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Using the classical treatment of the stimulated Raman-scattering process, we use a theoretical model to simu-
late the operation of an nth-order cascaded Raman fiber laser. We introduce the partial differential equations
employed to describe the propagation and time dependence of the forward and reverse-propagating fields of an
nth-order cascaded Raman fiber laser. Under steady-state conditions, these equations form the well-known
system of first-order, nonlinear boundary-value ordinary differential equations, with separated boundary con-
ditions. We solve this system of equations numerically with the use of mono-implicit Runge–Kutta methods
within a defect-control framework. We consider cascaded Raman fiber lasers of orders 2 through 5 and ex-
amine the parameters that influence the operation of these devices. We also provide preliminary results on
the investigation of a time-dependent model in which the pump power is assumed to vary periodically with
time. The associated system of first-order, hyperbolic, partial differential equations is treated by employing a
transverse method-of-lines algorithm; the time derivatives are discretized with a finite-difference scheme,
yielding a large system of boundary-value ordinary differential equations. We establish that for sinusoidal
modulation of the pump the Stokes cavity modes exhibit antiphase dynamics typical of a system of locally
coupled nonlinear oscillators. © 2001 Optical Society of America

OCIS codes: 140.3510, 140.3430, 140.3550, 190.4370.
1. INTRODUCTION
Since the first classical description of a cw Raman fiber
laser,1 considerable progress has also been made experi-
mentally with a number of successful demonstrations al-
ready producing high power and relatively high
efficiency.2–10 With these devices, high-power cw pump
light from a double-clad fiber laser is launched into a long
low-loss silica-based fiber that can be doped with either
GeO2 or P2O5 to exploit a potentially higher Raman gain
or a wider frequency shift from the pump frequency, re-
spectively. With the application of Bragg gratings de-
signed to resonate the Stokes light, efficient downshifted
single-transverse-mode laser radiation is produced. Cas-
caded Raman fiber lasers are therefore highly suitable for
a number of direct and indirect applications such as the
pumping of Raman fiber amplifiers and other fiber lasers.

Cw cascaded Raman fiber lasers are generally de-
scribed by a first-order system of nonlinear two-point
boundary-value ordinary differential equations
(BVODEs) with the boundary conditions relating to the
reflection coefficients of the mirrors at each end of the fi-
ber laser. Past theoretical investigations of these
lasers11–15 were generally numerical because of the large
number of propagating fields and the fact that the inter-
action between the fields is nonlinear. Only in a special
circumstance,1 such as the consideration of both a single
Stokes shift and zero pump retroreflection, can the model
for the Raman fiber laser yield an analytical solution for
the output. In addition, because of the large number of
0740-3224/2001/091297-10$15.00 ©
Stokes fields generated in recent demonstrations of cas-
caded Raman fiber lasers, especially those relying on ei-
ther germano-doped or pure silica for the Raman gain,
numerical computation of the pump and intracavity
Stokes fields becomes compulsory. Some recent investi-
gations of the numerical simulation of Raman fiber
lasers13,15 deal with the issues relating to specific fibers
and to particular experiments. However, in this investi-
gation, we examine the general characteristics of Raman
fiber lasers by studying the Stokes cavity modes as the or-
der of the Raman fiber laser is changed. The output de-
pendence on the fiber length, output mirror reflectivity,
and cavity losses is also examined, as is customary with
most numerical simulations of Raman fiber lasers. How-
ever, we also study the time dependence of the Stokes cav-
ity modes as the pump power to the Raman fiber laser is
modulated.

Unlike most reports on the numerical simulation of the
Raman fiber laser,11–15 we also present for completeness a
detailed explanation of the numerical methods used to
calculate the characteristics of the Raman fiber laser.
The well-known system of BVODEs, mentioned above,
has the standard form usually assumed in the literature,
e.g., Ref. 16. Each boundary condition is separated, in
that it is applied at either endpoint of the problem inter-
val, but not both. For such systems there has been a con-
siderable amount of research on the development of nu-
merical algorithms and, over the past three decades, a
number of high-quality, robust, and efficient packages
have been developed. These include the PASVAR3 code,17
2001 Optical Society of America



1298 J. Opt. Soc. Am. B/Vol. 18, No. 9 /September 2001 S. D. Jackson and P. H. Muir
which employs finite-difference methods within a de-
ferred correction framework, the COLSYS and COLNEW

packages,18,19 which employ collocation methods, the TW-

PBVP package,20 which employs Runge–Kutta methods
within a deferred correction algorithm, and the MIRKDC

code,21 which uses Runge–Kutta methods within a defect-
control algorithm. All these codes employ adaptive mesh
selection algorithms to handle difficult solution behavior
and use sophisticated modified Newton methods to solve
efficiently the nonlinear algebraic systems that arise.
They generally employ structured Gaussian elimination
software to efficiently solve linear systems, and global-
error estimation and control (or, in the case of MIRKDC, de-
fect estimation and control) to ensure that a reliable solu-
tion is obtained.

In much of the literature on the study of the problem of
numerical simulation of cascaded Raman fiber lasers,
little is said about the numerical approach, and in fact,
many authors seem to have developed their own numeri-
cal techniques. We note an exception to this in Ref. 15, in
which the COLSYS code, mentioned above, is employed. In
fact, any of the BVODE codes mentioned in the preceding
paragraph would be a reasonable choice for the treatment
of the problem. In our investigation we employ the
MIRKDC package. We have written software modules that
describe the corresponding differential equations and
boundary conditions for an arbitrary nth-order Raman fi-
ber laser; this software calls MIRKDC to solve the resultant
system. We provide further details concerning the nu-
merical algorithms employed by MIRKDC in a later section.
We have found that the MIRKDC package was able to solve
a wide variety of model problems, characterized by vari-
ous n values, as well as by values for the many other pa-
rameters describing the problem. Our choice of MIRKDC

is motivated by our need to examine a time-dependent ex-
tension of the original BVODE system. The extension to
time-dependent problems requires substantial modifica-
tion to the underlying BVODE code, and we chose MIRKDC

because we are familiar with the implementation details
and the source code; hence the extensive modifications re-
quired to the code were quite straightforward.

Although our primary interest is the investigation of
the steady-state system that is described by BVODEs, we
have also included in this paper some discussion of a pre-
liminary treatment of a corresponding time-dependent
version of this family of problems. The time dependence
is introduced by assuming that the initial pump power ex-
hibits a periodic time-dependent modulation. The usual
ordinary differential equations (ODEs) are therefore aug-
mented with time derivatives. The resulting system of
partial differential equations (PDEs) bears a strong rela-
tionship in structure to the standard ODE system; it is
thus natural to consider a numerical treatment of the
PDE system with an approach known as the transverse
method of lines, see, e.g., Ref. 16. In this approach the
time derivatives are replaced with finite differences and
the result is a larger system of BVODEs that contains one
copy of the original system of BVODEs for each time step
of the discretized time variable. It is then possible, with
only minor modifications to the original software mod-
ules, to treat this larger BVODE system with the MIRKDC

package. Although the difficulty of this new system of
BVODEs does not increase (MIRKDC is still able to solve
the problem using only a very coarse mesh), the substan-
tially larger number of BVODEs means that the execu-
tion time for each run of the program increases dramati-
cally. However, by performing a modification to the
MIRKDC code to allow for careful treatment of the linear-
algebra computations, it is possible to attain significant
improvements in performance.

2. THEORY
An nth-order cascaded Raman fiber laser (see Fig. 1) is
composed of a silica-based fiber a few hundred meters in
length and Bragg gratings placed at each end in order to
resonate the intracavity Stokes fields. In most numeri-
cal treatments of cw cascaded Raman fiber lasers,11–13

consideration of both the forward- and the backward-
traveling fields is not carried out and only the local inten-
sity is calculated. In accordance with the notation used
in Ref. 14 (we introduce first the full PDE system describ-
ing a cascaded Raman fiber laser), the classical treatment
of the stimulated Raman scattering processes resulting in
nth-order Stokes output from a cascaded Raman fiber la-
ser in the slowly varying field approximation is given by
the following equations:
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Fig. 1. Schematic diagram of an nth-order cascaded Raman fi-
ber laser. HR represents a highly reflecting Bragg grating, and
R% indicates a Bragg grating with ,100% reflectivity at the nth
Stokes wavelength. ln represents the wavelength of the nth
Stokes cavity mode.
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The positive and negative superscripts in Eqs. (1)–(3) rep-
resent the forward- and backward-propagating pump
(P0) and Stokes (Pi , in W) fields, respectively. Sponta-
neous Raman scattering has been neglected because it is
assumed that Raman oscillation is dominant, and it is as-
sumed that all of the fields are unpolarized and that axial
symmetry exists. The coefficients a i, are the values of
the intrinsic loss of the host glass at the various field
wavelengths, and v0 and v i are the frequencies of the
pump and ith Stokes fields, respectively. The experimen-
tally determined Raman-gain coefficient g i for unpolar-
ized light is given by g i 5 4.89 3 10214/(l/Aeff), where l i
is the wavelength (in micrometers) of the ith Stokes wave
and Aeff is the effective core area.14 In this study we used
the actual core area and not the area relevant to each op-
tical mode. The assumption of a pure-silica gain coeffi-
cient in the model means that these simulations relate to
systems that have the P2O5 or GeO2 content (necessary
for the required wavelength shift) fixed at a level that
provides approximately the same g i as for pure silica.

The boundary conditions for an nth-order cascaded Ra-
man fiber laser at the input end to the fiber are given by

P0
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At the output end to the fiber, the boundary conditions
are given by

Pi
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R0 is the reflectivity of the pump light at the input end to
the fiber, and Rn is the reflectivity of the nth Stokes mode
at the output end of the fiber. PLaunch is the launched
pump power, and it is assumed that the high reflectivities
of the various fields are ideally 100%. For the time-
dependent case, initial conditions for all x are required;
we assume that the initial solution for the time-
dependent problem is the solution yielded by the corre-
sponding steady-state case.

Under steady-state conditions the pump and the Stokes
photons obey, in the absence of loss and with equal Ra-
man gain for all wavelengths, the following conservation
of momentum relation:
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For the first part of the investigation we will be concerned
with the steady-state operation of a cascaded Raman fiber
laser. The equations describing this problem can be eas-
ily obtained from Eqs. (1)–(3) by neglecting the time de-
pendence (]/]t 5 0) and setting all partial derivatives to
normal derivatives.

It has been shown12,13 that taking into account the
overlap of the various intracavity fields with the core of
the fiber is important in determining realistic conversion
efficiencies. In the present investigation we have ne-
glected this aspect to elucidate the general trends and the
overall issues concerning the Raman fiber laser system.

3. NUMERICAL METHOD
A. MIRKDC and the Treatment of Steady-State Problems
The software used to solve the systems of first-order non-
linear BVODEs (the MIRKDC package, available in the
‘netlib’22 numerical software collection) is based on dis-
crete and continuous mono-implicit Runge–Kutta meth-
ods, e.g., Ref. 23 and the references therein. The code
provides continuous solution and derivative approxima-
tions across the entire problem interval. Monitoring the
defect of the computed solution controls the solution qual-
ity. The approximate solution computed by MIRKDC is re-
quired to have a defect that is less than a user-provided
tolerance.

The computation is based on a mesh that subdivides
the problem interval. Through the course of the compu-
tation the mesh is modified by the MIRKDC code to allow it
to adapt to regions of difficult solution behavior. The
Runge–Kutta methods are used to discretize the ODEs,
leading to a set of nonlinear algebraic equations. These
are solved by a Newton iteration; various forms of Newton
iteration to improve the performance damped Newton it-
erations with adaptive selection of damping factors and
fixed Newton matrix iterations are employed. The New-
ton matrices have a special sparsity structure known as
almost-block diagonal.24 This structure has a block-
bidiagonal form; there are two blocks associated with
each subinterval, and the dimension of each block is equal
to the number of ODEs. These Newton systems are effi-
ciently treated with the COLROW software package.25,26

The dominant computational costs are in the setup and
the solution of these almost-block-diagonal linear sys-
tems. These costs are linear in the number of subinter-
vals but, since matrix multiples are involved in the setup
of each block and a special form of Gaussian elimination
is used to solve the almost-block-diagonal system, these
costs are cubic in the dimension of the blocks, i.e., cubic in
the number of ODEs. More details are available in Refs.
21 and 27.

For many of the problems we considered (by selecting
specific choices for all the parameters), we found that
MIRKDC was able to obtain a solution in a reasonably
straightforward fashion, using quite small meshes of only
about ten subintervals and with only a few Newton itera-
tions. For some problems the crude initial-solution ap-
proximation we provided (either straight lines through
the boundary conditions or zero) was not sufficient to ob-
tain convergence of the Newton iteration. In these cases
we employed the standard device of parameter continua-
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tion; that is, we solved a sequence of progressively more
difficult problems, using the final mesh and solution from
one problem as the initial mesh and solution for the next.
We found that this additional technique allowed us to
solve all of the desired steady-state problems.

Since the steady-state problems in this study involve at
most 12 ODEs and the number of mesh subintervals was
small, the computational time was very short; all indi-
vidual problems and even the problems treated in
parameter-continuation sequences could be solved in only
a few seconds.

B. Treatment of Time-Dependent Problems by the
Transverse Method of Lines
The general approach in this part of the investigation was
to attempt to treat the time-dependent case with as little
modification as possible to the software. This led to the
use of the transverse method of lines. In this approach
the system of partial differential equations is transformed
into a (larger) system of BVODEs by discretizing in time.
This means that a partition of the time dimension is se-
lected, e.g., division of the time dimension into 100 equal
time steps. We then associate a new solution variable,
dependent only on the spatial dimension, with each time
step. That is, if the solution to the system of partial dif-
ferential equations is u(t, x) and the ith time-step value
is ti , then we define yi(x) 5 u(ti , x). The time deriva-
tives are then replaced with first-order backward differ-
ences, and with some rearrangement of terms, one ob-
tains a large system of BVODEs in x, in terms of the
unknowns, yi(x).

A significant point here is that the number of BVODEs
obtained from this approach is the number of partial dif-
ferential equations times the number of time steps.
Thus for the Stokes order-5 case the number of PDEs is
12, and if we use 100 time steps, the resultant BVODE
system will consist of 1200 equations. In Subsection 3.A
we mentioned that the primary computational costs of the
MIRKDC code were associated with the linear-algebra com-
putations and that these are cubic in the number of equa-
tions. Although a system of 12 BVODEs (the steady-
state Stokes problem with Stokes order 5) can be solved in
,0.02 s, we can see that the time-dependent case, involv-
ing 1200 equations, should take ;106 times as long. We
observed this in practice; the MIRKDC code took ;8 h to
solve one of the time-dependent problems. However, by
paying careful attention to the linear-algebra computa-
tions, we were able to achieve substantial savings in the
computation time. Although the Jacobian matrices asso-
ciated with the large BVODE system were matrices of di-
mension 1200 by 1200, they were very sparse. By care-
fully adapting to these sparsity structures, it was possible
to drastically reduce the costs of the matrix multiplica-
tions by a factor of approximately 100. The second major
modification involved replacing the direct linear-system
solver COLROW with iterative sparse linear-system soft-
ware. This led to further massive decreases in the over-
all computation time. The resultant modified MIRKDC

code was able to solve the time-dependent problem that
involved the system of 1200 BVODEs in ;4 min.
4. RESULTS
We generated calculations from the model using the ex-
perimental conditions related to a relatively recent dem-
onstration of a .1-W 1.48-mm cascaded Raman fiber
laser.5 With this particular system, the second P2O5 Ra-
man peak (at 1396 cm21) was used twice from a start
wavelength of 1.06 mm. We also confine our simulations
to the generation of ;1.48-mm radiation because most
cascaded Raman fiber laser demonstrations to date pro-
duce this output wavelength because of the implications
this wavelength has in the telecommunications industry.

The calculated intracavity fields from the model as a
function of distance along the fiber are shown in Fig. 2.
One observes that the pump [Fig. 2(a)] is gradually con-
verted to first Stokes radiation as it propagates along the
fiber with the point at which the pump power decreases to
e21 of its launched value located 495 m from the input
end to the fiber. The values of the forward- and reverse-
propagating Stokes fields [Fig. 2(b)] are clamped (at the
same value) at each end of the fiber as a result of the
boundary conditions imposed on the Stokes field, and
this, combined with the gradual decay of the pump beam,
forces the maximum in the Stokes field to locate approxi-
mately in the center of the fiber. The consequence of
these effects is to shape the first Stokes cavity mode into a
fundamental standing-wave pattern with the antinode
approximately in the center of the fiber and the nodes at
each end. We also observe that pump retroreflection has
a beneficial effect on the overall efficiency of the present
fiber laser arrangement. The significantly higher output
power of 2.02 W calculated from the model as compared

Fig. 2. Calculated values of (a) the pump, (b) the first Stokes,
and (c) the second Stokes cavity modes as a function of length
along the second-order cascaded Raman fiber laser. For this
simulation the launched pump power was 3.3 W, fiber length was
1000 m, core diameter was 5 mm, and the reflectivity of the sec-
ond Stokes radiation at the output end of the fiber was 10%. Po-
tential excess losses as a result of splices, etc., were neglected,
a0 5 1.7 dB/km, and a1 5 a2 5 1 dB/km.
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with the measured value of 1.1 W5 primarily relates to
the fact that, in this simulation, we use a larger value of
the output coupling (90% cf. 85%) and we neglect excess
losses arising from splices, mode mismatch, etc.

An alternative method of generating 1.48-mm radiation
would involve a third-order cascaded Raman process, i.e.,
one could use the second P2O5 Raman peak to generate
1.24 mm, and the first P2O5 Raman peak (at 648 cm21)
twice to generate Stokes wavelengths at 1.348 and 1.477
mm and supplying the second and third Stokes fields, re-
spectively. Therefore, this system becomes a practical
fiber-laser simulation in which to compare with the above
results. The results of the third-order calculation related
to the above configuration are presented in Fig. 3. We
observe that the calculated pump [Fig. 3(a)] is depleted
comparatively more quickly as a result of the larger first
Stokes cavity mode now present (the point at which the
pump power decreases to e21 of its start value is now lo-
cated 273 m from the input end to the fiber). The calcu-
lated first and second Stokes cavity modes are both fun-
damental standing waves for reasons already outlined
above; however, the first Stokes cavity mode has its anti-
node located closer to the input end of the fiber. This is a
result of the combination of the smaller second Stokes
cavity mode in this region of the fiber (which produces a
lower loss term in the equation for first Stokes fields) and
the larger pump intensity in this region (producing a
larger gain term). The combined effect of these two pro-
cesses is to shift the peak in this cavity mode toward the
input end of the fiber. The calculated value of the output

Fig. 3. Calculated values of (a) the pump, (b) the first Stokes, (c)
the second Stokes, and (d) the third Stokes cavity modes as a
function of length along the third-order cascaded Raman fiber la-
ser. For this simulation the launched pump power was 3.3 W,
fiber length was 1000 m, core diameter was 5 mm, the reflectivity
of the third Stokes radiation at the output end of the fiber was
10%. Potential excess losses as a result of splices, etc., were ne-
glected, a0 5 1.7 dB/km, and a1 5 a2 5 a3 5 1 dB/km.
power from this laser is calculated to be only ;2% lower
at 1.98 W as compared with the above second-order sys-
tem.

The calculations from the model for a fourth-order cas-
caded Raman fiber laser designed to provide 1.46-mm ra-
diation is presented in Fig. 4. For a practical demonstra-
tion of this system, four Stokes shifts on the first P2O5
Raman peak at 648 cm21 would make available four
Stokes fields with wavelengths of 1.138, 1.229, 1.335, and
1.46 mm. We note first that the calculated second Stokes
cavity mode [Fig. 4(c)] is a standing wave of a higher or-
der, with a node 330 m from the input end to the fiber. If
we examine the forward-propagating field of the calcu-
lated second Stokes cavity mode, we observe that the an-
tinode is located 165 m from the input end to the fiber be-
cause of the relatively large first Stokes cavity mode and
the lower third Stokes cavity mode [Fig. 4(d)] in this re-
gion; the opposite is true for the reverse propagating sec-
ond Stokes cavity mode, which has an antinode (1000
2 330)/2 5 670 m from the input end to the fiber. The
pump power decays similarly to the pump decay relevant
to the second-order cascaded Raman fiber laser with the
point at which the pump power decreases to e21 of its
start value located 440 m from the input end to the fiber.
The calculated output power from this simulation is cal-
culated to be 1.66 W, some 18% lower as compared with
the second-order calculation.

The calculations from the model for a fifth-order cas-
caded Raman fiber laser also providing 1.46-mm radiation

Fig. 4. Calculated values of (a) the pump, (b) the first Stokes, (c)
the second Stokes, (d) the third Stokes, and (e) the fourth Stokes
cavity modes as a function of length along the fourth-order cas-
caded Raman fiber laser. For this simulation the launched
pump power was 3.3 W, fiber length was 1000 m, and the reflec-
tivity of the fourth Stokes radiation at the output end of the fiber
was 10%. Potential excess losses arising from splices, etc., were
neglected, a0 5 1.7 dB/km, and a1 5 a2 5 a3 5 a4 5 1 dB/km.
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is presented in Fig. 5. Likewise, for a practical demon-
stration of this system, five Stokes shifts starting on the
main SiO2 Raman peak at 440 cm21 and alternating be-
tween this SiO2 Raman peak and the first P2O5 Raman
peak at 648 cm21 would provide the required Stokes fields
at wavelengths of 1.112, 1.198, 1.26, 1.372, and 1.46 mm.
We note first that the calculated second and third Stokes
cavity modes [Figs. 5(c) and 5(d)] are higher-order stand-
ing waves. The second Stokes cavity mode has a node
that is 290 m and the third Stokes cavity mode has a node
that is 555 m from the input end to the fiber. The Stokes
cavity modes adjacent to the pump and the output Stokes
cavity modes are, as in the above examples, of the funda-
mental type; see Figs. 5(b) and 5(e). The pump power de-
cays similarly to the pump power relevant to the third-
order cascaded Raman fiber laser with the point at which
the pump power decreases to e21 of its start value located
282 m from the input end to the fiber. The calculated
output power from this simulation is calculated to be 1.58
W, some 22% lower as compared with the second-order
calculation.

The calculated slope efficiency of the output for the
second-order cascaded Raman fiber laser as a function the
length of the fiber and the amount of excess loss (i.e.,
losses arising from splices, etc.) is shown in Fig. 6(a). We
observe, as with other numerical studies of the cascaded
Raman fiber laser,13,15 that the slope efficiency varies al-
most linearly with the change in the length of the fiber.

Fig. 5. Calculated values of (a) the pump, (b) the first Stokes, (c)
the second Stokes, (d) the third Stokes, (e) the fourth Stokes, and
(f) the fifth Stokes cavity modes as a function of length along
the fifth-order cascaded Raman fiber laser. For this simulation
the launched pump power was 3.3 W, fiber length was 1000 m,
core diameter was 5 mm, and the reflectivity of the fifth Stokes
radiation at the output end of the fiber was 10%. Potential
excess losses arising from splices, etc., were neglected,
a0 5 1.7 dB/km, and a1 5 a2 5 a3 5 a4 5 a5 5 1 dB/km.
This is obvious since the parameter that influences the
slope efficiency in this case is the overall intrinsic loss of
the glass, a parameter that gradually increases propor-
tionally as the length of the fiber is increased. For zero
excess loss the slope efficiency decreases by ;2% per 100
m and decreases to ;1.3% per 100 m when the excess loss
is 1 dB because, as the excess losses become dominant,
the effect on the slope efficiency as a result of the length-
dependent intrinsic losses becomes smaller. We calcu-
lated that for zero intrinsic loss the maximum slope effi-
ciency is ;66%, which is very close to the Stokes-
efficiency limit of ;72%.

The calculated pump power at threshold as a function
of fiber length and excess loss for a second-order fiber la-
ser is presented in Fig. 6(b). As expected, an increase in
the excess loss produces an increase in the threshold
pump power, especially for short fiber lengths, because it
is the dominant loss mechanism. As the fiber length is
increased, however, the pump power at threshold de-
creases, as was observed in other numerical
studies.12,13,15 This decrease in the pump power at
threshold reflects the gradual increase in the length-
integrated Raman gain; however, as the length of the fi-
ber is increased beyond the point that has the length-
integrated gain greater than the loss, the pump power at

Fig. 6. Calculated values of (a) the slope efficiency and (b) the
pump power at threshold for a second-order cascaded Raman fi-
ber laser. For this simulation the reflectivity of the second
Stokes radiation at the output end of the fiber was 15%, core di-
ameter was 5 mm, a0 5 1.7 dB/km, and a1 5 a2 5 1 dB/km.
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threshold will increase. For the cascaded Raman fiber
laser example discussed here, this will occur when the fi-
ber length is .1000 m. To establish a correct length of
fiber for optimized performance, one could define a figure
of merit as the ratio of the slope efficiency to the pump
power at threshold, as in previous studies.11,13 Using
this, we find that the optimized length increases as the
excess loss increases; however, for excess losses ,0.5 dB,
fiber lengths in the 200–400-m range will provide opti-
mized performance.

For the results of the time-dependent case, a problem
in which we varied the pump with a sinusoidal modula-
tion, we ensured that the modulation period was signifi-
cantly longer than the round-trip time of the cavity.
Round-trip effects such as spontaneous emission can be
ignored, and the stimulated-emission and absorption pro-
cesses are still the dominant mechanisms of the Raman
fiber laser. In the results presented below, we used a
modulation period of 7 ms throughout, considered a fiber
length of 1000 m, and confined our investigation to a
second-order cascaded Raman fiber laser. Considering
that it takes photons 10 ms for a round trip for a fiber of
this length, a modulation period of 7 ms represents ap-
proximately 700 round trips, and consequently, to a first
approximation, Eqs. (1)–(3) are valid.

Modulating the pump to a depth of 50% [Fig. 7(a)], and
while maintaining an average launched pump power of
3.3 W, we observe that the calculated first Stokes cavity

Fig. 7. Calculated values of (a) the pump (taken at z 5 0), (b)
the forward-propagating first Stokes cavity mode (taken at
z 5 1000 m), and (c) the forward-propagating second Stokes cav-
ity mode (taken at z 5 1000 m) as a function of time for sinu-
soidal modulation of the pump. The pump modulation had a
50% modulation depth, a 7 ms period, and 3.3-W time-averaged
launched power. The fiber length was 1000 m, core diameter
was 5 mm, and the second Stokes reflection coefficient was 95%
(i.e., 5% output coupling).
mode [Fig. 7(b)] oscillates with a similar modulation char-
acteristic, but with a p/2 phase difference. Such behav-
ior is typical of antiphase dynamics. We observe that for
the 50% pump modulation the calculated first Stokes cav-
ity mode oscillates with only a ;1% modulation depth,
significantly smaller than that of the pump. The modu-
lation of the second Stokes cavity mode [Fig. 7(c)], how-
ever, oscillates in phase with the pump but with a modu-
lation depth of 52%. When the second Stokes reflection
coefficient was reduced to 10%, the modulation depth of
the calculated first Stokes cavity mode increased to
;19%, and the modulation depth of the calculated second
Stokes cavity mode increased to ;54%. From these cal-
culations we can infer that there exists a direct correla-
tion between the modulation depths of the various Stokes
fields and the Q of the cavity of the nth Stokes order.

Increasing the modulation depth of the pump to 100%
[Fig. 8(a)], the calculated temporal characteristics of the
Stokes cavity modes become significantly altered. Figure
8(b) displays the resultant first Stokes cavity mode oscil-
lation. The out-of-phase first Stokes modulation is now
split into two separate subpulses that are spaced 1.68 ms
apart and have pulse widths of ;0.33 ms. The in-phase
second Stokes cavity mode [Fig. 9(c)] is zero within the re-
gion t 5 4.41 ms to t 5 6.09 ms; the region in which the
first Stokes cavity mode oscillates. The first Stokes pulse
splits because the pump power falls below the Raman fi-

Fig. 8. Calculated values of (a) the pump (taken at z 5 0), (b)
the forward-propagating first Stokes cavity mode (taken at
z 5 1000 m), and (c) the forward-propagating second Stokes cav-
ity mode (taken at z 5 1000 m) as a function of time for sinu-
soidal modulation of the pump. The pump modulation had a
100% modulation depth, a 7 ms period, and 3.3-W time-averaged
launched power. The fiber length was 1000 m, the core diameter
was 5 mm, and the second Stokes reflection coefficient was 95%
(i.e., 5% output coupling).
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ber laser threshold value during this part of the modula-
tion. Changing the length of the fiber changes the calcu-
lated pulse separation and pulse widths of the subpulses
relevant to the first Stokes cavity mode modulation, as
can be observed in Fig. 9(a). For a fiber length of 1500 m,
the calculated subpulse separation widens to 2.43 ms and
the pulsewidth lengthens to ;0.41 ms, as compared with
the fiber of 1000-m length. For a fiber length of 500 m,
however, the subpulse separation is narrowed to 1.1 ms
and the pulse width shortens to ;0.21 ms. The period of
time in which the second Stokes cavity mode oscillation is
zero becomes gradually wider as the length of the fiber is
increased [see Fig. 9(b)].

5. DISCUSSION
Numerically modeling the propagation of the forward and
reverse Stokes fields has given insight into the behavior
of the Stokes modes as the order of the cascaded Raman

Fig. 9. Calculated values of (a) the forward-propagating first
Stokes cavity mode (taken at z 5 L), and (b) the forward-
propagating second Stokes cavity mode (taken at z 5 L) for sinu-
soidal modulation of the pump as a function of time and for vari-
ous values of the fiber length. The pump modulation had a
100% modulation depth, a 7-ms period, and 3.3-W time-averaged
launched power. The second Stokes reflection coefficient was
95% (i.e., 5% output coupling), and the core diameter was 5 mm.
fiber laser is changed. When the output wavelength was
kept approximately the same for all of the cascaded Ra-
man fiber lasers examined, a direct comparison between
the characteristics of the cascaded Raman fiber lasers
was enabled.

The numerical treatment of the steady-state problems
was accomplished by employing a standard software
package for systems of nonlinear BVODEs. When
coupled with a simple parameter-continuation algorithm,
the MIRKDC code was able to solve all the steady-state
problems we considered in a straightforward fashion.
The spatial meshes employed were quite coarse, and little
adaptive mesh selection was required. The numerical
treatment of the time-dependent problems was accom-
plished by a simple modification of the software developed
for the steady-state case, based on the transverse method
of lines. The time dependence arising in the systems of
PDEs was treated with a simple finite-difference scheme,
leading to a large system of BVODEs, which could then be
solved with the MIRKDC code. Owing to the large number
of BVODEs, several special modifications to the linear-
algebra computations within MIRKDC were implemented
to obtain significant improvements in the computation
time. One such improvement involved replacing the
block linear-system solver with a sparse, banded solver.
An interesting area for future research would be to com-
pare this approach with a treatment of the PDEs using a
conventional method-of-lines algorithm.

An additional parameter affecting the performance of
cw cascaded Raman fiber lasers is the reflectivity of the
output coupler of the final Stokes cavity mode. Increas-
ing (to 90%) the reflection coefficient of the output coupler
relevant to the second Stokes cavity mode of the second-
order cascaded Raman fiber laser presented in Fig. 2 will
increase the value of the intracavity power of this mode.
This will have the affect of increasing the loss term rel-
evant to the first Stokes cavity mode, and therefore the
value of the intracavity power of first Stokes mode will be
considerably lower compared with the power shown in
Fig. 2(b). Further, as a result of this power decrease, the
decay (conversion) rate of the pump will be reduced (the
point at which the pump power decreases to e21 of its
start value is now located 1400 m from the input end to
the fiber). In addition, 0.78 W of the 3.3-W launched
pump power is actually transmitted through the pumped
end of the fiber. For the third-order cascaded Raman fi-
ber laser, also with a 90%-reflectivity output coupler, the
relatively large value of the intracavity third Stokes mode
power forces a lower value of the second Stokes mode
power, which, in turn, allows a relatively large first
Stokes mode power to resonate. This obviously forces a
rapid decay of the pump (e21 of its start value located 100
m from the input end) and although no apparent waste of
the pump occurs, the energy is locked up in maintaining
relatively large resonant Stokes cavity modes. Overall,
the amplitudes of the Stokes cavity modes adjust so as to
maintain a relative balance between the loss and the gain
of each Stokes mode and generally results in alternating
high and low values for the power of each mode. As for
most laser systems, choice of the appropriate output cou-
pler for a given level of pump power is paramount to
maximizing the efficiency of the system.
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As far as the time-dependent problem is concerned,
when the reflectivity of the output coupler of the nth
Stokes cavity was large, the value of the (n 2 1)th Stokes
field was correspondingly smaller. Only a small modula-
tion of the (n 2 1)th Stokes field was therefore required
for a large modulation of the nth Stokes field since the nth
Stokes was produced from a relatively small (n 2 1)th
field. When the reflectivity of the nth Stokes field was
decreased to 10%, the value of the nth Stokes field was
correspondingly smaller, implying a larger (n 2 1)th
Stokes field. This latter field required a stronger modu-
lation depth to significantly modulate the nth Stokes
field.

One of the important parameters highlighted in recent
numerical investigations of cascaded Raman fiber
lasers11,13,15 is the length of the fiber for Raman gain. In
general, a fiber that is too short will not provide enough
length-integrated gain to overcome the losses of the sys-
tem, and hence the threshold will not be reached. In con-
trast, a fiber that is too long will introduce excessive loss
as a result of the increased intrinsic losses of the fiber,
and the overall efficiency will be low. Of the recent dem-
onstrations of cascaded Raman fiber lasers, most experi-
ments have involved fibers that are >;1000 m;5–8 how-
ever, one relatively early example3 and some quite recent
demonstrations28,29 have involved the use of fiber lengths
that are less than 500 m. From the above results it is
clear those fiber lengths in the range 100–500 m will most
likely result in more optimal performance from the cas-
caded Raman fiber laser.

The antiphase dynamics observed when the pump is
modulated result from the coupling that occurs between
the Stokes cavity modes because of the cross-saturation
terms PiPi11 in Eqs. (1)–(3). Since the coupling occurs
between only the nearest neighbors, a cascaded Raman fi-
ber laser could be considered as consisting of a chain of
locally coupled nonlinear oscillators, similar to the longi-
tudinal modes of a highly multimode Nd31-doped silica fi-
ber laser that has the characteristics of having the inho-
mogeneous broadening significantly wider than the
homogeneous broadening.30,31 In the case of a
Nd31-doped silica fiber laser the homogeneous broaden-
ing provides the range in which coupling takes place, and
the inhomogeneous broadening provides the total length
of the oscillator chain. It is conceivable, for a sufficiently
high-order cascaded Raman fiber laser (the total number
of oscillators comprising the chain is n 1 1), that per-
turbing one of the Stokes cavity modes, i.e., by modifying
its intensity, for example, the phase and group velocities
of the perturbation will have opposite signs as the pertur-
bation moves along the chain of oscillators. Further in-
vestigations into the temporal behavior of cascaded Ra-
man fiber lasers are currently taking place.

6. CONCLUSION
We have studied in detail the performance of nth-order
cascaded Raman fiber lasers using the partial differential
equations relating to stimulated-emission and intrinsic-
absorption processes only. We have established that the
forward- and reverse-propagating Stokes fields together
form standing-wave cavity modes. The patterns are gen-
erally of a fundamental type when they are adjacent to ei-
ther the pump or the nth Stokes cavity mode. Interme-
diate Stokes cavity modes, however, oscillate with a
higher-order standing wave, depending on the value of n.
Preliminary calculations relating to the time-dependent
problem, which has the pump modulated sinusoidally, re-
veal that the Stokes cavity modes oscillate with antiphase
dynamics typical of a system of locally coupled nonlinear
oscillators. For a second-order cascaded Raman fiber la-
ser we observe pulse splitting of the calculated second
Stokes cavity mode when the modulation depth of the
pump is increased to 100%.

For our investigation of the steady-state problems we
have developed software for describing the BVODE sys-
tems associated with cascaded Raman fiber lasers for a
given Stokes order, which when coupled with the MIRKDC

package, was able to solve all the problems we investi-
gated in a straightforward fashion. The treatment of a
time-dependent version of this problem was undertaken
with a numerical approach known as the transverse
method of lines; this involved only minor modifications to
the software describing the steady case, but to obtain sub-
stantial improvements in execution time, extensive
changes to the linear-algebra components of MIRKDC, to
employ sparse matrix multiplications and a sparse, itera-
tive, linear-system solver, were required. These modifi-
cations to the MIRKDC code led to massive improvements
in execution time, and we were then able to solve all the
time-dependent problems considered in this investiga-
tion.
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