AN APPROXIMATE, MULTIVARIABLE VERSION OF SPECHT’S
THEOREM

L.W. MARCOUX!, M. MASTNAK', AND H. RADJAVI!

ABSTRACT. In this paper we provide generalizations of Specht’s Theorem which states
that two n X n matrices A and B are unitarily equivalent if and only if all traces of words
in two non-commuting variables applied to the pairs (A, A*) and (B, B*) coincide. First,
we obtain conditions which allow us to extend this to simultaneous similarity or unitary
equivalence of families of operators, and secondly, we show that it suffices to consider a
more restricted family of functions when comparing traces. Our results do not require the
traces of words in (A, A*) and (B, B*) to coincide, but only to be close.

1. INTRODUCTION

A useful tool in determining whether two n X n complex matrices A and B are similar is
to compare their Jordan canonical forms. In practice, deciding whether they are unitarily
equivalent is a much more difficult problem. A Theorem of Specht [5] tells us that A and B
are unitarily equivalent if and only if tr(w(A, A*)) = tr(w(B, B*)) for all words w in two non-
commuting variables. Specht’s Theorem was later improved by C. Pearcy [4], who showed
that A, B € M,,(C) are unitarily equivalent if and only if tr(w(A4, A*)) = tr(w(B, B*)) for all
words w of degree at most 2n2. (In private communication, D. Djokovic has informed us that
by combining a theorem of Yu. Razmyslov with the work of C. Procesi, it can be shown that
it in fact suffices to consider words of length at most n2. More precisely, Razmyslov’s result
improves a bound in the Nagata-Higman Theorem, while the work of Procesi establishes the
equality of that bound and the length of words necessary to determine unitary equivalence
of two n xn matrices. The proof, however, is somewhat involved, and will not be elaborated
here. We direct the interested reader to Chapter 6 of [1])

The present paper examines to what extent Specht’s Theorem may be generalized. First,
one can ask whether only knowing that the traces of words in A and A* are close to the
traces of the same words in B and B* implies that A and B are close to being unitarily
equivalent. In Section Two below, we show that if A and B are unitary matrices for
which tr (A¥) lies within distance 1 of tr (B¥) for all powers k € Z, then A and B are
unitarily equivalent. In Section Three, we consider indexed families for which traces of
words are close. Under certain natural conditions, we are able to conclude the existence of
a single invertible matrix which implements the simultaneous similarity of the two families
(see Cor. 3.10 below). When the families are selfadjoint, the notion of similarity may be
replaced by unitary equivalence.

One may also ask whether it is sufficient to consider a more restricted class of words w
in two non-commuting variables in the statement of Specht’s Theorem. In Section Four,
we show that if A, B € M, (C) and if tr[p(4, A*)| = tr|p(B, B*)| for all polynomials p in
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two non-commuting variables (here |T'| = (T*T)'/? for T € M, (C) ), then A is unitarily
equivalent to B. This condition is shown to be equivalent to a condition involving only
projection valued polynomials.

2. THE SINGLE VARIABLE UNITARY CASE.

Suppose y1, Y2, ..., Yr are complex numbers of modulus 1. We shall say that y1, yo, ..., y, are
independent if for each quotient f of two words (i.e. monomials) in r variables (equivalently,
if f is a word in r variables and their inverses), the condition f(y1,y2, ..., ¥») = 1 implies that

f = 1. An equivalent formulation is that yi,¥s, ...,y are independent if <%)k:1 )

and 1 are linearly independent over the rational numbers.

2.1. Lemma. Ifzy,...,x, are complex numbers of modulus 1, then there exist yi,...,Yr,
independent numbers of modulus 1, functions fi,... fm, quotients of words, and torsion
elements o', ..., x], so that x = ) fu(y1,. .., yr)-

Proof. Let z1,..., 2 be a maximal independent subset of x1,...,z,, and abbreviate z =
(21,...,2r). Note that there exist functions g, words in r variables and their inverses and
positive integers ny, such that :):Z’; = gj(z). Let n =niny - ... ny and choose y = (y;); so
Nk

that y7' = z;. Now define fj, = g,:L and note that numbers z) = f:(’; y are torsion. Indeed

Nk Nk Nk Nk
()™ = L™ Ty L™ Ty
k Nk

TR m@ -

a

2.2. Lemma. Suppose that (a1, ...,an) and (b1, ..., by) are two n-tuples of complex numbers.
Suppose furthermore that there exists an integer m > 1 for which af* = bi* = 1 for all
1 < j < n. If there does not erist a permutation 7 of {1,2,...,n} such that aj = by for
all 1 < j < n, then for some 1 < k < (m — 1) we must have

> (a0t =

=1

Proof. Suppose, to the contrary, that for all 1 < k < m we have

n

Z(a?—b?) < mnzl'

j=1

Since (b1, ..., by) is not just a permutation of (ai,...,ay), there exists some 1 < iy < n so
that the term a;, appears more frequently in the sequence (ay, ..., a,) than it does as a term
in the sequence (b1, ..., b,). Since our inequality is independent of permutations of the a;’s
and the b;’s, we may assume without loss of generality that ig = 1 and a fortiori that

(i) a1 =ag =--- = aq, for some 1 < d; <n,

(il) a1 = by = by =+ = by, for some 0 < dy < dj, and

(iii) bj 7é ai, j > do.
Moreover, since > 7, (a? - b;“) = > i —dyt1 (af — bf) for each 1 < k, we can in turn

restrict our attention to (agy+1, ..., an) and (bg,+1, ..., bn). If we next divide these remaining
a;’s and b;’s by ag4,4+1 and relabel the index set to run from 1 to NV := n — da, then we see
that we have reduced the problem to the case where



(a) ag =1and 1 & {by,....,bn};
(b) a'=1=10]",1<j <N, and

(c) Zjvzl (a? — bf)‘ <m/(m—1),1 <k <m. (Clearly this also holds for k = 0.)

} . m—1 1k m—1 Lk m ;ajzl
Also note that for each 1 < j < N, we have } ;7 b7 =0 and } ;7 aj = { 0 ia;#1°
Hence, if r := d; — d2 > 0 is the number of 1’s among a;’s, then we have

Now compute

m—1 m—1| N N
_ m k k k E\| _
e F () S )] o[ ) -

k=1 k=1 |j=1 k=1 j=1

a contradiction. From this the desired conclusion follows.

2.3. Theorem. If A and B are unitary matrices such that
|tr Al —tr BY| <1

for alll, then A and B are unitarily equivalent.
Proof. Without any loss of generality we can assume that A = diag(ai,...,a,), B =
diag(by, ..., b,) for some complex numbers a; and b; of modulus 1. Suppose that A and B
are not unitarily equivalent. Through an argument similar to the one used in the previous
Lemma, we may reduce the problem to the case where a; = 1 and b; # 1 for any I. We
can then use Lemma 2.1 to find ¢q, ..., ¢, independent numbers from the unit circle, oy, 3;,
quotients of words and torsion elements a; and b; such that a; = ajoy(c) and b; = b;5;(c)
(here we abbreviate ¢ = (c1,...,¢)).

For j = 1,...,r define d; = e2™/Pi  where pj are primes to be chosen as follows. First
choose p; from primes larger than any order of b;. When primes p1,...,pj—1 have been
chosen then choose p; from primes that are larger than any of the orders of

biBi(dy,. .. dj—1,1,...,1).

Primes p; were chosen in this manner to ensure that b := b)5;(d) # 1. Indeed, if jo is
the largest integer such that the order of xj, in [ is nonzero, then the order of b must
be divisible by pj,. Now define also a] := ajoy(d), A1 = diag(a]) and By = diag(b;).
Since the matrices Ay and B are clearly of finite order there exists an integer m; such
that A" = 1 = By"'. Since af =1 and ] # 1 the sequences of a;’s and b}’s cannot be
permutations of each other and hence by Lemma 2.2 there exists a positive integer 11 < mq
such that | tr A — tr B[ > g
k

Now simultaneous approximation yields an integer k so that ¢k = (cj) is so close to d

that the numbers |oy(c¥) — ay(d)| and |B;(cF) — Bi(d)"| are smaller than m (and
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hence |tr Ah% — tr Alf] + [ tr Bk — tr Bil\ < ). But then

mi1—1
| tr ABF — tr BUF| > | tr Al — tr Bl — | tr AD* — tr Al — | tr BUF — tr B
mq 1

> =1,

ml—l_ml—l_

a contradiction.

3. RESULTS ABOUT GROUPS

3.1. For arbitrary matrices A, B € M, (C), knowing that tr(w(A, A*)) is close to
tr (w(B, B*) for all words w does not tell us very much about A and B. For example, if
we fix £ > 0 and choose A, B so that [|A]|, ||B|| < /n, then ||w(A, A*)||, |w(B, B*)|| < ¢/n
for all words w, and so [tr (w(A, A*)) — tr (w(B, B*))| < 2. If we let Ay = I, ® A and
By = I, ® B in My, (C), then ||Ag|| = ||Bo|| = 1 and yet the same trace inequality holds for
Ap and By, showing that it is not just a matter of the norms of the original matrices being
too small.

One way to avoid this problem is to require that A and B be invertble, which is what
we shall now do. In fact, we are able to obtain results about the simultaneous unitary
equivalence of families of matrices whose traces remain (relatively) close.

3.2. Lemma. Letr,s > 1 be integers. Suppose that 0 < u < 1 is fized, wi,ws,...,w, and
V1, Vo, ..., Vs are complex numbers of modulus one and that there exists ko € N so that k > ko
implies

T S

k k
g w; — E Vi| < e
i=1 j=1

Then s = r and there exists a permutation w of {1,2,...,r} such that w; = Ve, L <1<
Proof. We may assume without loss of generality that » > s. Let 0 < ¢ < 1/2. We can
find ky > ko so that |1 — wf'| < &/(3r) for all 1 < i < r and |1 — 1/]’?1| < ¢/(3s) for all
1 <j<s. Then

T T S S

(1) Ir—s] < T—wal + wal—ZV;ﬂl + ZV;“—S
i=1 i=1 j=1 j=1

(2) < g/3+1/2+¢/3< 1.

Since r and s are integers, r = s.

The result now follows as an easy application of Theorem 2.3. For each k > ko, let
Ay, = diag(w¥, ...,wk), By, := diag(vf,...,v¥). By Theorem 2.3, A, and By, are unitarily
equivalent and as such they have the same eigenvalues appearing with equal multiplicities.
Thus there exists a permutation 73 of {1,2,...,7} so that wf = (Vﬁk(i)), 1 <4 <r. Since
there are infinitely many primes bigger than kg, but only finitely many permutations of
{1,2,...,r}, we can choose two distinct primes p,q > kg so that m, = m,. Then w! = yﬁp(i)
and wi = I/;I_P (iy With p and ¢ relatively prime implies w; = vr, (1), 1 <i < r, completing the
proof.

O



3.3. Lemma. Suppose m > 1, ai,az, ..., am, 51, B2, ..., Bm € C\{0} and that

S (af - gt)

i=1

3)

IN
—

for allk € 7.

Then there exists a permutation T of {1,2,...,m} so that a; = Py, 1 <i <m.
Proof. If |o;| =1 = || for all 1 < i < m, then by setting A := diag(a, ..., o) and B =
diag(B1, ..., Bm), we see that | tr A¥ —tr B¥| < 1 for all k& € Z, and so by Theorem 2.3 again, A
and B are unitarily equivalent. As before, this implies that they have the same eigenvalues
appearing with the same multiplicities, from which the existence of 7 immediately follows.
Let us next assume that some |o;| # 1 or some |f5;] # 1.
Observe that in the statement of the Lemma we can replace each «; by ai_l if we also

replace each (3; by [3;” ! Using this fact, and switching the roles of o; and 3; if necessary, it
is not hard to see that without loss of generality, we may assume that

o |ai| > || > ... > |am;
o [B1] > |B2| > ... > |Bml;
e |a1| > 1; and

o 1| > |Ba].

Our argument will proceed by induction upon the number m of terms.
STEP ONE: m = 1.

Now |a1| > 1 and |aq| > |B1]. If a1 # Bi1, then limy o |af — BF| = co. In particular,
there exists k € N so that |a¥ — ¥ > 1, contradicting our assumption. Thus a; = 3 in
this case.

STEP Two: m > 1.

Suppose that the result holds for m’ < m. Now consider aq, s, ..., m, B1, 52, ..s Bm
satisfying the inequalities (3). Fix 1 < r,s < m maximal with respect to the conditions

lag] = |ag| = ... = |aw|, |B1| = |Ba] = ... = |Bs]-
Set wj = a;/|ai| and v; = B /|aq], 1 < j < m. Note that |wj| =1,1 < j <r, |wj| <1if
j>r, |yl <1if j >s. Then

(4) SE S [ Y (Y b < ken
i=1 j=1

i=r+1 Jj=s+1

Suppose 1| < 1 (i.e. [81] < |o]) and € < 5. Then we can choose kg sufficiently large so
that k > kp implies that

(i) 1/|a1|® < e/4; and

(i) 3274 lwil® + 200 [vs|* < /4.
Moreover, since each |w;| =1, 1 < i < r, we can find k1 > ko so that |1 — wfl| < g/(4r),
1 <4 <r. From equation (4) we deduce that

T m m m m
I o K VLTAE0 LR DRI ot
i=1 i=r+1 j=1 i=1 j=1
(6) < efd+e/d+e/i=3c/4< 1,
a contradiction since r > 1.
It follows therefore that 1| = 1, whence |wi| = ... = |wy| =1 = |v1| = ... = |vg|. Since

lwi] < 1ifi>r and |vj| <1if j > s, we can find an integer k2 > 0 so that k > ky implies



(a) 1/]aq|* < €/4; and
(b) Zﬁr—&—l |wl|k + Z;n:S_H |Vj|k < 6/4
From equation (4) we see that for k > ko,

T S 1 m m
g IEED WA IS SRS STk
i=1 j=1

i=r+1 j=s+1
(8) < g/d+e/i< )2

By Lemma 3.2, s = r and there exists a permutation 7y of {1,2,...,r} so that w; = Vro(i)s
1 <4 < r. It follows that a; = Br;), 1 < @ < r. But then equation (3) holds for
Qpi1y eeey Oy Bral, ooy Om in that for all k € Z,

> (k- 5t) > (aF = 8,) + 3 (o - 5t)

i=r+1 i=1 i=r+41

S (a - 5t)

i=1

9)

(10) = <1

Since m' := m —r < m, we may apply our induction hypothesis to obtain a permutation
of {r+1,7+2,...,m} so that a; = 3, (;), 7+ 1 <4 < m. This clearly establishes our claim.
O

As a simple consequence of the above Lemma, we obtain the following:

3.4. Proposition. Suppose that A, B € M,,(C) are two invertible matrices and that
| tr(AF) —tr(B¥)| < 1

for all k € Z. Then o(A) = o(B), including multiplicities.

Proof. We can (without loss of generality) assume that both A = [a;;] and B = [b;;] are
in upper triangular form. Let o; = a4, 8; = by, 1 < ¢ < n. Since A, B are invertible,
a; # 0 # G; for all 1 <4 <n. Our trace condition implies that

> (o - 8t)

i=1

= [tr(ah) — e(BY)

< 1 forall keZ.

By Lemma 3.3, there exists a permutation 7 of {1,2,...,n} such that a; = B;), 1 <i < n.
O

3.5. Theorem. Suppose that A, B € M, (C) are two invertible matrices and that for all
words w in two non-commuting variables we have:

|tr(w(A, AY)) — tr(w(B, B*))| < 1,
and
|tr(w(A, A*) ™Y — tr(w(B, B)™H| < 1.
Then A is unitarily equivalent to B.
Proof. Let w denote an arbitrary (but temporarily fixed) word in two non-commuting
variables. Let Ag = w(A, A*) and By = w(B, B*). The conditions in the statement of the

Theorem imply that
[tr(AB) — tr(Bo)| < 1
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for all k € Z, and so by Proposition 3.4, 0(Agp) = o(By), including multiplicities. But then
tr(w(A, A*)) = tr(Ag) = tr(By) = tr(w(B, B*)). Since w was arbitrary, Specht’s Theorem
implies that A and B are unitarily equivalent.

a

3.6. In [2], a semigroup of operators & C M, (C) was defined to be semisimple if its linear
span forms a semisimple algebra. We extend this definition slightly, namely: we shall say
that a non-empty subset 2 C M, (C) is semisimple if the algebra Alg2l generated by 2 is
semisimple. When 2l is a semigroup, these two notions coincide. Also, if 2 is an algebra to
begin with, then all definitions of semisimplicity are consistent.

We say that a family 2 C M, (C) is selfadjoint if T" € 2 implies that T € 2. It is readily
verified that any selfadjoint family 2l is semisimple in the above sense.

We next recall a Theorem of Hladnik, Omladi¢ and the third author of the present work
which we shall need below. We shall not state that Theorem in its full generality, but rather
only in the context we require.

3.7. Theorem. [2] Suppose that & and $ are two semisimple semigroups of invertible
n X n matrices. If o : & — $ is a surjective, trace-preserving semigroup homomorphism,
then there exists an invertible operator R € M,,(C) so that

©(A)=R1'AR  forall Ac &.

Let us write Adg to denote the map X — R™'XR. The domain of this map will be clear
from the context.

3.8. Theorem. Let &,$ C M,(C) be two semisimple groups of invertible matrices. If
p:® — 9 is a surjective homomorphism, and if

tr(p(A)) —tr(A)] <1 forall Ac &,

then ¢ = Adpg for some invertible operator R € M, (C).
Proof. Fix A € & and set B = p(A). Our trace condition on the group & implies that

tr(B*) — tr(Ak)‘ = |tr(p(AF)) — tr(4k)
< 1 forall keZ.

By Proposition 3.4, 0(A) = o(B) including multiplicities. But then tr(B) = tr(p(4)) =
tr(A). Since A € & was arbitrary, ¢ is a trace preserving surjective homomorphism between
semisimple groups of M, (C). It follows from Theorem 3.7 above that ¢ = Adg for some
invertible operator R € M,,(C).

a

Recall that if A € M,(C), then the absolute value of A is the element |A| = (A*A)'/2,
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3.9. Corollary. If &,9 are selfadjoint subgroups of the invertible group of M, (C) and
p:® — 9 is a surjective *-homomorphism satisfying

[tr(p(A)) —tr(A)| <1 forall A e &,

then ¢ = Ady for some unitary operator U € M, (C).

Proof. By Theorem 3.8, ¢ = Adpg for some invertible operator R. A standard argument
shows that if a *~homomorphism is implemented by a similarity, then it is implemented by
the unitary part of the polar decomposition of that similarity.

We include the argument for completeness: for A € &, p(A) = R7'AR, while R"'A*R =
o(A*) = p(A)* = (RTTAR)* = R*A*(R™Y)*. Thus A*(RR*) = (RR*)A* for all A € &,
whence (RR*)A = A(RR*) for all A € &. But then |R*|A = A|R*| for all A € &. Write the
polar decomposition R* = U|R*| where U is unitary. Then R = |R*|U* and R~! = U|R*|7},
and so

©(A) = R YAR=U|R*|"'A|R*|U*
= U|R*|"|R*|AU*
= UAU*
for all A € &.
Od

We can now rephrase some of these results as multivariable versions of Specht’s Theorem.

3.10. Corollary. Suppose that A = {As}taer and B = {Ba}aen are two semisimple,
inverse-closed families of invertible operators in M, (C). If

[tr(w(A)) — tr(w(B))| <1

for all finite words w in | A| non-commuting variables, then there exists R € M,,(C) invertible
such that
Ay, =R 'ByR  foralla € A.

Note: We first recall that the semisimplicity of B implies that alg(B) is similar to a C*-
algebra. It is readily verified that there is no loss of generality in invoking that similarity
at the outset and assuming a priori that alg(B) is a C*-algebra, as we shall do below.
Proof. Fix ¢, a finite word in |.A| variables, and let U, := ¢(A), V; := ¢(B). Note that U,
and V, are invertible operators. If £ € Z, then Ué“ and qu represent the same words in A
and B respectively. By our hypothesis,

tr(UF) — (V)| <1 forall k € Z.

From Proposition 3.4, o(U,) = 0(V}), including multiplicities and so tr(U,) = tr(Vj).
Let Sy (resp. Sg) denote the multiplicative semigroup generated by A (resp. by B). Let

: Sa — 8B
r(A) — r(B)
where r is an arbitrary word in |A| variables. We claim that ¢ is well-defined, whence it is
a semigroup homomorphism.
Indeed, suppose that ri(A) = ra(A) for words r1,72. Then rz :=riry s simply another
word in | A[|-variables, and r3(A) = I. As such, if w is any other word, then the argument
of the first paragraph shows that

o(w(B)) = o(w(A)) = a(rs(A)w(A)) = o (r3(B)w(B)),



including multiplicities. In particular, therefore,
tr(w(B)) = tr(w(A)) = tr(rs(A)w(A)) = tr(rs(B)w(B))
for all words w. By linearity, it follows that

tr((r3(B) = 1)Q) = 0
for all @ € spanSp = alg(B). But B is semisimple, and so as pointed out above, we
may assume that alg(B) is a C*-algebra. But then (r3(B) — I) € alg(B) implies that
(rs(B) — I)* € alg(B) and therefore that

tr((r3(B) — I)(r3(B) — I)*) = 0.

Since the trace is faithful on M,,(C), it follows that r3(B) — I = 0, or that r3(B) = I. From
this we get r1(B) = r2(B). In particular, ¢ is a well-defined semigroup homomorphism.

We are now in a position to apply Theorem 3.8 to conclude that ¢ = Adpg for some
invertible matrix R € M,,(C), from which the result is easily obtained.

a

3.11. Corollary. Suppose that A = {Ay}taca and B = {Ba}aca are two selfadjoint,
inverse-closed families of invertible operators in M, (C). If

[tr(w(A)) — tr(w(B))| <1

for all finite words w in | A| non-commuting variables, then there exists Z € M, (C) unitary
such that
Ao =Z7'ByZ  forall a € A.

Proof. Note that A and B selfadjoint automatically implies that these families are semisim-
ple. By Corollary 3.10, we can find R € M, (C) an invertible operator so that A, = R™'B,R
for all & € A. As in the proof of Corollary 3.9, we find that the selfadjointness of the families
A and B implies that the unitary part Z of the polar decomposition of R implements the
simultaneous unitary equivalence of A and B.

O

4. THE PROJECTION CONDITION

Recall that for a matrix A € M, (C), |A| denotes the positive square root of A*A. Also,
C*(A) denotes the C*-algebra generated by A, that is, the smallest norm-closed, unital
selfadjoint subalgebra of M,,(C) which contains A. If we use C[X,Y] to denote the set of
polynomials in two non-commuting variables X and Y with complex coefficients, then, in
the finite-dimensional setting, C*(A) is easily seen to coincide with the set {p(A4, A*) :p €
C[X,Y]}.

4.1. Definition. Let A, B € M,,(C).

We shall say that A and B satisfy the projection condition (we abbreviate this to the
PC) if, for any polynomial p € C[X,Y] in two non-commuting variables x and y for which
p(A, A*) is a projection, it follows that p(B, B*) is a projection of the same trace.

We shall say that A and B satisfy the absolute value condition (we abbreviate this
to the AVC) if, for any polynomial p € C[X,Y] in two non-commuting variables x and y,
Ip(A, A*)| is unitarily equivalent to |p(B, B*)]|.

It is worth making a few observations. First we remark that there is an apparent asym-
metry in our definition of the projection condition. However, as the next Proposition
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demonstrates, the projection condition and the absolute value condition are equivalent for
pairs A and B of n X n matrices. Since the AVC is easily seen to be a symmetric relation,
it follows that the PC is also symmetric. Secondly, it is clear that the trace condition in
the definition of the projection condition can be replaced with the condition that p(A, A*)
and p(B, B*) are projections of equal rank, or are unitarily equivalent projections. Finally
if tr(w(A, A*)) = tr(w(B, B*)) for all words w in two non-commuting variables, then by
Specht’s Theorem, A is unitarily equivalent to B and so A and B satisfy the PC.

Our goal in this section is to prove the converse of this result, namely: if A and B satisfy
the projection condition, then they are unitarily equivalent.

4.2. Proposition. Suppose A, B € M,,(C). The following are equivalent:

(i) A and B satisfy the PC;
(ii) A and B satisfy the AVC.

Proof. Suppose first that they satisfy the AVC. Let p € C[X, Y] and suppose P := p(A, A*)
is a projection. Let @ := p(B, B*). Then 0 = |PP* — P*P| implies that 0 = |QQ* — Q*Q),
and hence @ is normal. Also, 0 = |P? — P| implies 0 = |Q? — Q|, and so @Q is a projection.
But then the AVC implies that P = |P| ~ |Q] = @, and so P and @ are clearly projections
with the same trace. Thus A and B satisfy the PC.

Suppose next that A and B satisfy the PC. Let p € C[X,Y] be any polynomial in two
non-commuting variables. Set P4 = p(A, A*)*p(A, A*) and Pp = p(B,B*)*p(B,B*). It
suffices to prove that P4 is unitarily equivalent to Pg.

Now P4 and Pp are positive matrices, and so we can find distinct non-negative real
numbers ay, as, ..., a,, and distinct non-negative real numbers by, bo, ..., b., so that Py ~
@;ﬁlajllj and Pp ~ &7 b;I,, for some l;,m; > 1 satisfying 2;21 li=n=> 715 m,.

Suppose that there exists 1 <14 < kg so that b; & {a1, ..., ax, }. Without loss of generality,
we may assume that by & {a1,...,ax,}. For each 1 < j < k4, consider the polynomials

q]‘(Z) = H Z'_ar )

a; — a
1<r#j<wsa 7 "

an g(2) = a5(:) ( 2

Then qé(aj) =1, qé-(ar) =0,1<7r+#j<ky,and qé-(bl) =0.

As such, 774, q3(Pa) = I, and clearly Z:A1 q;(Pa) is a polynomial in A and A*. It
follows from the projection condition that "4 74 ¢;(Pp) = 1. But

KA
> di(Pp) ~ Z% I,
j=1

Since 3 74, ¢j(b1) = 0, we get that 32, ¢;(Pp) # I, a contradiction. From this we conclude
that o(Pp) C 0(Pa), i.e; b; = aj(; for some 1 < j(i) < k4, 1 <i < kp. Recalling that the
b;’s are distinct, we see that a;;) # a;y if ¢ # 7.

Next, for each 1 < j < k4, qj(Pa) ~ I;; and hence ¢;(Pp) must be a projection of the
same rank. But

¢j(Pp) = ®721q;(bi) Im, = B72105(a()) Im
Thus there exists a unique 4o so that b;, = a;(;,) = a;, and m;, = ;. It follows that the
multiplicity of a; as an eigenvalue of P4 is the same as its multiplicity as an eigenvalue of
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Pp. Hence Py is unitarily equivalent to Pg, and so, as stated, A and B satisfy the absolute
value condition.

a

4.3. Lemma. Suppose A, B € M,,(C) satisfy the projection condition. Then A is similar
to B.

Proof. By Proposition 4.2, A and B satisfy the AVC as well. Given T' € M,,(C), a complete
set of similarity invariants for 7' is given by {nul (T — M)¥ : A € C,1 < k < n}. Since
ker(T — M )* = ker |(T — M )*|, and since |(A — AI)*| is unitarily equivalent to |(B — \I)¥|
for each A € C and 1 < k < n, we see that A and B share the same similarity invariants,
and hence the same Jordan form. In particular, A is similar to B.

|

As an immediate consequence, we observe that if A and B satisfy the absolute value
condition (or equivalently the projection condition), then A and B have the same spectrum
occurring with the same multiplicities.

4.4. Lemma. Suppose A, B € M,,(C) satisfy the projection condition. Let Py, P, ..., Py,
denote the minimal central projections of C*(A). Choose polynomials p1,p2, ..., pm € C[X,Y]
so that P; = pi(A, A*) for each 1 < i < m. Then Q; := p;(B, B*) are the minimal central
projections of C*(B). Moreover, P; is unitarily equivalent to Q; for each 1 < i < m.
Proof. By definition of the projection condition, @; is a projection of the same rank as P;
for each i. Moreover, P;P; = p;(A, A*)p;(A, A*) = 6; jP; (where 0; ; denotes the Kronecker
delta) and hence Q;Q; ~ P;P; = 0 if i # j. That is, the Q;’s form a family of pairwise
orthogonal projections.

Let r € C[X, Y] be any polynomial. If we set R = r(A, A*) and S = r(B, B*), then, since
A and B satisfy the AVC as well, |P;R — RP;| = 0, which implies |Q;S — SQ;| = 0, and so
we see that @;’s are central in C*(B).

By symmetry, the minimality of the P;’s as central projections for C*(A) implies that
the Q;’s are central projections for C*(B).

|

4.5. Lemma. Suppose A,B € M, (C) satisfy the projection condition, and that C*(A)
contains no central projections other than 0 and I. Then the same holds for C*(B), and
furthermore, A is unitarily equivalent to B.

Proof. By Lemma 4.2, we may assume that A and B satisfy the AVC as well. By
Lemma 4.4, C*(B) has no proper central projections. We consider Ry 1, Ray2,..., Ry i, a
maximal set of minimal projections in C*(A), and choose polynomials r;; € C[X,Y] so
that R;j = r; (A, A*). Then T} ; := r; (B, B*) is a projection of the same (constant) rank
m in C*(B), by the projection condition. By symmetry, any proper subprojection of the
T} ;’s would be carried to a proper subprojection of the R; ;’s, and so the minimality of the
R; ;’s implies that of the Tj ;’s. Without loss of generality, we may assume that R;; = T} ;
for each 1 < j < k.

For i = 1,2,...,k — 1, fix a polynomial r; ;11 € C[X,Y] so that R;;1(A, A*) satisfies
RiiRijv1 Rip1i+1 = Riipr and Rz RY ) = R Let Tji41 := rii11(B, B*). Then
|Tii Tit+1 Tit1,i+1 — Tiiv1] is unitarily equivalent to |R;; R;t41 Rit1,i41 — Riiv1] = 0, and
SO Ti,i Ti,t—i—l Ti-i-l,i+1 = T%,i+1 = Ri,i Ti,i—i-l Ri+1,i+1' Since ‘Ti,i—i-l’ is unitarﬂy equivalent
to R;;t1, again, without loss of generality we may assume that T;;;1 = R;;+1 for all
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1 <i< k-1 Fori < j, define Ri,j = Ri,i+1 Ri+1,i+2 "~Rj,17j and for j < 4, define

R;; = R;l To complete the proof, we shall show that R; ;AR; ; = R; ;BR;; for all ¢ and j.

Consider, for 1 S j S k, XZ'J‘ = Rj,i(Ri,iARj,j) = aij,j. Then Y;’j = TJ?I(TZ,zBT‘jJ) =

b ;T;; = bijR; ;. But X;; and Y;; satisfy the AVC - or equivalently the PC - and so by

Lemma 4.3, X; ; is similar to Y; ;. Hence their spectra agree, which means that a; ; = b; ;
for each pair ¢ and j. That is, A = B.

O

4.6. Theorem. Suppose A, B € M, (C) satisfy the projection condition. Then A is uni-
tarily equivalent to B.
Proof. By Lemma 4.4, we may choose a set of minimal central projections Py, P, ..., P,
for C*(A) and Q1,Qo, ..., @ for C*(B) such that P; is unitarily equivalent to @; for each
i. Since P;P; — P;P; = 0, and hence is a projection, it follows that Q;Q; — Q;Q; is again a
projection with the same trace - namely zero. Thus Q;Q; = Q;Q;. Similarly, I->"", P, =0
is the zero projection, and hence sois I—> 7" | Q;. It follows that there must exist a unitary
U € M,,(C) such that U*P,U = Q;, 1 <1i < m. As such, without loss of generality, we may
assume that P, = Q;, 1 <i < m.

Now P;AP; and P, BP; satisfy the PC, and so A; := P;AP;|p,c» and B; = P;BP;|p,c» are
also readily seen to satisfy the PC.

But C*(A;) and C*(B;) contain no proper central projections, and so by Lemma 4.5, A;
is unitarily equivalent to B;, 1 <i < k, say V;*A;V; = B, for some V; unitary in B(P;C").

Letting V = @, V;, V*AV = B and we are done.

O

4.7. Corollary. Suppose A, B € M,,(C), and that
tr ([p(4, A")|) = tr (|[p(B, B")|)

for all polynomials p in two non-commuting variables. Then A is unitarily equivalent to
B.
Proof. Fix a polynomial p in two non-commuting variables. Let H, = |p(4, A*)|? and K, =
Ip(B, B*)|?. Since any word in H, and its adjoint is really just a power of H,, it is easily seen
that H]f = qr(A4, A*)*qi(A, A*) for some polynomial ¢ and that K;f = qx(B, B*)*qr(B, B*).
In particular, Hg = |H;f| and K;f = ]K;f\ Our assumption therefore implies that tr H;f =
tr K for all k > 1, whence trw(H,, H) = tr w(K), K}) for all words w in two variables. It
follows from Specht’s Theorem that H, and K, are unitarily equivalent. But then H;/ 2 =

Ip(A, A*)| is unitarily equivalent to K;/2 = |p(B, B*)|. That is, A and B satisfy the AVC.
By Theorems 4.2 and 4.6, A and B are unitarily equivalent.

a

4.8. Example. We point out that in the above Corollary, it is not sufficient to consider
absolute values of words (as opposed to absolute values of polynomials) in A and A*. For
example, if A = I and U is any unitary other than I in M, (C), then for all words w,
lw(A, A*)| = |w(B, B*)| = I, and so their traces agree, despite the fact that A and U are
not unitarily equivalent.

On the other hand, consideration of dimensions of kernels as in Lemma 4.3 shows that
if we begin with two nilpotent matrices A and B, then the unitary equivalence of absolute
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values of words in A and A* with the corresponding words in B and B* implies the similarity
of A and B.
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