
Problem
Let A,B be n × n matrices over a field k of characteristic 6= 3 such that AB =
A2 + B2 and AB −BA is invertible. Prove that n is divisible by 3.

Solution
Let k be a field of characteristic 6= 3 and let ω be a primitive 3rd root of unity in
k. Since ω2 + ω + 1 = 0,

(A + ωB)(A + ω2B) = A2 + B2 + ω2AB + ωBA

= A2 + B2 − (1 + ω)AB + ωBA

= (A2 + B2 −AB)− ω(AB −BA)

= −ω(AB −BA)

(A + ω2B)(A + ωB) = A2 + B2 + ωAB + ω2BA

= A2 + B2 − (1 + ω2)AB + ω2BA

= (A2 + B2 −AB)− ω2(AB −BA)

= −ω2(AB −BA)

Let d = det(AB − BA) and note that det(−ω(AB − BA)) = (−1)nωnd and
det(−ω2(AB − BA)) = (−1)nω2nd. Since the determinant is multiplicative and
multiplication in k is commutative,

det(−ω(AB −BA)) = det((A + ωB)(A + ω2B))

= det(A + ωB) det(A + ω2B)

= det(A + ω2B) det(A + ωB)

= det((A + ω2B)(A + ωB)) = det(−ω2(AB −BA))

Therefore (−1)nωnd = (−1)nω2nd and since AB − BA is invertible, d 6= 0 and
ωn = ω2n. Then ωn = 1 since ωn is a non-zero solution to x(x− 1) = x2 − x = 0.
Since ω is a primitive 3rd root of unity, 3 | n.
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