w e D is of the formxw; = woy, with x € X andy € Qg. Then, asmy € S?, we haved®([A],wy) =
Iy = 8¥([A],xwy) € [Qg] = w1 € (Q,X)x = w e (Q,X). Conversely, consider any woml € (Q,X). By
the first statement of this lemma,c S”. Also, w = xw, for somex € X andw; € (Q,X)x. Hencew € XX*.
Moreover, 5% ([x],w;) = [y], for somey € Qg. This implies thatxwy must end with the worg. Hence,
we Q.

For the third statement, take ary X. As Qx # 0, we can pick any € Qg . As bothx,v € Q, there is a
path from[x] to [v] having some label € Z*. This implies thaiv € (Q,X)x. O

Now we present the next major step to proving the desiredréineoWe establish that any with
D* C S® must be a subset of some language of the f@@yX). This result allows us to focus on a strongly
connected component of T(i®“ when we wish to characterize structurally th@xs.

Lemma 4. If D is a nonempty language whose words are of length at leasikD* C S®, then
D C (Q,X),

for some nonempty subsets>Qof S with XC Q and [Q] a nontrivial strongly connected component of
Trie(S)®.



11

Proof. First note that, by Lemma 2, we can write

D = |J x(x'D),

XeX

such thaiX is the (nonempty) set of prefixes of lendtiof D andx(x D)y C S, for all x,y € X. The rest
of the proof consists of two parts, whose conjunction eghbs the truth of the lemma. In the first part, we
show thatX C Q such thafQ] is a nontrivial strongly connected component of T8¢’, and in the second
part we show that 1D C (Q,X)y, for all x € X.

Part 1 Consider any (possibly equat)y € X. Then, there are wordg; € x 1D andu, € y 1D such
thatxuy € S andyu,x € S*. We need to show that there are (nonempty) paths fsdto [y], and fromly]
to [x]. This, however, follows easily from the definition of Tf®® and the fact that there are paths in this
automaton with nonempty labetsyy andyuwx.

Part 2 Consider any worev € X 1D. Then,xw € D. We need to show th&@® ([x],w) € [Qg]. For this, it
is sufficient to show thad® ([x],w) = [v] for somev € Q such tha®“([v],y) = [y], for all y € X. Indeed, as
xwe S?, 8¥([A],xw) = [v] for somev € S, s05“([x],w) = [v] and, therefore, there is a path frdrhto [v].
Now, asxwxe S?, we have thad® ([v],x) = [x]. Thus, there is also a path frowj to [x] and, therefore € Q.
Now take anyy € X. Asxwye S?, we have thad®([A],xwy) # [sink], which implies tha®®([v],y) = [y],
as required.O

The last technical lemma before the proof of Theorem 2 deilsa@ntainment relationships between
sets of the fornQy andP; .

Lemma5. Let X,Z,Q,P be nonempty subsets of S such that X, Z C P, [Q] and [P] are nontrivial
strongly connected componentsToie(S)®, and Q; # 0.

1. If (Q,X) C (P,Z) then XC Z.
2. IfZzC Qand(Q,X)=(Q,Z) then X=Z.

Proof. For the first statement, take ary= X. As Qg # 0, there is a wordv € (Q, X)x — see Lemma 3. So
xwe (Q,X) and, thereforexwe (P, Z). Thenxwe z(P,Z),, for somez € Z, which implies thaz = x. Hence,
XeZ.

The second statement follows logically by applying the ftatement twice

Proof of Theorem 2 First we do the ‘only if part. So suppose thdd is maximal withD* C S®. Then,
D C (Q,X) according to Lemma 4. At the same time, Lemma 3 says(f@aX)* C S®. As D is maximal
we have that, in fach = (Q, X). LetY = Qy. By Lemma 3, we have

D=S’NXZ"N=Y.

As D is nonempty, we have thatis nonempty as well.

It remains to show thaX is maximal with X C Q andQy =Y”. So suppose that C ZC QandQ; =Y.
Then, we need to show that= X. For this it suffices to show tha®Q, X) = (Q, Z). In turn, this would follow
by the maximality oD if we show thatD C (Q,Z). So take anw € D = (Q, X). Then,w = xw; for some
x € X andw; € (Q, X)x, which impliesd® ([x],w1) € [Qx] = [Q5]. Also, asx € Z we have thatv; € (Q,Z)
and, thereforew; € (Q,Z), as required.

Now we do the ‘if part. By Lemma 3, we have th&t* C S®. To show thaD is maximal, we assume that
D C BandB* C S?, for some languagB, and we deduce th&= D. By Lemma 4, we have th&C (P,Z),
whereZ,P are nonempty subsets & Z C P, and[P] is a nontrivial strongly connected component of
Trie(S)®. This implies thatfQ,X) C (P, Z). It suffices to show tha® = Q andX = Z. By Lemma 5, we get
X C Z, so there is a state belonging to b@@j and[P]. This impliesP = Q. Also, obviouslyQ; =P, . As
Xis maximal with X C QandQy =Y”and X C Z C Q, it suffices to show tha®; = Q.
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First, by definition ofQy, X C Z impliesQ5 C Q. For the converse inclusion, take anyg Q. Also,
take anyx € X. Asx,v € Q, there is a path fronx] to [v] having some label, which impliesw € (Q, X).
As 3%([A],xw) = [V], there is a wordv such thatxw = w'v. Sow'v € (Q,X) and, thereforew'v € (Q,Z).
Then, by Lemma 3, we hawg'v € >*Q and, thereforey € Q7, as required.0

The next two lemmata are required for the proof of Theoremtchinvolves a fork state in the strongly
connected componef].

Lemma 6. If [Q] is a nontrivial strongly connected componenfloi(S)® then, for every ¥ Q and n> 1,
there is ue Q and a path of length n froru] to [v].

Proof. As [Q] is nontrivial, there is a path of some lengtt> 1 from [v] to [v]. Obviously this path can be
iterated arbitrarily many times to obtain a long path of ket leash from [v] to [v]. Then, there has to be
some statéu] in that long path as required3

Lemma 7. Let[Q] be a nontrivial strongly connected componenTo&(S)®.

1. If [Q] contains a fork statév] having transitions to some distinct statesg|, [x;] € [Q], then(Q,X) is a
nontrivial language, where X% {x1,X2}.
2. There is a subset X of Q such th& X) is nontrivial if and only if[Q] contains a fork state.

Proof. For the first statement, the premise implies that there a#ndi symbolso;, 0> € 2 such that
0%“([v],01) = [x1] and 8%(|v],02) = [x]. Also, by Lemma 6, there is a stapg and a wordx of length
k— 1 such tha®“([u],x) = [v]. This implies tha; = xo; andx, = x02, and, thereforeu € Q. Then, the
sets(Q, X)y, and(Q,X)y, are nonempty, which implies that there are wordsw., such that;wi, X2, Wo €
(Q,X). Finally, asx;wiXoW» # XoWox3 W1, the languagéQ, X) is nontrivial.

For the second statement, the ‘if’ part is simply a simplasi of the first statement. So we consider
the ‘only if’ part. As(Q, X) is nontrivial, the seQy, is nonempty. So let € Qg . If X has at least two distinct
elementsx, X, then, as there are paths frgmj to [x;] and [xp], it follows that a fork state must exist in
these paths, as required. Now suppise {x}, but assume for the sake of contradiction tf@tcontains
no fork state. Then, obviously, the componéQt is a single cycle and, therefor@y consists of exactly
one element, say. There is also exactly one simple path froxhto [v| having some labelv. Then, it is
easy to see that all paths frgwj to [v] have labels irw(xw)*, which contradicts the premise th@, X) is
nontrivial. O

Proof of Theorem 3The ‘if’ part is simply a weaker form of the ‘if’ part in Theem 2. For the ‘only if’
part, we first apply Theorem 2: there are nonempty subsgitsQ of Ssuch that

D = (Q,X) = S NXZ*NS*,

andX,Y C Q, [Q] is a nontrivial strongly connected component of TBE’, Y = Qy, andX is maximal with
“X CQandQy =Y. It remains to show thalQ] contains a fork state. But this follows immediately from
Lemma 7.0

5 Connection with a previous method

In [3] and [4], in the context of encoding data in, the authors consider the problem of constructing a
nonempty seB such thaB* C S?, using the following method.

1. Pick any nonempty subsétof S.
2. LetSy={veS|VyeY:yve S°}L
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3. LetBy =SNS/ 2 N Z*Y.

In that methodSy is the set of possibl&words that can be appended to aftyvord without violating the
constraintS. As expected, it can be shown tiigt C S®. However, if we use a bad choice féthenS, could

be empty. Here we can evaluate the above method in view obthle tleveloped in the previous section.
It is clear that the set should be a subset of son@esuch thatfQ] is a strongly connected component of
Trie(S)®. We define the following analogue Q& :

Q£ {veQ|vyeY:5%(y,v) =M} = {veQ|VyeY:ye S}
Then, the seBy constructed above can be written as
By =S°NQy = NIry.
As expected there is a strong connection betwes and sets of the forniQ, X), whereX = Q5.

Lemma 8. Let X|Y,Q be nonempty subsets of S such that X Q and[Q] is a nontrivial strongly con-
nected component dtie(S)®.

If Qg =Y then XC Q5.

If Q¢ =X then YC Q.

If X is maximal with “XC Q and Q¢ =Y " then X=Qy.

IfY is maximal with “YC Q and @ = X" thenY = Qy.

X is maximal with “XC Q and Q¢ =Y " if and only if Y is maximal with “YC Q and @ = X".

a b wbhpE

Proof. For the first statement, take ary X. We wantyx € S® for all y € Y. So for anyy € Y we have that
alsoy € Qg, which impliesy € Q andyx € S¥, as required. The second statement follows by symmetry.

For the third statement, we only need to show the direc@nC X. So take any € Qg, and let
X'=XU{x}. Asx e Q, we have thak’ C Q. We shall show tha®y = Qy, because then, by the maximality
of X, we get thaiX’ = X and, thereforex € X, as required. AX C X', we haveQy, C Qy. For the converse
containment, take anye Qy. Then, aw €Y, vxe S°. Alsovy e S, for ally € X. HenceyX € S for all
X' € X" and, thereforey € Q,, as required.

The fourth statement follows from the third one by symmetoy. the last statement, we only do thée ‘if
part, as the converse would follow again by symmetry. Sorae3tis maximal. Then we havé = Qy. We
shall show thaX is maximal by taking any € Q such that the set’ = X U {v} satisfiesQg, =Y, and then
proving thatX’ = X. Obviously it suffices to prove thatc X, or thatv € Q5. So take any € Y. Asy € Qy,,
we haveyv e S*. Hencey € Q§, as required.O

Thus, in the method of [3] and [4] with the requirement that Q, the constructed séy = S N
Qy Z*N Z*Y has the following properties.

— AsY C Qg, we haveBy C SPNXX*NZ*Qy = (Q,X), whereX = Q5.
— If Y is chosen to be maximal withy*C Q andQy = X" thenY = Qx,

By =S"NXZ NZ*Qg

and,X is maximal with X C Q andQy = Y”. Therefore,By is maximal withB;, C S2.
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6 Algorithmic Considerations for maximal D’s with D* C S®

In this section we consider algorithms for the following lpleams.

(P1) Given a subword constrail§ compute a nonempty languaBethat is maximal wittD* C S,
(P2) Given a subword constrail§ compute a nontrivial languad# that is maximal wittD* C S~.

We deal with the above problems by considering the folloveinigproblems, which refer to a given Ti&">
and a given nontrivial strongly connected compori@jtof Trie(S)®.

(SP1) Given a nonempty subsitof Q, compute the sedy .

(SP2) Given nonempty subseB Y of Q such thaQ; =Y, computeX such thaZ C X andX is maximal
with “X C QandQy =Y.

(SP3) Given nonempty subsel,Y of Q compute a deterministic automaton accepign X=* N Z*Y.

We first consider algorithms for these subprobleM& use the abbreviation T fdfrie(S)®. We use a
bijective encoding from the words i@ onto the seQQ = {0,1,...,|Q| — 1}, such that, fov € Q, v is the
code ofv in Q. Using hashing techniques the encoding and decoding amgtian be done in tim®(1).
As customary, we realize any sub&eof Q as a Boolean array of siZ@| such that, for ang € Q, we have
thatz € Z if and only if the entryz of the array is true. Thus, testing for membershig itakes timeO(1).

6.1 Algorithm ASP1(T,Q,X) for (SP1), and the 2D array BQ

A simple algorithm is to take any pairc Q andx € X, and test whethe¥® ([v],x) # [sink]. If, for the current
v, the test is true for ak € X, thenv is added inQy . It is not difficult to see that this algorithm performs in
time O(|Q||X|k) and spac®©(|Q)).

It turns out, however, that subproblem (SP1) needs to beedalepeatedly when we are looking for
maximal solutions in the original main problems. For thigsen, we shall need as a preprocessing step to
compute 3Q| x |Q| Boolean array BQ such that BQV] is true if and only if6“ ([v],V') # [sink. This array
can be computed in tim@(|Q|?k) and spac®(|Q|?), as it involves|Q|? steps and, in each step, we run the
DFA T on an input word of lengthk. Then, algorithm ASPT, Q, X) works as described in the previous
paragraph, but now the te8t([v],x) # [sink] is reduced to whether B@ x] is true. Hence, assuming that
the array BQ is available, the algorithm runs in ti@gQ||X]).

6.2 Algorithm ASP2(T,Q,Z,Y) for (SP2)

Here we assume th@; =Y, and we comput& by initializing it to Z, and then by repeatedly adding into
X anew element frolw = Q— X, provided that conditio®y =Y remains true. In particular, the algorithm
is as follows.

ASP2T,Q,Z)Y)

1 X=Z;V=0Q-—X;

2 while (V #£0)

3 do

4 PickveV;

5 Use ASPIT,Q,XU{v}) to computey’ = Q;U{V};
6 if (Y =Y)X=XU{v}

7 V=V —-{v};

8 returnX;
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Lemma 9. The above algorithm computes in timé|Q|%(|Q| — |Z|)) a subset X of Q such thatZ X and
X is maximal with “XC Qand ¢ =Y.

Proof. First we establish some notation. lret= |Q — Z| and, fori = 1,...,m, let X; be the value oK after
thei-th iteration of the loop. LeKy = Z. Obviously, for alli, Q; =Y and, fori > 0, Xi_1 € X. In order
to show thatX, is maximal, it suffices to show th@;mU o 7Y, forallue Q—Xy. So consider any such
u. As the loop visits every element @ — Xo, it will visit u after the end of some iteration say. If it were
Q;U{u} =Y thenu would have been added inX and would be inX,, which is a contradiction. Hence,

Qiu{u} #Y. Now, asXg C X U{u} C XnU{u}, we have that

Qo & oy € A=Y,

which implies thalQ>><mU u} cannot be equal t9, as required.

For the time compiexity, we have that the highest order of mitade term results from executirmg
times line 5 of the algorithm. In iteration it takes timeO(|Q||X;|) to execute that line. The final estimate
follows by noting thatX;| = O(|Q|). O

In the subsection below on Problem (P1), we give an exampéx@tuting Algorithm ASP2 based on
input from Fig. 1.

6.3 Algorithm ASP3(T,Q,X,Y) for (SP3)

We assume that = Trie(S)® is given, as well as, the sef X, Y. The required deterministic automatdh
accepting
SINXZ NZ*Y

can be constructed as follows by modifyifign linear timein terms of the sizes of the given structures.

— The states of " are|[sink|, all states ifQJ, and all[z] with z a prefix ofX.
— The start state if\ |, and the set of final states|¥g].
— The transitions off’ are all the transitions of involving only the above states.

It is not difficult to see that, indeed, the automafbhaccepts exactly those words 8Y that end with a
suffix inY and begin with a prefix iiX, as required.

6.4 Algorithm for Problem (P1)

We return now to (P1), our first original main problem. Heréhis proposed algorithm.

AL(S)

1 Computerl = Trie(S)¥;

Compute the strongly connected componentg;of

Pick a nontrivial componen@] — exit if none exists;

Compute the Boolean array BQ);

Compute two nonempty subsétsy of Q such thaQ; =;

Use ASPZT,Q,Z,Y) to compute a maximaX with Qg =;

Use ASP3T,Q, X,Y) to compute and return the automaton $rm X*N Z*Y;

~No o~ wWN

Step 2 can be computed in linear time in terms of the size & 3¥¥ — see e.g., [5]. Steps 3 and 5 are
nondeterministic and allow for various possibilities. Elere show how to perform Step 5 in tin@|Q)|).
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We pick anyz € Q and letZ = {z}. We need to show thaf = Q5 is not empty. So, by Lemma 6, there is
some statgu] € [Q] with a path of lengttk to [Z]. As [Z] # [sink], the label of that path must be equalzo
Hence,u € Q5. By the results in the previous sections, it is easy to seetiieaabove algorithm operates
correctly as described in the following theorem. Also, a&sd6tZ is of cardinality 1, Step 6 of the algorithm
runs in timeO(|Q3).

Theorem 4. The above algorithm computes, for any given subword coinst&of some length k, a deter-
ministic automaton accepting a nonempty language D sudtthieavords of D are of length at least k and D
is maximal with D C S?; or the algorithm reports that no such language exits. Thgodathm runs in time
O(|QI® + |QJ?k) and space QQ|?k), where[Q] is any nontrivial strongly connected componentaé(S)®

— if such exists.

Example 3.Going back to Fig. 1 witfQ = {0111111111101101 1011}, Step 5 of Algorithm A1§), as
detailed above, can be performed by choosing, for instafice,{1011} and computingY = Q{>1011} =
{101101112,1111. Then, in Step 6 of AT, the word 0111 will not be added & asd*([1011,0111) =
[sink. On the other hand, the words 1101, 1110, 1111 will be addédd@btainX = {1011,110111101111}
with Qg =Y. Thus, the language

D =S°n{1011110111101111>* N *{10110111 1111}

is maximal withD* C S%.

6.5 Algorithm for Problem (P2)

The desired algorithm is very similar to the one used for Rmb(P1). In particular Steps 3 and 5 are
different here.

A2(S)

1 Computerl = Trie(S)%;

Compute the strongly connected componentE;of

Pick a componerQ] containing a fork state — exit if none exists;

Compute the Boolean array BQ);

Compute subse,Y of Q such tha{Z| > 2 andQ; =Y;

Use ASPZT,Q,Z,Y) to compute a maximaX with Qg =;

Use ASP3T,Q, X,Y) to compute and return the automaton $rm X*N Z*Y;

~No o~ wWDN

For the correctness of the algorithm (in particular Stepsi@® %), we first note that there is a nontrivial
languageD with D* C S if and only if there is a strongly connected component of {Bj€ containing a
fork state — the ‘only if’ part follows from Theorem 3 and thE part from Lemma 4 and Lemma 7. Thus,
if there is no fork state in some component, Step 3 corre&tydis to terminate the algorithm. On the other
hand, if a fork state is found, then, according to Lemma 7, avedefine effectively a two-element subget
of Q such that(Q,Z) is nontrivial. Then, in Step 6, the algorithm attempts to aelfsments t& in order to
obtain a subseX of Q that is maximal withQg =Y. As before, the resulting séR,X) = S*NXZ*NZ*Y

is maximal with(Q, X)* C S® and, of course, the set is also nontrivial as it contains tmrivial set(Q, Z).
The time complexity of the above algorithm is the same asaha&tl(S), as the most expensive steps are
again Steps 4 and 6. So we have established the followingf.resu

Theorem 5. The above algorithm computes, for any given subword canst&of some length k, a deter-
ministic automaton accepting a nontrivial language D suwdt the words of D are of length at least k and D
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is maximal with D C S?; or the algorithm reports that no such language exits. Tlgoathm runs in time
O(|QI®+|Q|?k) and space QQ|k), where[Q] is any strongly connected componenTa&(S)® containing
a fork state — if such exists.

Example 4.Going back again to Fig. 1 witp ={01111111111011011011}, we see thaf0111 is a
fork state with transitions going to statfis110,[1111). LetZ = {11101111}. Then, Step 5 of the above
algorithm will compute tha¥ = Q; = Q and, then, Step 6 will find that no other words will be added to
that is,X = Z. Thus, the language

D=S°n{111011115* N 5*{0111,111111101101 1011}

is nontrivial and maximal witlD* C S?.

7 Concluding Remarks

We have proposed a quadratic-time test for deciding whedhgiven NFA languagé. has exponential
density, and we observed that this question has consemienttee encoding capability df. Is it possible

to obtain a sub-quadratic algorithm whens given via a nondeterministic automaton? What can we say
about the efficiency (e.g., in terms of information rate) led £ncoding parts of an encoding language? It
seems that the results of [16] could help in this direction.

We have also considered the problem of characterizing n@itlanguage® that are maximal with the
propertyD* C S®. Our characterization is structural and leads to algoiitatty polynomial solutions. The
recent work of [12] solves the more general problem of coingull maximal solutions ob* C R, for any
given regular languagR using a brute force method of exponential time complexayit possible to dig
deeper and combine the two approaches with the aim of congpefficiently the more general problem?
Is it possible to compute efficiently nontriviBl's that are maximal with the conjunctive proper9* C S®
andD is a code (or a prefix code)™?
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